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PREFACE 


In this book, the authors define the new notion of set vector 
spaces which is the most generalized form of vector spaces. Set 
vector spaces make use of the least number of algebraic 
operations, therefore, even a non-mathematician is comfortable 
working with it. It is with the passage of time, that we can think 
of set linear algebras as a paradigm shift from linear algebras. 
Here, the authors have also given the fuzzy parallels of these 
new classes of set linear algebras. 

This book abounds with examples to enable the reader to 
understand these new concepts easily. Laborious theorems and 
proofs are avoided to make this book approachable for non- 
mathematicians. 

The concepts introduced in this book can be easily put to 
use by coding theorists, cryptologists, computer scientists, and 
socio-scientists. 

Another special feature of this book is the final chapter 
containing 304 problems. The authors have suggested so many 
problems to make the students and researchers obtain a better 
grasp of the subject. 

This book is divided into seven chapters. The first chapter 
briefly recalls some of the basic concepts in order to make this 
book self-contained. Chapter two introduces the notion of set 
vector spaces which is the most generalized concept of vector 
spaces. Set vector spaces lends itself to define new classes of 
vector spaces like semigroup vector spaces and group vector 


spaces. These are also generalization of vector spaces. The 
fuzzy analogue of these concepts are given in Chapter three. 

In Chapter four, set vector spaces are generalized to biset 
bivector spaces and not set vector spaces. This is done taking 
into account the advanced information technology age in which 
we live. As mathematicians, we have to realize that our 
computer-dominated world needs special types of sets and 
algebraic structures. 

Set n-vector spaces and their generalizations are carried out 
in Chapter five. Fuzzy n-set vector spaces are introduced in the 
sixth chapter. The seventh chapter suggests more than three 
hundred problems. When a researcher sets forth to solve them, 
she/he will certainly gain a deeper understanding of these new 
notions. 

Our thanks are due to Dr. K. Kandasamy for proof-reading 
this book. We also acknowledge our gratitude to Kama and 
Meena for their help with the corrections and layout. 


W.B.VASANTHA KANDASAMY 
FLORENTIN SMARANDACHE 
K.ILANTHENRAL 


Chapter One 


BASIC CONCEPTS 


This chapter has three sections. In section one a brief 
introduction to linear algebra is given. Section two gives the 
basic notions in bilinear algebra and the final section gives the 
definition of fuzzy vector spaces. For more about these 
concepts, please refer [48, 60]. 


1.1 Definition of Linear Algebra and its Properties 


In this section we just recall the definition of linear algebra and 
enumerate some of its basic properties. We expect the reader to 
be well versed with the concepts of groups, rings, fields and 
matrices. For these concepts will not be recalled in this section. 


Throughout this section, V will denote the vector space over F 
where F is any field of characteristic zero. 


DEFINITION 1.1.1: 4 vector space or a linear space consists of 
the following: 


i. a field F of scalars. 
ii. aset V of objects called vectors. 


iii. a rule (or operation) called vector addition; which 
associates with each pair of vectors a, B EV; a+ Bin V, 
called the sum of a and Bin such a way that 


a. addition is commutative a+ B= Bt+a. 


b. addition is associativea+ (B+y=(atPht+y 


c. there is a unique vector 0 in V, called the zero 
vector, such that 
at0=a 
for all ain V. 


d. for each vector ain V there is a unique vector — a 
in V such that 
at (a) =0. 


e. a rule (or operation), called scalar multiplication, 
which associates with each scalar c in F and a 
vector a in V, a vector c * a in V, called the 
product of c and a, in such a way that 


1¢°a=afor every ain V. 
(Cy 20)" = Cy 4 (oe): 
c*(atPh=cratcep 
(C1 + Cy) *A=C/°at+C2°a. 


RWNS 


fora B EeVandc, c; €F. 


It is important to note as the definition states that a vector space 
is a composite object consisting of a field, a set of ‘vectors’ and 
two operations with certain special properties. The same set of 
vectors may be part of a number of distinct vectors. 

We simply by default of notation just say V a vector space 
over the field F and call elements of V as vectors only as matter 
of convenience for the vectors in V may not bear much 
resemblance to any pre-assigned concept of vector, which the 
reader has. 


Example 1.1.1: Let R be the field of reals. R[x] the ring of 
polynomials. R[x] is a vector space over R. R[x] is also a vector 
space over the field of rationals Q. 


Example 1.1.2: Let Q[x] be the ring of polynomials over the 
rational field Q. Q[x] is a vector space over Q, but Q[x] is 
clearly not a vector space over the field of reals R or the 
complex field C. 


Example 1.1.3: Consider the set V = R x R x R. V is a vector 
space over R. V is also a vector space over Q but V is not a 


vector space over C. 


Example 1.1.4: Let Mmxn= {(aj) | aj € Q} be the collection of 
all m x n matrices with entries from Q. Mm x» is a vector space 


over Q but Minn 1S not a vector space over R or C. 
Example 1.1.5: Let 


a3 
51D Ang 2853 | a; eQ1<i<3, 1<j<3 


43, 437 33 


P3x3= 5] a 


P;,.3 is a vector space over Q. 


Example 1.1.6: Let Q be the field of rationals and G any group. 
The group ring, QG is a vector space over Q. 


Remark: All group rings KG of any group G over any field K 
are vector spaces over the field K. 


We just recall the notions of linear combination of vectors in a 
vector space V over a field F. A vector B in V is said to be a 
linear combination of vectors v;,...,v, in V provided there exists 
scalars C;,..., C, in F such that 


n 
B = civ; +...+ CaVa = Dae Ven 
i=l 


Now we proceed on to recall the definition of subspace of a 
vector space and illustrate it with examples. 


DEFINITION 1.1.2: Let V be a vector space over the field F. A 
subspace of V is a subset W of V which is itself a vector space 
over F with the operations of vector addition and scalar 
multiplication on V. 


We have the following nice characterization theorem for 
subspaces; the proof of which is left as an exercise for the 
reader to prove. 


THEOREM 1.1.1: 4 non-empty subset W of a vector V over the 
field F; V is a subspace of V if and only if for each pair a, Bin 
W and each scalar c in F the vector ca + Bis again in W. 


Example 1.1.7: Let My xn= {(aij) | aij € Q} be the vector space 
over Q. Let Da xn = {(aii) | aii € Q} be the set of all diagonal 
matrices with entries from Q. D, ., is a subspace of My, « n. 


Example 1.1.8: Let V = Q x Q x Q be a vector space over Q. P 
=Q x {0} x Q is a subspace of V. 

Example 1.1.9: Let V = R[x] be a polynomial ring, R[x] is a 
vector space over Q. Take W = Q[x] c R[x]; W is a subspace of 
R[x]. 


It is well known results in algebraic structures. The analogous 
result for vector spaces is: 


THEOREM 1.1.2: Let V be a vector space over a field F. The 
intersection of any collection of subspaces of V is a subspace of 


V. 


Proof: This is left as an exercise for the reader. 
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DEFINITION 1.1.3: Let P be a set of vectors of a vector space V 
over the field F. The subspace spanned by W is defined to be the 
intersection of W of all subspaces of V which contains P, when 
P is a finite set of vectors, P = £Q), ..., Gn j we shall simply call 
W the subspace spanned by the vectors Q), Q,..., On. 


THEOREM 1.1.3: The subspace spanned by a non-empty subset 
P of a vector space V is the set of all linear combinations of 
vectors in P. 


Proof: Direct by the very definition. 


DEFINITION 1.1.4: Let P), ... , P, be subsets of a vector space 

V, the set of all sums a, + ...+ a of vectors a; € P; is called the 

sum of subsets of P;, P,..., P; and is denoted by P; + ...+ P, or 
k 


by Da Pes 
i=l 


If U;, U2, ..., U; are subspaces of V, then the sum 


U=U,+ U,+...4+ U, 


is easily seen to be a subspace of V which contains each of the 
subspaces U;. 


Now we proceed on to recall the definition of basis and 
dimension. 


Let V be a vector space over F. A subset P of V is said to be 
linearly dependent (or simply dependent) if there exists distinct 
vectors, Q), ..., @ in P and scalars c), ..., c, in F not all of which 
are 0 such that c;Q) + C2 Q) + ...+ Cry = 0. 

A set which is not linearly dependent is called independent. 
If the set P contains only finitely many vectors Q), ..., Qj we 
sometimes say that Q), ..., Q@, are dependent (or independent) 
instead of saying P is dependent or independent. 


i. A subset of a linearly independent set is linearly 
independent. 

ii. Any set which contains a linearly dependent set is 
linearly dependent. 

iii. Any set which contains the 0 vector is linear by 
dependent for 1.0 = 0. 

iv. A set P of vectors is linearly independent if and only 
if each finite subset of P is linearly independent i.e. 
if and only if for any distinct vectors Q), .... @, of 
P,c)Q) + ...+ Cy @,% = O implies each c; = 0. 


For a vector space V over the field F, the basis for V is a 
linearly independent set of vectors in V, which spans the space 
V. The space V is finite dimensional if it has a finite basis. 


We will only state several of the theorems without proofs as 
results and the reader is expected to supply the proof. 


Result 1.1.1: Let V be a vector space over F which is spanned 
by a finite set of vectors Bj), ..., B;. Then any independent set of 
vectors in V is finite and contains no more than t vectors. 


Result 1.1.2: If V is a finite dimensional vector space then any 
two bases of V have the same number of elements. 


Result 1.1.3: Let V be a finite dimensional vector space and let 
n= dim V. Then 


i, any subset of V which contains more than n vectors 
is linearly dependent. 

ii. no subset of V which contains less than n vectors 
can span V. 


Result 1.1.4: If W is a subspace of a finite dimensional vector 


space V, every linearly independent subset of W is finite, and is 
part of a (finite) basis for W. 
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Result 1.1.5: If W is a proper subspace of a finite dimensional 
vector space V, then W is finite dimensional and dim W < dim 
V. 


Result 1.1.6: In a finite dimensional vector space V every non- 
empty linearly independent set of vectors is part of a basis. 


Result 1.1.7: Let A be an x n matrix over a field F and suppose 
that row vectors of A form a linearly independent set of vectors; 
then A is invertible. 


Result 1.1.8: If W; and W> are finite dimensional subspaces of 
a vector space V then W,; + W> is finite dimensional and dim 
W, + dim W, = dim (W,; 74 W>2) + dim (W, + W2). We say oy, 
..., are linearly dependent if there exists scalars c1, Co,..., Ct 
not all zero such that c; a; +... +o, = 0. 


Example 1.1.10: Let V = Mp «2 = {(ai) | a; € Q} be a vector 
space over Q. A basis of V is 


0 1\/0 O\/1 0)/0 O 

0 o/U o}lo 0/0 1} 
Example 1.1.11: Let V=R x R x R be a vector space over R. 
Then {(1, 0, 0), (0, 1, 0), (0, 0, 1)} is a basis of V. 


If V=R x R x R is a vector space over Q, V is not finite 
dimensional. 


Example 1.1.12: Let V = R[x] be a vector space over R. V = 

R[x] is an infinite dimensional vector spaces. A basis of V is {1, 
2 n 

KigeK gs vvecy Meghna te 


Example 1.1.13: Let P32 = {(ai) | aj € R} be a vector space 
over R. A basis for P3 x2 is 


1 0)/0 1)/(0 0)\)/0 0\/0 0)\/0 0 
0 0},,;0 O},;1 O},)0 1),)0 O7,)0 0 
0 0)/\0 0/\0 0/\0 OO) \1 0) (0 1 


Now we just proceed on to recall the definition of linear 
algebra. 


DEFINITION 1.1.5: Let F be a field. A linear algebra over the 
field F is a vector space A over F with an additional operation 
called multiplication of vectors which associates with each pair 
of vectors a, Bin Aa vector aP in A called the product of a 
and in such a way that 


i. multiplication is associative a (By) = (ap) v. 
ii. multiplication is distributive with respect to 
addition 


a(Bry=-apray 
(a+ BP y=ayr By. 


iii. for each scalar c in F, c (a B) = (ca) B= a(c I. 


If there is an element 1 in A such that 1 a= a1= aforeacha 
in A we call aa linear algebra with identity over F and call 1 
the identity of A. The algebra A is called commutative if a B = 
Ba for all aand Bin A. 


Example 1.1.14: F[x] be a polynomial ring with coefficients 
from F. F[x] is a commutative linear algebra over F. 


Example 1.1.15: Let Ms x5 = {(aij) | ay € Q}; Ms 5 1s a linear 
algebra over Q which is not a commutative linear algebra. 


All vector spaces are not linear algebras for we have got the 
following example. 
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Example 1.1.16: Let Ps <7 = {(aij) | a; e€ R}; Ps, 7 is a vector 
space over R but P; 7 is not a linear algebra. 


It is worthwhile to mention that by the very definition of linear 
algebra all linear algebras are vector spaces and not conversely. 


1.2 Basic Properties of Linear Bialgebra 


In this section we for the first time introduce the notion of linear 
bialgebra, prove several interesting results and illustrate them 
also with example. 


DEFINITION 1.2.1: Let V = V; UV be a bigroup. If V; and V; 
are linear algebras over the same field F then we say V is a 
linear bialgebra over the field F. 


If both V; and V2 are of infinite dimension vector spaces 
over F then we say V is an infinite dimensional linear bialgebra 
over F. Even if one of V; or V> is infinite dimension then we say 
V is an infinite dimensional linear bialgebra. If both V; and V; 
are finite dimensional linear algebra over F then we say V = V, 
UV) is a finite dimensional linear bialgebra. 


Examples 1.2.1: Let V = V, U V2 where V; = {set of alln x n 
matrices with entries from Q} and V, be the polynomial ring Q 
[x]. V = V, U V2 Is a linear bialgebra over Q and the linear 
bialgebra is an infinite dimensional linear bialgebra. 


Example 1.2.2: Let V = V; U V2 where V; = Q x Q x Q abelian 
group under ‘+’, V, = {set of all 3 x 3 matrices with entries 
from Q} then V = V; U V2 is a bigroup. Clearly V is a linear 
bialgebra over Q. Further dimension of V is 12 V is a 12 
dimensional linear bialgebra over Q. 


The standard basis is {(0 1 0), (100), (00 1)} U 


1 0 0\/0 1 0)/0 0 1)/0 0 0)/0 0 0 
vo alle e aloe alto alla sol 
0 0 0)\0 0 0)/\0 0 0)/\0 0 0) \0 0 0 
0 0 0)/0 0 0)/0 0 0)/0 0 0 

0 0 1))0 0 0),;0 0 O],;0 0 0 

0 0 O/\1 0 0/\0 1 0) \0 0 1 


Example 1.2.3: Let V = V; U V2 where V; is a collection of all 
8 x 8 matrices over Q and V2 = {the collection of all 3 x 2 


matrices over Q}. Clearly V is a bivector space of dimension 70 
and is not a linear bialgebra. 


From this example it is evident that there exists bivector 
spaces which are not linear bialgebras. 

Now if in a bivector space V = V; U V2 one of V; or V2 is a 
linear algebra then we call V as a semi linear bialgebra. So the 
vector space given in example 1.2.3 is a semi linear bialgebra. 


We have the following interesting theorem. 


THEOREM 1.2.1: Every linear bialgebra is a semi linear 
bialgebra. But a semi linear bialgebra in general need not be a 
linear bialgebra. 


Proof: The fact that every linear bialgebra is a semi linear 
bialgebra is clear from the definition of linear bialgebra and 
semi linear bialgebra. 


To prove that a semi linear bialgebra need not in general be a 
linear bialgebra. We consider an example. Let V = V; U V2 
where V; = Q x Q and V; the collection of all 3 x 2 matrices 
with entries from Q clearly V = Q x Q is a linear algebra of 
dimension 2 over Q and V> is not a linear algebra but only a 
vector space of dimension 6, as in V2 we cannot define matrix 
multiplication. Thus V = V, U V>% is not a linear bialgebra but 
only a semi linear bialgebra. 


16 


Now we have another interesting result. 


THEOREM 1.2.2: Every semi linear bialgebra over Q is a 
bivector space over O but a bivector space in general is not a 
semi linear bialgebra. 


Proof: Every semi linear bialgebra over Q is clearly by the very 
definition a bivector space over Q. But to show a bivector space 
over Q in general is not a semi linear bialgebra we give an 
example. Let V = V; U V2 where V, = {the set of all 2 x 5 
matrices with entries from Q} and V> = {all polynomials of 
degree less than or equal to 5 with entries from Q}. Clearly both 
V, and V> are only vector spaces over Q and none of them are 
linear algebra. Hence V = V; U V> is only a bivector space and 
not a semi linear bialgebra over Q. 
Hence the claim. 


Now we define some more types of linear bialgebra. Let V 
= V, U V2 be a bigroup. Suppose V, is a vector space over Q 


(V2) and V> is a vector space over Q (v3) (Q (V2) and Q 
(V3 ) are fields). 


Then V is said to be a strong bivector space over the bifield 
Q (v3) UQ (V2). Similarly if V = V; U V2 be a bigroup and 


if V is a linear algebra over F and V; is a linear algebra over K, 
K4FKOF#¥ForKk. ie. ifK U Fis a bifield then we say V is 
a strong linear bialgebra over the bifield. 


Thus now we systematically give the definitions of strong 
bivector space and strong linear bialgebra. 


DEFINITION 1.2.2: Let V = V; UV> be a bigroup. F = F; UF) 
be a bifield. If V; is a vector space over F; and V> is a vector 
space over F, then V = V; U dV; is called the strong bivector 
space over the bifield F = F; UF>. If V = V; UV2is a bigroup 
and if F = F; UF»? is a bifield. If V; is a linear algebra over F; 


and V> is a linear algebra over F>. Then we say V = V; UV2is a 
strong linear bialgebra over the field F = F; UF». 


Example 1.2.4: Consider the bigroup V = V; U V2 where V, = 
Q(v2) x Q(v2) and V> = {set of all 3 x 3 matrices with 


entries from Q (v3) im 

Let F = Q(v2) U Q(v3), Clearly F is a bifield. V, is a 
linear algebra over Q(v2) and V>2 is a linear algebra over 
Q(v3 ). So V = V; U V> is a strong linear bialgebra over the 
bifield F = Q(V2) U Q(v3). 


It is interesting to note that we do have the notion of weak 
linear bialgebra and weak bivector space. 


Example 1.2.5: Let V = V; U V2 where V; = Q x Q x Q x Q be 
the group under ‘+’ and V2 = The set of all polynomials over the 


field Q(v2 ). Now Vj, is a linear algebra over Q and V; is a 
linear algebra over Q(v2). Clearly Q U Q(v2) is a not a 


bifield as Q <Q (V2). Thus V = V, U V3 is a linear bialgebra 


over Q we call V = V, U V> to be a weak linear bialgebra over 
Qu Q(v2). For Q x Q x Q x Q= V; is not a linear algebra 


over Q (v2 ) . It is a linear algebra only over Q. 


Based on this now we give the definition of weak linear 
bialgebra over F = F; U F. where F, and F; are fields and F; U 
F, is not a bifield. 


DEFINITION 1.2.3: Let V = V; UV, be a bigroup. Let F = F; Uv 
F>. Clearly F is not a bifield (For F; CF, or F, C F,) but F) 
Fx x 
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and F> are fields. If V; is a linear algebra over F; and V> is a 
linear algebra over F, then we call V; U V2 a weak linear 
bialgebra over F; UF. One of V; or V2 is not a linear algebra 
over F, or F; respectively. 


On similar lines we can define weak bivector space. 


Example 1.2.6: Let V = V, U V2 be a bigroup. Let F=Q UQ 
(V2, /3) be a union of two fields, for Q c Q (V2.3) soQu 


Q (V2.3) =Q (V2.3) so is a field. This cannot be always 
claimed, for instance if F = Q (V2) UQy (v3) is not a field 


only a bifield. Let V; =Q x Q x Q and V,=Q (V2.3) [x]. Vi 
is a vector space, in fact a linear algebra over Q but Vj is not a 
vector space over the field Q(v2,v3 \e V> is a vector space or 


linear algebra over Q or Q (V2.3). Since Qc Q(v2,v3), 
we see V is a weak bivector space over QU Q (V2.3) infact 
V is a weak linear bialgebra over QU Q (V2 a3 ) : 

Example 1.2.7: Let V = Vi U V2 be a bigroup. Let 
F = Q(v2.v3] U Q (V5.V7,vi1) be a bifield. Suppose 
Vig Q(v2,v3) [ x ] be a linear algebra over Q (V2.3) and 
V,=Q (V5. V7.v11) x Q(v5,v7,vi1) be a linear algebra 
over Q(v5, V7,Vi1). Clearly V = V,; U V2 is a strong linear 
bialgebra over the bifield Q(v2,v3) U Q(V5, V7,Vi1) : 


Now we have the following results. 


THEOREM 1.2.3: Let V = V; U V2 be a bigroup and V be a 
strong linear bialgebra over the bifield F = F; U/F>. V is not a 
linear bialgebra over F. 


Proof: Now we analyze the definition of strong linear bialgebra 
and the linear bialgebra. Clearly the strong linear bialgebra has 
no relation with the linear bialgebra or a linear bialgebra has no 
relation with strong linear bialgebra for linear bialgebra is 
defined over a field where as the strong linear bialgebra is 
defined over a bifield, hence no relation can ever be derived. In 
the similar means one cannot derive any form of relation 
between the weak linear bialgebra and linear bialgebra. 


All the three notions, weak linear bialgebra, linear bialgebra 
and strong linear bialgebra for a weak linear bialgebra is defined 
over union of fields F = F; U Fy where F; c F> or Fy Cc Fj; F; 
and F, are fields; linear bialgebras are defined over the same 
field where as the strong linear bialgebras are defined over 
bifields. Thus these three concepts are not fully related. 


It is important to mention here that analogous to weak linear 
bialgebra we can define weak bivector space and analogous to 
strong linear bialgebra we have the notion of strong bivector 
spaces. 


Example 1.2.8: Let V = V, U V2 where V; = {set of all linear 
transformation of a n dimensional vector space over Q to am 
dimensional vector space W over Q} and V> = {All polynomials 
of degree < 6 with coefficients from R}. 

Clearly V = V; U V>% is a bigroup. V is a weak bivector 
space over Q UR. 


Example 1.2.9: Let V = V; U V2 be a bigroup. V; = {set of all 
polynomials of degree less than or equal to 7 over Q (V2 ) } and 


V> = {set of all 5 x 2 matrices with entries from Q (V3.v7) LV 


= V, U V2 is a strong bivector space over the bifield F = Q (v2 ) 
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U Q(v3,V7). Clearly V = V; U V2 is not a strong linear 


bialgebra over F. 


Now we proceed on to define linear subbialgebra and 
subbivector space. 


DEFINITION 1.2.4: Let V = V; U V2 be a bigroup. Suppose V is 
a linear bialgebra over F. A non empty proper subset W of V is 
said to be a linear subbialgebra of V over F if 


1. W=W, UW) is a subbigroup of V = V; UV». 
2. Wis a linear subalgebra over F. 
3. Wy is a linear subalgebra over F. 


Example 1.2.10: Let V = V, U V2 where V; = Qx Qx Qx Q and 
V, ={set of all 4 x 4 matrices with entries from Q}. V = VjUV2 
is a bigroup under ‘+’ V is a linear bialgebra over Q. 


Now consider W = W; U W2 where W, = Q x {0} x Q x 
{0} and W2 = {collection of all upper triangular matrices with 
entries from Q}. W = W,; U W32 is a subbigroup of V = V, U V2. 
Clearly W is a linear subbialgebra of V over Q. 


DEFINITION 1.2.5: Let V = V; UV, be a bigroup. F = F; UF; 
be a bifield. Let V be a strong linear bialgebra over F. A non 
empty subset W = W, VU W) is said to be a strong linear 
subbialgebra of V over F if 


1. W=W, UW) is a subbigroup of V = V; UV>. 
2. W,is a linear algebra over F; and 
3. Wis a linear algebra over F). 


Example 1.2.11: Let V = V, U V2 where V, = {Set of all 2 x 2 
matrices with entries from Q (v2 )} be a group under matrix 


addition and V> = {collection of all polynomials in the variable 
X over Q (V5 a3 ) }. V> under polynomial addition is a group. 
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Thus V = V; U V3 is a strong linear bialgebra over the bifield F 
=Q (v2) VQ (v3.45). 


Consider W = W, U W> where 


we f(o gle = 262) 


and W, = {all polynomials of even degree i. p (x) = 


n 


>op;x ne Q(v3,V5). Clearly, W = W, U Wis a subbigroup 
i=l 


of V = V; U V>. Clearly W is a strong linear subbialgebra of V 
over the bifield F = Q(v2) U Q(V5.v3). 


DEFINITION 1.2.6: Let V = V; U V2 be a bigroup. Let V be a 
weak linear bialgebra over the union of fields F; UF (i.e. F; is 
a subfield of F, or F2 is a subfield of F;) where V; is a linear 
algebra over F; and V> is a linear algebra over F >. A non empty 
subset W = W, UW) is a weak linear sub bialgebra of V over F; 
Crees 


1. Wis asubbigroup of V. 
2. W, is a linear subalgebra of V;. 
3. Wis a linear subalgebra of V>. 


Example 1.2.12: Let V = V, U V2 be a bigroup. Let F=QUQ 
(V3 tT. ) be the union of fields. V; be a linear algebra over Q 


and V> be a linear algebra over Q (V3.V7 i where V, = {all 


polynomials in the variable x with coefficient from Q} and V2 = 
{3 x 3 matrices with entries from Q(v2,v3 } }. V=V1U Vo is 


a weak linear bialgebra over Q U Q(V3,7 J. Consider W = 


W, U Wo, W, = {all polynomial of only even degree in the 
variable x with coefficients from Q} and 
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a,b,c,de Q(v3.v7) : 


a b 0 
W2= e d 0 
0 0 0 


Clearly W = W,; U Wiis a subbigroup of V = V; U V>. Further 
W = W, U Wi is a weak linear subbialgebra of V over F = Q U 


Q (v2.v3). 


It is very interesting to note that at times a weak linear 
bialgebra can have a subbigroup which happens to be just a 
linear subbialgebra over F, (if F; C F2 i.e., F, is a subfield of F) 
and not a weak linear subbialgebra. 


We define such structures as special weak linear bialgebra. 


DEFINITION 1.2.7: Let V = V; UV> be a bigroup. F = F; UF) 
(where either F; is a subfield of F, or F> is a subfield of F')) be 
union of fields and V is a weak linear bialgebra over F. Suppose 
W = W, UWy?is a subbigroup of V = V; U V2 and if W is a 
linear bialgebra only over F; (or F,) (which ever is the subfield 
of the other). Then we call V = V; U V2 a special weak linear 
bialgebra. 


Example 1.2.13: Let V = V; U V2 be a bigroup where V; = Q x 
Q x Q and V, = {2 x 2 matrices with entries from Q(v2) } Vea 


V, U V2 is a weak linear bialgebra over QU Q (V2) : 


Consider W = W, U W2 where W; = Q x {0} x Q and W2 = 
{set of all 2 x 2 matrices over Q}. Then W = W, U Wpis a 
linear bialgebra over Q. Clearly W>2 is note linear algebra over 


Q(v2). We call V = V, U V2 a special weak linear algebra 


over Q UQ(v2). 
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DEFINITION 1.2.8: Let V = V; U V2 be a bigroup, F = F; UF) 
be a union fields (i.e., F; = F or F, = F), V be the weak linear 
bialgebra over F. We say V is a strong special weak linear 
bialgebra if V has a proper subset W such that W = W; UW>is 
a subbigroup of V and there exists subfields of F; and F say K; 
and K> respectively such that K = K; UK? is a bifield and W is 
a strong linear bialgebra over K. 


Note: Every weak linear bialgebra need not in general be a 
strong special weak linear bialgebra. We illustrate both by 
examples. 


Example 1.2.14: Let V = V, U V2 where V; = Q x Q and V2 = 
{Collection of all 5 x 5 matrices with entries from Q (V2 ) }.V is 


a weak linear bialgebra over F= Q U Q(v2 y: Clearly V is 


never a strong special weak linear bialgebra. 

Thus all weak linear bialgebras need not in general be a 
strong special weak linear bialgebras. 

Thus all weak linear bialgebras need not in general be a 
strong special weak linear bialgebras. We will prove a theorem 
to this effect. 


Example 1.2.15: Let V = V, U V>2 be a bigroup. V; = 
Q (V2.3) [x] be the polynomial ring over Q(v2,v3) =F). 
Clearly V,; is a abelian group under addition. Let 
Q(V2,V3,V7,VI1) =F: be the field. Let V> = {the set of all 3 
x 3 matrices with entries from F,}. V2 is an abelian group under 
matrix addition. V = V; U V> is a weak linear bialgebra over F, 
U F). 


Now consider the subbigroup, W = W; U W2 where W, = 
{Set of all polynomials in x with coefficients from the field 


Q(v2 ) } and W2 = {set of all 3 x 3 matrices with entries from 


Q(V3.v7 )}. F = Q(v2) U Q(v3,V7) is a bifield and the 


subbigroup W = W, U Whois a strong linear bialgebra over the 
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bifield F = Q(v2) U Q(V3,V7 ) . Thus V has a subset W such 


that W is a strong linear bialgebra so V is a strong special weak 
linear bialgebra. 


Now we give condition for a weak linear bialgebra to be 
strong special weak linear bialgebra. 


THEOREM 1.2.4: Let V = V; U V2 be a bigroup which has a 
proper subbigroup. Suppose V is a weak linear bialgebra over 
F =F, UF). V is not a strong special weak linear bialgebra if 
and only if one of F; or Fis a prime field. 


Proof: Let V = V; U V2 be a bigroup and V be a weak linear 
bialgebra over the field F = F; U F2. Suppose we assume F; is a 
prime field then clearly F, has F; to be its subfield. So F = F; U 
F, has no subset say K = K, U Kz; such that K is a bifield. Since 
F has no subset K = K, U Kz such that K is a bifield, we see for 
no subbigroup W can be a strong linear bialgebra. 


Conversely if F = F; U F) and if one of F; or F) is a prime 
field then there does not exist K c F, K = K; U Ko such that K 
is a bifield, then V cannot have a subbigroup which is a strong 
linear bialgebra. 


Now we give the conditions for the weak linear bialgebra to 
be a strong special weak linear bialgebra. 


1. V=V,U V2 should have proper subbigroups. 

2. InF=F, UF, (F =F, or F = F,) the subfield must not 
be a prime field and the extension field must contain 
some other non prime subfield other than the already 
mentioned subfield i.e. V should have subset which is a 
bifield. 

3. V should have a subbigroup which is a strong linear 
bialgebra over the bifield. 
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THEOREM 1.2.5: Let V = V; U V2 be a bigroup. F = F; UF) be 
the union of field. V be a weak linear bialgebra over F. If V has 
no proper subbigroup then 


1. Vis nota strong special weak linear bialgebra over F. 
2. Vis nota special weak linear bialgebra. 


The proof of the above theorem is left as an exercise for the 
reader. 


1.3 Fuzzy Vector Spaces 


In this section we recall the definition and properties of fuzzy 
vector spaces. The study of fuzzy vector spaces started as early 
as 1977. For more refer [55]. 


Throughout this section V denotes a vector space over a field F. 
A fuzzy subset of a non-empty set S is a function from S into [0, 
1]. Let A denote a fuzzy subspace of V over a fuzzy subfield K 
of F and let X denote a fuzzy subset of V such that X c A. Let 
(X) denote the intersection of all fuzzy subspaces of V over K 
that contain X and are contained in A. 


DEFINITION 1.3.1: 


1. A fuzzy subset K of F is a fuzzy subfield of F, if K (1) = 
1 and for all c, d € F, K (c—d) =min {K(c), K (d)} and 
K(cd') >min { K(c), K (d)} where d #0. 


2. A fuzzy subset A of V is a fuzzy subspace over a fuzzy 
subfield K of F, if A(O) > 0 and for all x, y € V and for 
allc € F, A (x—y) 2min {A(x), A(y)} and A(cx) 2 min 
{K(c), A(x)}. If K is a fuzzy subfield of F and if x € F, x 
#0, then K(0) = K(1) > K(x) = K(-x) = K(+ x’). 


In the following we let L denote the set of all fuzzy subfields of 


F and let A; denote the set of all fuzzy subspaces of V over K € 
L: 
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If A and B are fuzzy subsets of V then A c B means A(x) < 
B(x) for allx e¢ A. For 0<t<1, let A= {x € V| A(x) = t}. 


Now we proceed onto recall the concept of fuzzy spanning. 


DEFINITION 1.3.2: Let A;, A, ..., A, be fuzzy subsets of V and 
let K be a fuzzy subset of F. 


1. Define the fuzzy subset A; + ... + A, on V by the 
following: for all x © V, (A; +...+ A, )(x) = sup {min 
{A1 (1), 0. An Gn)} [= x1 +...4Xn9 Xi © V7. 

2. Define the fuzzy subset K o A of V by for allx EV, (Ko 
A)(x) = sup{min{K(c), A(jy)} |c € F, vy €V, x = cy}. 


DEFINITION 1.3.3: Let S be a setx € Sand 0 <4 S1. Define the 
fuzzy subset x, of S by x, (vy) = A ify =x and x; (y) = Oify #x. 
x, is called a fuzzy singleton. 


DEFINITION 1.3.4: A fuzzy vector space (V, n) or ny is an 
ordinary vector space V with a map n : V > [0, 1] satisfying 
the following conditions. 


n (a + b) 2min {7 (a), 4 (bj. 

7 (— a) = (a). 

7 (0) = 1. 

n (ra) = H(a@) for alla, b € Vandr € F where F isa 
field. 


RWNS 


DEFINITION 1.3.5: For an arbitrary fuzzy vector space ny and 
its vector subspace ny, the fuzzy vector space (V/W, %) or nyvw 
determined by 


; 1 ifo -W 
Oe Wy sup 7 (0+ @) otherwise 


ow 


is called the fuzzy quotient vector space, Ny by ny. 
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DEFINITION 1.3.6: For an arbitrary fuzzy vector space ny and 


its fuzzy vector subspace ny, the fuzzy quotient space of ny by 
nw is determined by 


1 vEew 
inf7(v + @) vEWw 


oaceW 


me--| 


It is denoted by My 
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Chapter Two 


SET VECTOR SPACES 


In this chapter for the first time we introduce the new concept of 
set vector spaces and set linear algebra. This new notion would 
help even non-mathematicians to use the tools of set vector 
spaces and set linear algebra over sets in fields like computer 
science, cryptology and sociology. Since the abstract algebraic 
concepts of abelian groups, fields and vector spaces are not 
easily understood by non-mathematicians more so by technical 
experts, engineers and social scientists we in this book try to 
introduce the notion of set vector spaces and set linear algebra 
over sets. 

This chapter has five sections. In section one we introduce 
the new notion of set vector space over a set and illustrate it 
with examples. In section two set linear transformation of set 
vector spaces is introduced. Section three introduces the notion 
of set linear algebra. 

In the fourth section the new notion of semigroup vector 
spaces are defined and a few of its important properties 
analyzed. The final section for the first time introduces the 
notion of group vector spaces. 
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2.1 Set Vector Spaces and their Properties 


In this section we introduce for the first time the notion of set 
vector spaces over sets and illustrate them with examples and 
give some interesting properties about them. 


DEFINITION 2.1.1: Let S be a set. V another set. We say V is a 
set vector space over the set S if for allv € V and for alls ES; 
vs and sv € V. 


Example 2.1.1: Let V = {1, 2, ..., 0} be the set of positive 
integers. S = {2, 4, 6, ..., 0} the set of positive even integers. V 
is a set vector space over S. This is clear for sv = vs € V for all 
seSandve V. 


It is interesting to note that any two sets in general may not be a 
set vector space over the other. Further even if V is a set vector 
space over S then S in general need not be a set vector space 
over V. 

For from the above example 2.1.1 we see V is a set vector 
space over S but S is also a set vector space over V for we see 
for every s € S and v € V, v.s = s.v € S. Hence the above 
example is both important and interesting as one set V is a set 
vector space another set S and vice versa also hold good inspite 
of the factS # V. 


Now we illustrate the situation when the set V is a set vector 
space over the set S. We see V is a set vector space over the set 
S and S is not a set vector space over V. 


Example 2.1.2: Let V = {Q” the set of all positive rationals} 
and S = {2, 4, 6, 8, ..., }, the set of all even integers. It is 
easily verified that V is a set vector space over S but S is not a 


set vector space over V, for ; € V and 2 e€ S but 52 éS. 


Hence the claim. 
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Now we give some more examples so that the reader becomes 
familiar with these concepts. 


b 
Example 2.1.3: Let [Ms = : : a, b, c, d € {set of all 
Cc 


positive integers together with zero} be the set of 2 x 2 matrices 
with entries from N. Take S = {0, 2, 4, 6, 8, ..., 0}. Clearly 
M),2 is a set vector space over the set S. 


Example 2.1.4: Let V = {Z” x Z” x Z"} such that Z* = {set of 
positive integers}. S = {2, 4, 6, ..., oo}. Clearly V is a set vector 
space over S. 


Example 2.1.5: Let V = {Z" x Z” x Z"} such that Z" is the set of 
positive integers. S = {3, 6, 9, 12, ..., 0}. V is a set vector space 
over S. 


Example 2.1.6: Let Z” be the set of positive integers. pZ” = S, p 
any prime. Z’ is a set vector space over S. 


Note: Even if p is replaced by any positive integer n still Z” is a 
set vector space over nZ. Further nZ’ is also a set vector space 
over Z’. This is a collection of special set vector spaces over the 
set. 


Example 2.1.7: Let Q[x] be the set of all polynomials with 
coefficients from Q, the field of rationals. Let S = {0, 2, 4, ..., 
oo}. Q[x] is a set vector space over S. Further S is not a set 
vector space over Q[x]. 


Thus we see all set vector spaces V over the set S need be such 
that S is a set vector space over V. 


Example 2.1.8: Let R be the set of reals. R is a set vector space 


over the set S where S = {0, 1, 2, ..., 0}. Clearly S is not a set 
vector space over R. 
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Example 2.1.9: C be the collection of all complex numbers. Let 
Z* U{0} = {0, 1, 2, ..., 00} = S. C is a set vector space over S 


but S is not a set vector space over C. 


At this point we propose a problem. 
Characterize all set vector spaces V over the set S which are 
such that S is a set vector space over the set V. 


Clearly Z” U{0} = V isa set vector space over S =p Z’ U{0}, p 
any positive integer; need not necessarily be prime. Further S is 
also a set vector space over V. 


Example 2.1.10: Let V = Z\2 = {0, 1, 2, ..., 11} be the set of 
integers modulo 12. Take S = {0, 2, 4, 6, 8, 10}. V is a set 
vector space over S. Fors € S and v € V, sv =vs(mod 12). 


Example 2.1.11: Let V = Z, = {0, 1, 2, ..., p— 1} be the set of 
integers modulo p (p a prime). S = {1, 2, ..., p— 1} be the set. V 
is a set vector space over S. 


In fact V in example 2.1.11 is a set vector space over any proper 
subset of S also. 


This is not always true, yet if V is a set vector space over S. V 
need not in general be a set vector space over every proper 
subset of S. Infact in case of V = Z, every proper subset S; of S 
= {1, 2, ..., p— 1} is such that V is a set vector space over Si. 


Note: It is important to note that we do not have the notion of 
linear combination of set vectors but only the concept of linear 
magnification or linear shrinking or linear annulling. i.e., if v € 
V and s is an element of the set S where V is the set vector 
space defined over it and if sv makes v larger we say it is linear 
magnification. 


Example 2.1.12: lf V = Z’ U{0} = {0, 1, 2, ..., 0} and S = {0, 


2,4, ..., ©} we say for s = 10 and v = 21, sv = 10.21 is a linear 
magnification. 
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Now for v = 5 and s = 0, sv = 0.5 = 0 is a linear annulling. 
Here we do not have the notion of linear shrinking. 

So in case of any modeling where the researcher needs only 
linear magnification or annulling of the data he can use the set 
vector space V over the set S. 


Notation: We call the elements of the set vector space V over 
the set S as set vectors and the scalars in S as set scalars. 


Example 2.1.13: Suppose Q” U {0} = fall positive rationals} = 
Q* = V and 
1 1 1 
S=40,1-—, 5 ay hs 
2” 2F° P 


Then V is a set vector space over S. We see for 6 € Q* = V and 


ses 56-3, This is an instance of linear shrinking. 


Suppose s = 0 and v = then s.v = 0. > = 0 is an instance of 


linear annulling. 


Now we see this vector space is such that there is no method to 
get a linearly magnified element or the possibility of linear 
magnification. 


Now we have got a peculiar instance for 1 € S and 1.v = v for 
every v € V linear neutrality or linearly neutral element. The set 
may or may not contain the linearly neutral element. We 
illustrate yet by an example in which the set vector space which 
has linear magnifying, linear shrinking, linear annulling and 
linearly neutral elements. 


Example 2.1.14: Let Q’ U {0} = V = {set of all positive 
rationals with zero}. 


$= {0.1 5 ren 246, on] 
3°3 
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be the set. V is a set vector space over the set S. We see V is 
such that there are elements in S which linearly magnify some 
elements in V; for instance if v = 32 and s = 10 then s.v = 10.32 
= 320 is an instance of linear magnification. Consider v = 30 


and s = : then s.v. = : x 30 = 10 € V. This is an instance of 


linear shrinking. Thus we have certain elements in V which are 
linearly shrunk by elements of the set S. 


Now we have 0 € S such that 0 v = 0 for all v € V which is an 
instance of linear annulling. Finally we see | € S is such that 
1.v = v for all v € V; which is an instance of linearly neutral. 
Thus we see in this set vector space V over the set S given in 
example 2.1.14, all the four properties hold good. Thus if a 
researcher needs all the properties to hold in the model he can 
take them without any hesitation. Now we define yet another 
notion called linearly normalizing element of the set vector 
space V. Suppose v € V is aset vector and s € S is a set scalar 
and 1 € V which is such that 1.v = v.1 =v ands.1 = 1.s =s for 
all v € V and for all s € S; we call the element scalar s in S to 
be a linearly normalizing element of S if we have v € V such 
that s.v=v.s= 1. 


1 
For example in the example 2.1.14, we have for 3 € V and - € 


S; —.3=1 eS. Thus : is a linearly normalizing element of S. 


Wl Re 


It is important to note that as in case of linearly annulling or 
linearly neutral element the scalar need not linearly normalize 
every element of the set vector space V. In most cases an 
element can linearly normalize only one element. 


Having seen all these notions we now proceed on to define the 
new notion of set vector subspace of a set vector space V. 
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DEFINITION 2.1.2: Let V be a set vector space over the set S. 
Let W CV be a proper subset of V. If W is also a set vector 
space over S then we call W a set vector subspace of V over the 
set S. 


We illustrate this by a few examples so that the reader becomes 
familiar with this concept. 


Example 2.1.15: Let V = {0, 1, 2, ..., 0} be the set of positive 
integers together with zero. Let S = {0, 2, 4, 6, ..., oo}, the set of 
positive even integers with zero. V is a set vector space over S. 
Take W = {0, 3, 6, 9, 12, ..., co} set of all multiples of 3 with 
zero. W Cc V ; Wis also a set vector space over S. Thus W is a 
set vector subspace of V over S. 


Example 2.1.16: Let Q[x] be the set of all polynomials with 
coefficients from Q; the set of rationals. Q[x] is a set vector 
space over the set S = {0, 2, 4, ..., 0}. Take W = {0, 1, ..., } 
the set of positive integers with zero. W is a set vector space 
over the set S. Now W c Q c QJx]; so W is a set vector 
subspace of V over the set S. 


Example 2.1.17: Let V = Z* x Z’ x Z x Za set of vector space 
over the set Z” = {0, 1, 2,..., 0}. Let W=Z" x Z" x {0} x {0}, 
a proper subset of V. W is also a set vector space over Z’, i.e., 
W isa Set vector subspace of V. 


Example 2.1.18: Let V = 2Z" x 3Z x Z’ be a set, V is a set 
vector space over the set S = {0, 2, 4, ..., oo}. Now take W = 
2Z° x {0} x 2Z" < V; W is a set vector subspace of V over the 
set S. 


Example 2.1.19: Let 


V = M3. = 


om omma) 


d 
e||a,b,c,d,e,feZ VU {0}} 
f 
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be the set of all 3 x 2 matrices with entries from the set of 
positive integers together with zero. V is a set vector space over 
the set S=Z* U {0}. Take 


a 0 
W=,/b O]| abceZ UL} CV; 
c 0 


W is a set vector subspace of V over the set S. 


Now having defined set vector subspaces, we proceed on to 
define the notion of zero space of a set vector space V over the 
set S. We as in the case of usual vector spaces cannot define set 
zero vector space at all times. The set zero vector space of a set 
vector space V exists if and only if the set vector space V over S 
has {0} in Vie., {0} is the linearly annulling element of S or 0 
€ V and 0 ¢ S in either of the two cases we have the set zero 
subspace of the set vector space V. 


Example 2.1.20: Let Z” = V = {1, 2, ..., ©} be a set vector 
space over the set S = {2, 4, 6, ..., oo}; V is a set vector space 
but 0 ¢ V, so V does not have a set vector zero subspace. 


It is interesting to mention here that we can always adjoin the 
zero element to the set vector space V over the set S and this 
does not destroy the existing structure. Thus the element {0} 
can always be added to make the set vector space V to contain a 
set zero subspace of V. 


We leave it for the reader to prove the following theorem. 


THEOREM 2.1.1: Let V be a set vector space over the set S. Let 
W), ..., W, be n proper set vector subspaces of V over S. Then 


(\W, is a set vector subspace of V over S. Further (\W, =¢ 


i=l i=] 
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can also occur, if even for a pair of set vector subspaces W; and 
W, of V we have W; 1 W; = $(i #)). 


Clearly even if 0 € V then also we cannot say (\W, = {0} 
i=l 
as 0 need not be present in every set vector subspace of V. 


We illustrate the situation by the following example. 


Example 2.1.21: Let Z = {1, 2, ..., 0} be a set vector space 
over the set S = {2, 4, 6, ..., 0}. Take 


Ww, = {2, Saey oo}, 

W2= {3, 6, se, OF, sew 
and 

W, = {p, 2p, 3p, ..., ©}. 


We see W; 1 W; + 4 for every 1, j (1 #j). 
Will (1) W,= 0 ifi=1 to 0? 


Will ()W,#0 ifi=1,2,...,n;n<0? 


i=l 


Example 2.1.22: Let V = {1, 2, ..., ©} be a set vector space 
over S = {2,, ..., of. W = {2, Zo has ...} is set vector 
subspace of V over the set S. 

W, = 43, BP Be ccc oo} is a proper subset of V but Wj is not 
a set vector subspace of V as W, is not a set vector space over S 
as 2.3 =6 ¢ W, for 2 € S and 3 € W). Thus we by this example 
show that in general every proper subset of the set V need not 
be a set vector space over the set S. 


Now having seen the set vector subspaces of a set vector space 


we now proceed to define yet another new notion about set 
vector spaces. 
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DEFINITION 2.1.3: Let V be a set vector space over the set S. 
Let T be a proper subset of S and W a proper subset of V. If W is 
a set vector space over T then we call W to be a subset vector 
subspace of V over T. 


We first illustrate this situation by examples before we proceed 
on to give more properties about them. 


Example 2.1.23: Let V = Z” U {0} = {0, 1, 2, ..., 00} be a set 
vector space over the set S = {2, 4, 6, ..., oo}. Consider W = {3, 
6,9, ...$ eV. 

Take T = {6, 12, 18, 24, ...} GS. Clearly W is a set vector 
space over T; so W is a subset vector subspace over T. 


Example 2.1.24: Let V = Z” x Z’ x Z” be a set vector space 
over Z’ = S. Take W = Z* x {0} x {0} a proper subset of V and 
T = {2,, 6, ..., ©} CZ” =S. Clearly W is a set vector space 
over T i.e., W is a subset vector subspace over T. 


Now we show all proper subsets of a set vector space need not 
be a subset vector subspace over every proper subset of S. We 
illustrate this situation by the following examples. 


Example 2.1.25: Let V = Z" x Z’ x Z be a set vector space 
over Z* =S = {0, 1, 2, ..., 0}. Let W = {3, 3°, ..., co} x {5, 57, 
...} x {0} CV. Take T = {2, 4, 6,...} cS. 


Clearly W is not a set vector space over T. That is W is not a 
subset vector subspace of V over T. Thus we see every subset of 
a set vector space need not in general be a subset vector 
subspace of the set vector space V over any proper subset T of 
the set S. 


We illustrate this concept with some more examples. 
Example 2.1.26: Let V = 2Z* x 3Z* x 5Z* = {(2n, 3m, 5t) | n, 


m, t € Z"}; V is a set vector space over the set S = Z” = {1, 2, 
crook, Take Ws42, 2°, a, bolo 48,.3°,.05 P15, 5 he 
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V. W is not a subset vector subspace over the subset T = {2, 4, 
..., 0} CZ. Further W is not even a set vector subspace over 
Z’ =S. Take W = {2, 2”, ...} x {0} x {0} a proper subset of V. 
Choose T = {2, peas 2", W is a subset vector subspace of V 
over the subset T cS. 


Example 2.1.27: Let 


a b 
V = 
{: : 
be the set of all 2 x 2 matrices with entries from Z°U {0}. V is 
a set vector space over the set S = Z* = {1, 2, ..., 0}. Take 


aor 


W is a Subset vector subspace over the subset T = {2, 4, ..., 0}. 


a,b, c,d ZU {0} = {0, 1,2,...3} 


X, y, Z, W € 2Z" = {2,4, 6, ...}} CV. 


Example 2.1.28: Let 


a bed 
V= 
e f g h 
be the set of all 2 x 4 matrices with entries from the set of 


integers. V is a set vector space over the set S = Z’ = {1, 2, ..., 
oo}. Take 


a bed 
W= 
{( f g 1 


Clearly W is a subset vector subspace over T = {2, 4, ..., 0} C 
S=Z. 


a, b, c, d, e, f, gandh € Z} 


a,b,c,d,e,f,gandhe Z}cV. 


Now as in case of vector spaces we can have the following 
theorem. 
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THEOREM 2.1.2: Let V be a set vector space over the set S. 
Suppose W), .... W, be a set of n subset vector subspaces of V 


over the same subset T of S. Then either (\W, = gor (\W, is a 
i=l i=l 
subset vector subspace over T or if each W; contains 0 then 


(\W, = {0}, the subset vector zero subspace of V over T. 


i=l 


The proof is left as an exercise for the reader as the proof 
involves only simple set theoretic techniques. 


Note: We cannot say anything when the subset vector subspaces 
of V are defined over different subsets of S. We illustrate this 
situation by some more examples. 


Example 2.1.29: Let V = Z” x Z’ x Z” be a set vector space 
over aset S=Z' = {1, 2, ..., oo}. W = {2, 4, 6, 8, ...} x {o} x 
{} 1s a subset vector subspace of V over the subset T = {2, 4, 
8, 16, ...}. Wi = {3, 6, 9, ...} x Ox 6 CV, is a subset subvector 
space over the subset T; = {3, 3”, ...}. Clearly we cannot define 
W © W, for we do not have even a common subset over which 
it can be defined as T 4 T; = 6. 


From this example a very natural question is if T 7 T; # 6 and if 
WO W is not empty can we define some new structure. For 
this we make the following definition. 


DEFINITION 2.1.4: Let V be a set vector space over the set S. 
Suppose W; is a subset vector subspace defined over the subset 
T,; of S fori = 1, 2, ...,n;n < cand if OW, # gand T = AT, #¢ 
then we call W to be a sectional subset vector sectional 
subspace of V over T. 


Note: We call it a sectional for every subset vector subspace 
contributes to it. 


We give illustration of the same. 
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Example 2.1.30: Let V = Z" x Z’ x Z* x Z* be a set vector 
space over the set Z” = {1, 2, ..., 0}. Let W; = {2, 4, 6, ...} x 
{2,4, 6, ...} x Z’ x Z’ be a subset vector subspace over T, = {2, 
4, ..., 00}. W2 = {Z"} x {2, 4, 6, ...} x Z” x Z" be a subset vector 
subspace over T, = {2, 2’, ..., oo}. Let W3 = {2, 2”, ..., co} x 
{Z"} x {2,4, 6, ...} x {2, 27, ..., 00} be a subset vector subspace 
over T3 = {2, bi an oo}. Consider W, A W210 W3 = {2, 27, 
.., oF x {2, 4, 6, ...} x {2, 4, 6, ..., co} x {2, 27, .., oo} = W. 
Now T= 7T, 0 T20T3 = {2, gee ...}; W is a sectional subset 
vector sectional subspace of V over T. 


We see a sectional subset vector sectional subspace is a subset 
vector subspace but a sectional subset vector sectional subspace 
in general is not a subset vector subspace. 


We prove the following interesting theorem. 


THEOREM 2.1.3: Every sectional subset vector sectional 
subspace W of set vector space V over the set S is a subset 
vector subspace of a subset of S but not conversely. 


Proof: Let V be the set vector space over the set S. W = (\w, 


i=l 
be a sectional subset vector sectional subspace over T = (\T, 
i=l 
where each W; is a subset vector subspace over T; for i = 1, 2, 
..., 1 with Wj 4 Wj and T; # Tj; fori #j, 1 <1,j <n. We see W 
is a sectional subset vector subspace over T;;i= 1, 2, ..., n. 


We illustrate the converse by an example. 
Example 2.1.31: Let V = {2, 2’, ...} be a set vector space over 
the set S = {2, 27}. W, = {2°, 2", ...} is a subset vector subspace 


of V over the set T; = {2} and W2 = {2°, 2°, ..., 0} is a subset 
vector subspace of over the set T, = {27}. Now W; 0 W2 #0 
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but T; © T2 = 6. We do not and cannot make W;, or W>, as 
sectional subset vector sectional subspace. 


That is why is general for every set vector space V over the set 
S we cannot say for every subset vector subspace W(c V) over 
the subset T(< S) we can find atleast a subset vector subspace 
W,(c V) over the subset T;)(c S) such that W; AW? # 6 and T 
OT, #0. Hence the theorem 2.1.3. 


Now before we define the notion of basis, dimension of a set S 
we mention certain important facts about the set vector spaces. 


1. All vector spaces are set vector spaces but not conversely. 


The converse is proved by giving counter examples. 

Take V=Z' = {0, 1, 2, ..., eo}, V is a set vector space over 
the set S = {2, 4, 6, ..., 0}. We see V is not an abelian group 
under addition and S is not a field so V can never be a vector 
space over S. But if we have V to be a vector space over the 
field F we see V is a set vector space over the set F as for every 
c € Fandv e€ V we have cv € V. Thus every vector space is a 
set vector space and not conversely. 


2. All semivector spaces over the semifield F is a set vector 
space but not conversely. 


We see if V is a semivector space over the semifield F then V is 
a set and F is a set and for every v € V anda € F; av € V hence 
V is trivially a set vector space over the set F. 

However take {—1, 0, 1, 2, ..., co} = Vand S = {0, 1} Visa 
set vector space over S but V is not even closed with respect to 
‘+’ so V is not a group. Further the set S = {0, 1} is not a 
semifield so V is not a semivector space over S. Hence the 
claim. 


Thus we see the class of all set vector spaces contains both the 
collection of all vector spaces and the collection of all 
semivector spaces. Thus set vector spaces happen to be the most 
generalized concept. 
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Now we proceed on to define the notion of generating set of a 
set vector space V over the set S. 


DEFINITION 2.1.5: Let V be a set vector space over the set S. 
Let B CV be a proper subset of V, we say B generates V if every 
element v of V can be got as sb for some s € S and b cB. B is 
called the generating set of V over S. 


Example 2.1.32: Let Z’ U {0} = V be a set vector space over 
the set S = {1, 2, 4, ..., o}. The generating set of V is B = {0, 1, 
3, 5, 7, 9, 11, 13, ..., 2n + 1, ...} B is unique. Clearly the 
cardinality of B is infinite. 


Examples 2.1.33: Let V = Z* U {0} be a set vector space over 
the set S = {1, 3, 3”, ..., o}. B= {0, 1, 2, 4, 5, 6, 7, 8, 10, 11, 
12;,.13, 143 15,16, 17, 18) 1920721522; 23,2425. 26, 285 625 
80, 82, ..., 242, 244, ..., 3°- 1, ..., 3°+ 1, ..., 0} C Vis the 
generating set of V. 


Example 2.1.34: Let V = {0, 3, BF. des ...} be a set vector 
space over S = {0, 1, 3}. B= {0, 3} is a generating set for 3.0 = 
0, 3.1 =3, 3.3 = 3”, 3.37 =3°so on. 


Example 2.1.35: Let 


a b 
V= 
{: ‘ 
be the set vector space over the set S = Z’. The generating set of 
V is infinite. 


a, b,c,d € Z’ = {1, 2, ..., oo}} 


Thus we see unlike in vector space or semivector spaces finding 
the generating set of a set vector space V is very difficult. 

When the generating set is finite for a set vector space V we 
say the set vector space is finite set hence finite cardinality or 
finite dimension, otherwise infinite or infinite dimension. 
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Example 2.1.36: Let Z” = V = {1, 2, ..., ©} be a set vector 
space over the set S = {1}. The dimension of V is infinite. 


Example 2.1.37: Let V = {1, 2, ..., ©} be a set vector space 
over the set S = {1, 2, ..., 0} = V. Then dimension of V is 1 and 
B is uniquely generated by {1}. No other element generates V. 


Thus we see in case of set vector space we may have only one 
generating set. It is still an open problem to study does every set 
vector space have one and only one generating subset? 


Example 2.1.38: Let V = {2, 4, 6, ...} be a set vector space over 
the set S = {1, 2, 3, ...}. B = {2} is the generating set of V and 
dimension of V is one. 


Thus we have an important property enjoyed by set vector 
spaces. We have a vector space V over a field F of dimension 
one only if V = F, but we see in case of set vector space V, 
dimension V is one even if V # S. The example 2.1.38 gives a 
set vector space of dimension one where V # S. 


Example 2.1.39: Let V = {2, 4, 6, ..., 0} be a set vector space 
over the set S = {2, Dds oo}. B= {2, 6, 10, 12, 14, 18, 20, 22, 
24, ..., 30, 34, ...} is a generating set of V. 


Now in case of examples 2.1.38 and 2.1.39 we see V = {2, 4, 
..., ©} but only the set over which they are defined are different 
so as in case of vector spaces whose dimension is dependent on 
the field over which it is defined are different so as in case of 
vector spaces whose dimension is dependent on the field over 
which it is defined so also the cardinality of the generating set 
of a vector space V depends on the set over which V is defined. 
This is clear from examples 2.1.38 and 2.1.39. 


Now having defined cardinality of set vector spaces we define 


the notion of linearly dependent and linearly independent set of 
a set vector space V over the set S. 
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DEFINITION 2.1.6: Let V be a set vector space over the set S. B 
a proper subset of V is said to be a linearly independent set if x, 
y €B thenx #sy ory #s'x for any s and s' in S. If the set B is 
not linearly independent then we say B is a linearly dependent 
Set. 


We now illustrate the situation by the following examples. 


Example 2.1.40: Let Z* = V = (1, 2, ..., 0} be a set vector space 
over the set S = {2, 4, 6, ..., o}. Take B = {2, 6, 12} CV; Bisa 
linearly dependent subset for 12 = 6.2, for6 € S. B= {1, 3} isa 
linearly independent subset of V. 


Example 2.1.41: Let V = {0, 1, 2, ..., 0} be a set vector space 
over the set S = {3, 3°, ...}. B= {1, 2, 4, 8, 16, ...} is a linearly 
independent subset of V. As in case of vector spaces we can in 
case of set vector spaces also say a set B which is the largest 
linearly dependent subset of V? A linearly independent subset B 
of V which can generate V, then we say B is a set basis of V or 
the generating subset of V and cardinality of B gives the 
dimension of V. 


2.2 Set Linear Transformation of Set Vector Spaces 


In this section we proceed on to define the notion of set linear 
transformation of set vector spaces. As in case of vector spaces 
we can define set linear transformation of set vector spaces only 
if the set vector spaces are defined over the same set S. 


DEFINITION 2.2.1: Let V and W be two set vector spaces 
defined over the set S. A map T from V to W is said to be a set 
linear transformation if 

T (vy) =w 
and 

T(sv) = sw = sT(v) 


forallv €V,s eSandw eW. 
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Example 2.2.1: Let V = Z" = {0, 1, 2, ..., ©} and W = {0, 2, 4, 
..., ©} be set vector spaces over the set S = {0, 2, 2. Jstie 


T:V75W 
T(0)=0, 
T(1) =2, 
T(2)=4, 
T(3)=6 


and so on. T (2"p) = 2" (2p) for all p € V. Thus T is a set linear 
transformation from V to W. As in case of vector spaces we will 
not be always in a position to define the notion of null space of 
T in case of set vector spaces. For only if 0 € V as well as W; 
we will be in a position to define null set of a set linear 
transformation T. 


Now we proceed on to define the notion of set linear operator of 
a set vector space V over the set S. 


DEFINITION 2.2.2: Let V be a set vector space over the set S. A 
set linear transformation T from V to V is called the set linear 
operator of V. 


Example 2.2.2: Let V = Z" = {1, 2, ..., 00} be a set vector space 
over the set S = {1, 3, 3°, ..., 0}. Define T from V to V by T(x) 
= 2x for every x € V. T is a set linear operator on V. 


Now it is easy to state that if V is a set vector space over the set 
S and if Os(V) denotes the set of all set linear operators on V 
then O,(V) is also a set vector space over the same set S. 
Similarly if V and W are set vector spaces over the set S and 
Ts (V, W) denotes the set of all linear transformation from V to 
W then Ts (V,W) is also a set vector space over the set S. For if 
we want to prove some set V is a set vector space over a set S it 
is enough if we show for every s € S and v € V; sv € V. Now 
in case of Os (V) = {set of all set linear operators from V to V}. 
Os (V) is a set and clearly for every s € S and for every T € 
O;(V), sT € O, (V) 1.e., sT is again a set linear operator of V. 
Hence Os (V) is a set vector space over the set S. 


46 


Likewise if we consider the set Ts (V, W) = {set of all set linear 
transformations from V to W}, then the set Ts (V, W) is again a 
set vector space over S. For ifs e S and T € Ts (V, W) we see 
sT is also a set linear operator from V to W. Hence the claim. 
Now we can talk about the notion of invertible set linear 
transformation of the set vector spaces V and W defined over 
the set S. 


Let T be a set linear transformation from V into W. We say T is 
set invertible if there exists a set linear transformation U from 
W into V such that UT and TU are set identity set maps on V 
and W respectively. If T is set invertible, the map U is called the 
set inverse of T and is unique and is denoted by T. 


Further more T is set invertible if and only if (1) T is a one to 
one set map that is Ta = TB implies a = B (2) T is onto that is 
range of T is all of W. 


We have the following interesting theorem. 


THEOREM 2.2.1: Let V and W be two set vector spaces over the 
set S and T be a set linear transformation from V into W. If T is 
invertible the inverse map T" is a set linear transformation 
from W onto V. 


Proof: Given V and W are set vector spaces over the set S. T is 
a set linear transformation from V into W. When T is a one to 
one onto map, there is a uniquely determined set inverse map 
T ' which set maps W onto V such that T'T is the identity map 
on V and TT | is the identity function on W. 

Now what we want to prove is that if a set linear 
transformation T is set invertible then T’ is also set linear. 

Let x be a set vector in W and ¢ a set scalar from S. To 
show 

T' (cx) =cT | (x). 
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Let y = T |(x) that is y be the unique set vector in V such 
that Ty = x. Since T is set linear T(cy) = cTy. Then cy is the 
unique set vector in V which is set by T into cx and so 


T" (cx) =cy=cT" (x) 
and T ' is set linear ! 


Suppose that we have a set invertible set linear transformation T 
from V onto W and a set invertible set linear transformation U 
from W onto Z. Then UT is set invertible and (UT) '=T' U". 

To obtain this it is enough if we verify T' U" is both left 
and right set inverse of UT. 

Thus we can say in case of set linear transformation; T is 
one to one if and only if Ta = TB if and only ifo = B. 

Since in case of set linear transformation we will not always 
be in a position to have zero to be an element of V we cannot 
define nullity T or rank T. We can only say if 0 € V, V a set 
vector space over S and 0 € W, W also a set vector space over S 
then we can define the notion of rank T and nullity T, where T 
is a set linear transformation from V into W. 


We may or may not be in a position to have results of linear 
transformation from vector spaces. 

Also the method of representing every vector space V over 
a field F of dimension n as V = Fx...xF may not be feasible 

n—times 

in case of set vector spaces. Further the concept of 
representation of set linear transformation as a matrix is also not 
possible for all set vector spaces. So at this state we make a note 
of the inability of this structure to be always represented in this 
nice form. 


Next we proceed on to define the new notion of set linear 
functionals of a set vector space V over a set S. 


DEFINITION 2.2.3: Let V be a set vector space over the set S. A 
set linear transformation from V onto the set S is called a set 
linear functional on V, if 

f:V os 
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f (ca) = cf (a) 
forallc €SandaeV. 


Example 2.2.3: Let V = {0, 1, 2, ..., 0} and S = {0, 2, 4, ..., oo}. 
f: V > S defined by f(0) = 0, f(1) = 2, f(2) = 4, ..., is a set linear 
functional on V. 


Example 2.2.4: Let V = Z’ x Z” x Z’ be a set vector space over 
Z*. A set linear functional f : V — Z* defined by f(x, y, z) =x + 
YZ. 


Now we proceed onto define the new notion of set dual space of 
a set vector space V. 


DEFINITION 2.2.4: Let V be a set vector space over the set S. 
Let L(V,S) denote the set of all linear functionals from V into S, 
then we call L(V,S) the set dual space of V. Infact L(V, S) is also 
a set vector space over S. 


The study of relation between set dimension of V and that of 
L(V, S) is an interesting problem. 


Example 2.2.5: Let V = {0, 1, 2, ..., 0} be a set vector space 
over the set S = {0, 1, 2, ..., 00}. Clearly the set dimension of V 
over S is | and this has a unique generating set B = {1}. No 
other proper subset of B can ever generate V. 


What is the dimension of L (V, S)? 


We cannot define the notion of set hyperspace in case of set 
vector space using set linear functionals. We can define the 
concept of set annihilator if and only if the set vector space V 
and the set over which it is defined contains the zero element, 
otherwise we will not be in a position to define the set 
annihilator. 


DEFINITION 2.2.5: Let V be a set vector space over the set S, 
both V and S has zero in them. Let A be a proper subset of the 
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set V, the set annihilator of A is the set A° of all set linear 
functionals f on V such that f(@) = 0 for every ain A. 


2.3 Set Linear Algebra and its Properties 


In this section we define the new notion of set linear algebra and 
enumerate a few of its properties. 


DEFINITION 2.3.1: Let V be a set on which is defined a binary 
operation ‘+’ which is closed on V i.e., for every pair a, binVa 
+ b EV. S any set we call V to be set linear algebra over S if 

foralls e€Sandv €V,sv € Vand s(a+b) = sa + sb for all a, b 
EVands €S. 


It is interesting and important to note that all set linear algebras 
are set vector spaces but a set vector space is not in general a set 
linear algebra. For we see in case of set vector space V we may 
not have any closed binary operation on the set V. In some cases 
we may not be in a position to define a closed binary operation 
on V. We see on the other hand, a set linear algebra V over the 
set S is such that V is endowed with a closed binary operation 
on it. 


Example 2.3.1: Let V = Z° = {0, 1, 2, ..., 0}, Let ‘+’ be the 
operation on V. Suppose S = {0, 2, 4, ..., oo}, V is a set linear 
algebra over S. We see s (a+ b) =sa+ sb, Vs € S and for all a, 
be V. 


Example 2.3.2: Let 


V=M _jfa be 
2x3 ae net OF 


M> x 3 is a set with addition of matrices as a closed binary 
operation. Take S = {0, 2, 4, ..., oo}. V is a set linear algebra 
over S. 


a, b,c, d,e andf e« Z’ U {0}}. 
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Example 2.3.3: Let V = Z* x Z’ x Z’ = {(a, b, c)| a, bc € Z}; 
(a, b, c) + (d, e, f) € V. Take S = Z’; V is a set linear algebra 
over S. 


Now we define the notion of set linear subalgebra of a set linear 
algebra V. 


DEFINITION 2.3.2: Let V be a set linear algebra over the set S. 
Suppose W is a proper non empty subset of V. If W itself is a set 
linear algebra over S then we call W to be a set linear 
subalgebra of V over the set S. 

We illustrate this by the following examples. 


Example 2.3.4: Let V = Z* x Z’ x Z’ x Z x Z’ be a set linear 
algebra over the set S = Z”. Take W = 2Z" x Z’ x 6 x 2Z° x Z 
c V. Clearly W is also a set linear algebra over the set S = Z’. 
Thus W is set linear subalgebra of V over the set S. 

Example 2.3.5: Let V = Z" be a set linear algebra over the set S 
= {2,4, ..., 0}. Take W = {2, 4, 6, 8, ...} CV. W is a set linear 
subalgebra of V. 


Example 2.3.6: Let 


a be 
V= 
(( e f 
be a set linear algebra over the set S = Z’. Take 
x Z 
uovow 


W is also a set linear algebra over the set S = Z” i.e., W is a set 
linear subalgebra of V over the set S. 


a, b,c, d,e,fe Z} 


X, y, Z,U, Vand w € py es cV. 
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Just like a set vector space a set linear algebra may or may not 
contain the zero. If a set linear algebra contains zero then we 
call it a set linear algebra with zero. Examples 2.3.1 and 2.3.2 
are set linear algebras with zero. It is still important to note that 
a set linear subalgebra may or may not contain the zero element 
even if the set linear algebra is one with zero. 


It is interesting to note that a set linear subalgebra will contain 
zero if and only if the set S over which the set linear algebra is 
defined contains zero. 


Example 2.3.7: Let V = ZU {0} x ZU {0} x ZU {0} bea 
set linear algebra with zero defined over the set S = {0, 2, ..., 
oo}. Clearly every set linear subalgebra contains zero as S the set 
over which it is defined contains zero. 


Example 2.3.8: Let V = Z x Z be a set vector space over S = Z” 
= {1, 2, ..., oo}. V is a set linear algebra over S. Take W = Z* x 
Z’ < V, W is a set linear subalgebra of V over S. V is a set 
linear algebra with zero but W is not a set linear subalgebra with 
zero but W is only a set linear subalgebra of V over S. 


Now we proceed on to define the notion of subset linear 
subalgebra of a set linear algebra over a set S. 


DEFINITION 2.3.3: Let V be a set linear algebra over the set S, 
suppose W is a subset of V and W is a set linear algebra over 
the subset P Cc S. Then we call W to be a subset linear 
subalgebra of V over P. 


We can have many subset linear subalgebras over a subset P c 
S. Likewise we can have the same subset W of V to be a subset 
linear subalgebra over different subsets of S. 


We illustrate a few of these situations by examples. 


Example 2.3.9: Let V = Z* x Z" x Z’ x Z" be a set linear algebra 
over the set S = Z" = {1, 2, ..., 0}. Take W=Z x {o} x Z" x 
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{o} < V Wis a subset linear subalgebra over P = {2, 4, 6, ...} 
es a7% 


Take W, = 2Z' x 2Z° x Z’ x Z’ CV, W, is also a subset linear 
subalgebra over P. If W2 = {} x 2Z” x 2Z” x {0} CV. Wo is 
also a subset linear subalgebra over P. However if we take W3 = 
{3, 3°, ...} x {1, 3, 37 ...3 x {0} x {} CV. W; is not a subset 
linear subalgebra over P c S. However W; is a subset sublinear 
algebra over the set {1, 3, 37, waake 


Thus we see in general a subset of V may be a subset linear 
subalgebra over different subsets of S. So we can speak of 
intersection of subset linear subalgebras or set linear subalgebra. 
We may have the intersection to be at times empty. We have to 
overcome all these problems which happen to be challenging. 

Since in case of set linear algebra we have no means to 
associate matrices with set linear operators or set linear 
transformation. 


Now having defined set linear algebra and set linear subalgebra 
we now proceed to give some of its properties. 

The set linear transformation of a set linear algebra would 
be a little different from that of set vector spaces, we define this 
in the following. 


DEFINITION 2.3.4: Let V and W be two set linear algebras 

defined over the same set S. A map T from V to W is called a set 

linear transformation if the following condition holds. 
T(cat+ P—)=cT(@+T(P 

foralla, BeVandc eéS. 


Note: 1. The set linear transformation of set linear algebras 
are defined if and only if both the set linear algebras 
are defined over the same set S. 
2. The set linear transformation of set linear algebras 
are different from the set linear transformation of 
set vector spaces. 


Now we also define the notion of set basis. 
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Set linearly independent set etc are different for set linear 
algebras; as in case of set vector spaces, they are not the same. 
Before we define these notions we just define set linear operator 
of a set linear algebra. 


DEFINITION 2.3.5: Let V be a set linear algebra over the set S. 
T be a map from V to V which is a set linear transformation, 
then T is defined to be a set linear operator on V. 

Example 2.3.10: Let V = Z" x Z x Z* be a set linear algebra 
over the set Z’ = S. Define T: V > V by T (x, y, z)=(x + y, y, 


x — 2). T is set linear operator on V. 


Example 2.3.11: Let 


v5.29 


V is a closed set under the binary operation matrix addition. Let 
S=Z' U {0}. V isa set linear algebra over the set S. 


Define 
a be a 0 b 
T = 
de f d 0 0 


a be 
eV; 
ke e : 


T is a set linear operator on V. 


abedet eZ 19) ; 


for all 


We see the concept of set vector spaces and set linear 
algebras will find its application in coding theory. They can be 
used to give best type of cryptosystems. 


Now having defined set linear operators of a set linear algebra V 
over the set S we ask the reader to find out whether the set of all 
set linear operators of V, a set linear algebra over S. What is its 
dimension if V is a set linear algebra of dimension n? 
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Presently we proceed on to define yet a particular form of vector 
spaces which are different from set vector spaces, vector spaces 
and semivector spaces in the following section. 


2.4 Semigroup Vector Spaces and their Generalizations 


In this section for the first time we proceed on to define a new 
notion of semigroup vector spaces. Clearly from the definition 
the reader will be able to follow all semigroup vector spaces 
will be set vector spaces and not vice versa. Further all vector 
spaces and semivector spaces will be semigroup vector spaces 
and not conversely. We in this section define these new notions 
and illustrate them by examples. 


DEFINITION 2.4.1: Let V be a set, S any additive semigroup 
with 0. We call V to be a semigroup vector space over S if the 
following conditions hold good. 


I. sv €Vforalls eSandv eV. 

2. 0.v =0 €V for all v € V and 0 €S; 0 is the zero 
vector. 

3. (8; +8.) V=s;v+52Vv 


for alls}, 52 eS andv eV. 

We illustrate this by the following examples. 

Examples 2.4.1: Let V =(Z" U {0}) x 2Z" U {0} x 3Z" U {03) 
be a set and S = Z* U {0} be a semigroup under addition. V is a 


semigroup vector space over S. 


Example 2.4.2: Let 


a a a a 

VU 1 2 3 4 
[ 

a, a, a, ag 


1 <2 Uiotsist| 
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be a set. Suppose S = 2Z” U {0} be a semigroup under addition. 
V is a semigroup vector space over S. 


Example 2.4.3: Let V =3Z" U {0} bea set and S=Z" U {0} be 
a semigroup under addition. V is a semigroup vector space over 
S. 


Example 2.4.4: Let V = {10001),00111),@1111),d 
1111),(00000), (0101 0)} be anon empty set. S = {0, 1} 
a semigroup under addition 1 + 1 = 1. V is a semigroup vector 
space over S. 


Example 2.4.5: Let V = {1 11111),001010),01100 
0),(001100),(000000), (01010 1)} andS= {0, l} a 
semigroup under ‘+’ with 1 + 1 = 0 then V is a semigroup 
vector space over S. 


Example 2.4.6: Let V = Zi. = {0, 1, 2, ..., 11} bea set. Visa 


semigroup vector space over the semigroup S = {0,1} under 
addition modulo 2. 


Example 2.4.7: Let V = 5Z" U {0} be a semigroup vector space 
over the semigroup S = Z" U {0}. 


Example 2.4.8: Let {Z” U {03} [x] be a semigroup vector space 
over S=Z' uU {0}. S, a semigroup under addition. 


Example 2.4.9: Let 


a b 
V=4{a_ blla,beS={0}UZ* 
a b 


be a semigroup vector space over the semigroup ZU {0}. 
Example 2.4.10: Let V = Zi. x Zi. x Zio, the set of triples 


modulo 12. Suppose S = {0, 3, 6, 9} is a semigroup under 
addition modulo 12. V is a semigroup vector space over the 
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semigroup S, sv = v|(mod 12) ie., if 6 € S and v = (5, 2, 7); sv 
= (6, 0, 6) =v, € V. 


Now we proceed on to define the notion of independent subset 
and generating subset of a semigroup vector space over the 
semigroup S. 


DEFINITION 2.4.2: Let V be semigroup vector space over the 
semigroup S. A set of vectors {Vj ..., Va} in V is said to be a 
semigroup linearly independent set if 


(i) Vi FSV; 
foranys €S fori #j;]1<ij<n. 


We first illustrate this by some examples before we proceed to 
define the generating set of a semigroup vector space. 


Example 2.4.11: Let V = Z,. = {0, 1, 2, ..., 11} be the set of 
integers modulo 12. S = {0, 1} be the semigroup under addition 
modulo 2. V is a semigroup vector space over the semigroup S. 
T= {1, 2, ..., 11} is a linearly independent subset of V. 


It is interesting and important to note that always all subsets of 
an independent set is also an independent set of V. 


Example 2.4.12: Let V =Z" U {0} bea set. S = {0, 2, 4, ...} be 
a semigroup under addition. Take T = {2, ae Lean of CV. T 
is not an independent subset of V. Now take P = {3, 9, 27, ...} 
c V. P is an independent subset of V. Infact every subset of P is 
also an independent subset of V. 


We now proceed on to define the notion of generating subset of 
a semigroup vector space V over a semigroup S. 


DEFINITION 2.4.3: Let V be a semigroup vector space over the 
semigroup S under addition. Let T = {v1, ..., Va} CV be a subset 
of V we say T generates the semigroup vector space V over S if 
every element v of V can be got as v = sv, v; ET; s €S. 
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We now illustrate this situation by the following example. 


Example 2.4.13: Let V = 3Z* U {0} be a semigroup vector 
space over the semigroup S = Z’ U {0}. Take T = {3} CV; T 
generates V over S. 


Example 2.4.14: Let V = Zo. = {0, 1, 2, ..., 19} integers 
modulo 20. S = {0, 5, 10} be the semigroup under + modulo 20. 
V is a semigroup vector space over S. T = {1, 2, 3, 4, 6, 7, 8, 9, 
11, 12, 13, 14, 16, 17, 18, 19} is a generating set of V. 


Example 2.4.15: Let V = Zo = {0, 2, 4, 6, ..., 18} integers 
modulo 20. S = {0, 1} be the semigroup under addition modulo 
2. V is a semigroup vector space over the semigroup S. Take the 
set T= {2, 4, 6, 8... 18} CV; T is a generating subset of V. 


Example 2.4.16: Let V = Zx) = {0, 1, ..., 19} integers modulo 
20. Let S = {0, 10} be a semigroup under addition modulo 20. V 
is a semigroup vector space over the semigroup S. T = {1, 2, 3, 
4, 5, 6, 7, 8, 9, 11, 12, 13, 14, 15, 16, 17, 18, 19} cVisa 
generating set of V over S. 


Thus we see from the above examples the generating set of V is 
highly dependent on the semigroup S over which it is defined. 
Further nothing can be said about the dimension of V. 

In the above cases when |V| = 20, we see the dimension of 
V is < 20 and nothing more so we can say, that is if |V| =n <0 
then dimension of V is less than n and nothing more i.e., V is 
finite dimensional. 


Now it is left as an exercise to find out that the generating set of 
semigroup vector space is also an independent subset of V. 


DEFINITION 2.4.4: Let V be a semigroup vector space over the 
semigroup S. Suppose P is a proper subset of V and P is also a 
semigroup vector space over the semigroup S, then we call P to 


be semigroup subvector space of V. 


We now illustrate this situation by the following examples. 
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Example 2.4.17: Let V = (Z’ U {0}) x (Z* U {03) x QZ" 
U {0}) be a semigroup vector space over the semigroup S = Z* 
U {0} , under addition. Take W = Z* U {0} x {0} x {0} CV; 
W is also a semigroup vector space over S and we see W is a 
semigroup subvector space of V over S. 


Example 2.4.18: Let 


V a (? a, 
ra a 
be a semigroup vector space over the semigroup S = {Z° 
U {0}}. Take 


we a, a, a, 
0 0 O 


W is a semigroup vector subspace of V over S. 


1<1<6 


a,eZU °| 


a, eZ’ U {0} EAN 
1<i<3 


Example 2.4.19: Let V = {Q” U {0}} be a semigroup vector 
space over the semigroup S = Z* U {0}. Take W = 2Z" u {0}, 
W is a semigroup subvector space of V over S. 


Example 2.4.20: Take V = {11 1010),(00000), (1111 1), 
(10101),(01110), (000), (01 1), (01 0), (1 0 1)} bea set. 
V is a semigroup vector space over the semigroup S = {0, 1} 
under addition 1+ 1 =1. 

Take W = {(1 0 1), (01 1), (00 0), (0 1 0)} CV; Wis a 
semigroup subvector space over the semigroup S = {0, 1}. In 
fact every subset of V with the two elements (0 0 0) and or (0 0 
0 0 0) is a semigroup subvector space over the semigroup S = 
{0, 1}. 


Example 2.4.21: Let V = Z" U {0} be a semigroup vector space 


over the semigroup S = Z" U {0} under ‘+’. The dimension of V 
is one and the generating set of V is {1}. Take W = {2Z° 
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U {0}! CV is a semigroup subvector space over S. The 
dimension of W is also one given by the set {2}. This is only 
possible when we have semigroup vector spaces V over the 
semigroup S or set vector spaces over the set S. In fact V has 
infinite number of semigroup vector subspaces defined in the 
semigroup S = Z* u {0}. 


Now we proceed on to define the new notion of semigroup 
linear algebra over the semigroup. 


DEFINITION 2.4.5: Let V be a semigroup vector space over the 
semigroup S. If V is itself a semigroup under ‘+’ then we call V 
to be a semigroup linear algebra over the semigroup S, ifs (v; + 
V2) = sv;+ Sv2; Vv), V2 EVands ES. 


We illustrate this definition by examples before we proceed to 
study their properties. 


Example 2.4.22: Let V = (Z* U {0}) be a semigroup under 
addition S = {2Z* U {0}! also a semigroup under addition. V is 
a semigroup linear algebra over S. Also S is a semigroup linear 
algebra over V. 


Example 2.4.23: Let V =(Z* U {0}) x (Z* U {0}) x (ZU {0}) 
be a semigroup under addition of elements component wise. S = 
Z* U {0} be a semigroup under addition. V is a semigroup 
linear algebra over S. Clearly S is not a semigroup linear 
algebra over V. Only in example 2.4.22 it so happened that V 
was a semigroup linear algebra over S and S happened to be a 
semigroup linear algebra over V. 


Now we proceed on to give more examples of semigroup linear 
algebra. 


Example 2.4.24: Let 
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be a semigroup under matrix addition. S = Z U {0} a 
semigroup under ‘+’. Clearly V is a semigroup linear algebra 
over S. 


Example 2.4.25: Let 

a, a, 
be a semigroup under addition. V is a semigroup linear algebra 
over the semigroup S = Z’ u {0}. 


a,eZ” 19) 


Example 2.4.26: Let V = Q* U {0} be a semigroup under ‘+’. V 
is a semigroup linear algebra over the semigroup S = Z’ U {0} 
under usual addition. 


We observe the following important properties. 


THEOREM 2.4.1: Every semigroup linear algebra is a 
semigroup vector space and a semigroup vector space in 
general is not a semigroup linear algebra. 


Proof: We see every semigroup linear algebra over a 
semigroup is obviously a semigroup vector space over a 
semigroup. Hence the claim. However we prove the converse 
using only a counter example. 

Consider the semigroup vector space V = {(0 1 0 0), (000 
0), (00 1 1), (0 00 1), (0 0 0), (1 1 1), C1 O 1)} over the 
semigroup S = {0, 1} under addition with 1 + 1 = 1. We see V is 
not a semigroup. But V is a semigroup vector space over S and 
not a semigroup linear algebra over S. Hence the theorem. 


Another property about semigroup linear algebra V over the 
semigroup S is that all linear algebras and semilinear algebras 
are semigroup linear algebras. Thus the notion of semigroup 
linear algebras are a more generalized concept. However all 
semigroup linear algebras are set linear algebras and not 
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conversely. Thus we have examples to show that set linear 
algebras are not semigroup linear algebras. 


For instance take the following example. 


Example 2.4.27: Let V = {0, 1, 2, ..., ©} bea set. Take S = {0, 
1, 3, 5, ...}, S is not a semigroup under addition it is only a set. 
Clearly V is a set linear algebra over S for V is an additively 
closed set. We see V is not a semigroup linear algebra as S can 
never be a semigroup even if V is a semigroup under addition. 

Thus the class of all semigroup linear algebras is a subset of 
the class of all set linear algebras. 


Now we proceed on to define the substructure properties and 
transformations on semigroup linear algebras. 


DEFINITION 2.4.6: Let V be a semigroup linear algebra over 
the semigroup S. Suppose P is a proper subset of V and P is a 
subsemigroup of V. Further if P is a semigroup linear algebra 
over the same semigroup S then we call P a semigroup linear 
subalgebra of V over S. 


We now illustrate this by some examples before we enumerate 
some of its properties. 


Example 2.4.28: Let 


Vv 


(Z" U {0}) x (ZU {0}) x BZ" VU {0}) 
= {(x, y,z)/x,ye 7 xs {0} andz eé BZ {O}} 


be a semigroup under component wise addition. Take S = Z” U 
{0}, the semigroup under addition. V is a semigroup linear 
algebra over S. Take W = {(3Z" U {03) x {0} x 3Z U {03)} 
c V. W is a semigroup linear subalgebra of V over S. Take P = 
{ZU {0}3 x {0} x {0}, P is also a semigroup linear subalgebra 
of V over S. 

However {0, 2, 27, 2°, ...} x {0} x {0} is not a semigroup 
linear subalgebra over S. 
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Example 2.4.29: Let 


{ aoc ‘| 
V= 

Anat mat a5, 
be a semigroup under matrix addition. S = Z> U {0} be the 


semigroup under addition. V is a semigroup linear algebra over 
S. Let 


a, €Q* U{0}; isi2n| 


a 


n+l? 


-a,,€Z v0} V, 


W is a semigroup linear subalgebra over S. 


Example 2.4.30: Let V = 2Z° U {0} be a semigroup under 
addition. S = {2Z° U {0}} is a semigroup V = S. V is a 
semigroup linear algebra over S. 


Example 2.4.31: Let V = {(Z" U {0}) x (3Z* U {0}) x (5Z° 
U {0}) x (7Z" U {0})} be a semigroup linear algebra over the 
semigroup S = Z” U {0}. Take W = {0} U(3Z" U {0}) x {0} x 
{0} c V, W is a semigroup linear subalgebra of V over S. V has 
infinite number of semigroup linear subalgebras. 


Example 2.4.32: Let V = (Z’ U {0}) x (4Z° U {03) x (Q* 
U {0}) be a semigroup linear algebra over S = Z* U {0}. This 
V too has infinite number of semigroup linear subalgebras. 


Now as in case of semigroup vector spaces we can define the 

basis and the generating set of a semigroup linear algebra with a 

small difference. B = {vj, ..., Vn} C V is an independent set if 
m 

vi # SV;;1#j for some s € S and vy, # Yisv,;i<k<njm<n, 
i=l 

si€ S. 
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We say B is a generating subset of V if B is a linearly 
independent set and every element v € V can be represented as 


n 
v= av, ;a,€8;]1<i<n. 
i=l 


Example 2.4.33: Let V = 2Z° U {0} be a semigroup linear 
algebra over the semigroup S = Z’ U {0} . The set B = {2} isa 
generating set of V and the number of elements in B is one thus 
V is set dimension | over S. 


Example 2.4.34: Let V = {Z° U {0}} x {Z7 U {0} x {Z 
U {0!} be a semigroup linear algebra over the semigroup S = Z* 
U {0}. V is a generated by the set B = {(100), (010), (001)} 
and V is of dimension three over S. 


Example 2.4.35: Let V = {Q” U {0} be the semigroup linear 
algebra over the semigroup Z U {0!=S. V is an infinite 
dimensional semigroup linear algebra over S. 

Example 2.4.36: Let V = {Q” U {03} be a semigroup linear 
algebra over the semigroup S = {Q* U {03}. V is generated by 
the set B = {1} and dimension of V is 1 over S= Q* U {0}. 


Example 2.4.37: Let 


a b 
V= 
{( i 
be a semigroup linear algebra over the semigroup Z’ U {0} =S. 
Then V is generated by 


(09010 36 9 


a,b,c,deZ* u19)| 
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and dimension of V over S is four. This is the unique subset of 
V which generates V over S and no other subset of V can 
generate V. 


Example 2.4.38: Let V = ZU {0} be a semigroup linear 
algebra over the semigroup S = 2Z° U {0}. B = {1} is a 
generating subset of V as 1 € V,2.1 e Vand2+1¢ Vas Vis 
a semigroup. 


Thus we see dimension of V over S = 2Z" U {0} is also 1. If we 
consider S as a semigroup vector space over V then dimension 
of V is not | and the generating subset of V is not {2}. 


Example 2.4.39: Let V[x] = {all polynomials in the variable x 
with coefficients from the set Z° U {0!}, V[x] is a semigroup 
under addition. V[x] is a semigroup linear algebra over the 
semigroup S = {Z” U {0}}. Clearly B = {1, x, x’, x°, ..., 0} is 
the generating subset of V[x] and the dimension of V[x] is 
infinite over S. 


Example 2.4.40: Let P[x] = {all polynomials of degree less than 
or equal 7 in the variable x with coefficient from Z” VU {0}}. 
P[x] is a semigroup under polynomial addition. Let S = Z* U 
{0} be a semigroup under addition. P[x] is a semigroup linear 
algebra over the semigroup S. Let B = {1, x, ..., x’} CP[x]; B 
generates P[x] and dimension of P[x] is 8. 


Now having seen examples of semigroup linear algebra and 
their dimension we now proceed on to define the notion of 
subsemigroup subvector spaces of semigroup vector spaces and 
subsemigroup linear subalgebra of semigroup linear algebra. 


DEFINITION 2.4.8: Let V be a semigroup vector space over the 
semigroup S. Let P CV be a proper subset of V and T a 
subsemigroup of S. If P is a semigroup vector space over T then 


we call P to be a subsemigroup subvector space over T. 


We now illustrate this situation by the following example. 
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Example 2.4.41: Let V = ZU {0} x Z" U {0} be a semigroup 
vector space over the semigroup S = Z” U {0}. Let P = {2Z° 
U {0} x {0}! c V and T = 2Z* U {0} subsemigroup under 
addition. P is a subsemigroup subvector space over T = 2Z* 
U{0} cS 


Example 2.4.42: Let V = (3Z" U {0} x 5Z U {0} x 7Z* U {03 
x 2Z" U {0}) be a semigroup vector space over the semigroup S 
=Z* vu {0}. 

Let P = {{0} x 5Z’ U {0} x {0} x {O}} CV. Pisa 
subsemigroup subvector space over the subsemigroup T = 5Z* 
U {0} cS. 


Example 2.4.43: Let V[x] = {set of all polynomials in the 
variable x with coefficients from Z” U {0}}. Let P [x] = {set of 
all polynomials of even degree with coefficients from Z* 
U {0}} <V [x]. P [x] is a subsemigroup subvector space over 
the subsemigroup T = 2Z” U {0}. 


Example 2.4.44: Let V = {(0 00), 1 1 1), (00 1), 1 00), (1 1 
0)} be a set which is a semigroup vector space on the semigroup 
S = {0, 1}, under addition such that 1 + 1 = 1. Let P= {(0 0 0), 
(1 0 0)}. P is a subsemigroup subvector space over the set T = 
{1}. 

In fact every subset of V with (0, 0, 0) is a subsemigroup 
subvector space over the set T = {1} which is a subsemigroup of 
S under addition. 


Now we proceed on to define the notion of semigroup linear 
subalgebra of a semigroup linear algebra. 


DEFINITION 2.4.9: Let V be a semigroup linear algebra over 
the semigroup S. Let P CV be a proper subset of V which is a 
subsemigroup under ‘+’. Let T be a subsemigroup of S. If P is a 
semigroup linear algebra over the semigroup T then we call P 
to be a subsemigroup linear subalgebra over the subsemigroup 
T. 
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Note: A subsemigroup linear subalgebra is different from the 
notion of semigroup linear subalgebra. Also a semigroup linear 
subalgebra is not a subsemigroup linear subalgebra. 


We now proceed onto describe them with examples. 


Example 2.4.45: Let 


v= Fe a, eae | 

a, ag st ayy 

be a semigroup linear algebra over the semigroup S = Z 
U {0}. Let 


hs i‘ we Ae ) 
a, ct' Aly 
be a semigroup under matrix addition, P a proper subset of V. T 


= {27° U {0}! the proper subsemigroup of S. P is a 
subsemigroup linear subalgebra of V over T. 


sez viaitsisi} 


+ 


a, €2Z° viostsisn| 


Example 2.4.46: Let {(100), (000), (010), (001), (111), (110), 
(011), (101)} = V be a semigroup under addition modulo 2. Let 
Zo = {0,1} be the semigroup under addition modulo 2. V is a 
semigroup linear algebra over Z, = {0,1} we see V has no 
subsemigroup linear subalgebras. 


Now we are interested in studying and defining such algebras. 


DEFINITION 2.4.10: Let V be a semigroup linear algebra over 
the semigroup S. If V has no subsemigroup linear subalgebras 
over any subsemigroup of S then we call V to be a pseudo 
simple semigroup linear algebra. 


In fact we have a large class of such semigroup linear algebras. 


Further these classes of semigroup linear algebras find their 
applications in coding theory. 
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Example 2.4.47: Let V = {(00), (10), (01), (11)} be a semigroup 
S = Z, = {0,1} modulo addition 2. We see V is a pseudo simple 
semigroup linear algebra. 


Example 2.4.48: Let V = {(0000), (1111), (1100), (0011)} be a 
semigroup linear algebra over Z2 = {0,1} =S. V is also a pseudo 
simple semigroup linear algebra. (V is a semigroup under 
addition modulo 2). 


Example 2.4.49: Let V the 2" elements of the form {(000...0) 
(10...0), ..., (O11 111... 1) (11... 1)}. V is a semigroup linear 
algebra over Z) = {0,1} the semigroup under addition, (n = 2). 
V is a pseudo simple semigroup linear algebra. (V is a 
semigroup under addition modulo 2). 


Now having seen a very large class of pseudo simple linear 
algebras we now proceed on to define the notion of pseudo 
simple group subvector spaces in a semigroup linear algebra 
which are not semigroup linear subalgebras. 


DEFINITION 2.4.11: Let V be a semigroup linear algebra over a 
semigroup S. Suppose V has a proper subset P which is only a 
semigroup vector space over the semigroup S and not a 
semigroup linear algebra then we call P to be the pseudo 
semigroup subvector space over S. 


We illustrate this situation by the following examples. 


Example 2.4.50: Let V = {all polynomials of degree n with co- 
efficient from Z” U {0}!. V is a semigroup linear algebra over 
the semigroup S = Z U {0}. V is also a semigroup under 
addition of polynomials. 


P= {ax + b, px? + dx +e, qx’ +1x’?+s/a,b,p,d,e,q,nseZ* 
U {0}}; P is just a set, P is a semigroup vector space over S. 
However P is not a semigroup linear algebra over S. So P is a 
pseudo semigroup subvector space of V. 
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Example 2.4.51: Let 


ac) 


be a semigroup under matrix addition. M>,. is a semigroup 
linear algebra over the semigroup S = ZU {0}. 


(509) 


P is only a pseudo semigroup subvector space over S. We see P 
is not closed under matrix addition. 


a,b,c,d eZ” ¥10) 


anode?) 


Example 2.4.52: Let 


a; a, a; + 
V= jJa-eZ U{O}>; 
a, a; a 


V is a semigroup under matrix addition. V is a semigroup linear 
algebra over the semigroup S = Z” U {0}. Take P 


elf ay Or ap pio DoD 

Be aye OL) VO coud 
P CV but P is not a semigroup under matrix addition. Thus P is 
only a pseudo semigroup subvector space over S. 


b,c,d,a,,a,,a,,a, €2Z° U a). 


Now we proceed on to define the new notion of pseudo 
subsemigroup vector subspace of a semigroup linear algebra. 


DEFINITION 2.4.12: Let V be a semigroup linear algebra over 
the semigroup S. Let P be a proper subset of V and P is not a 
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semigroup under the operations of V. Suppose T CS, a proper 
subset of S and T is also a semigroup under the same operations 
of S; i.e., T a subsemigroup of S, then we call P to be a pseudo 
subsemigroup subvector space over T if P is a semigroup vector 
space over T. 


We illustrate this situation by the following examples. 


Example 2.4.53: Let 


a, a, a; a 
V = 1 2 3 4 
a, a a, ag 
be the semigroup under matrix addition. Let S = Z” U {O}a 


semigroup under addition. V is a semigroup linear algebra over 
S. Take P 


a, 0 0 0\(0 0 ¢, O 

a, 0 0 0/\0 0 c, 0 
P is just a subset of V and P is not closed under matrix addition. 
Take T = 2Z" U {0}, T is a subsemigroup of S. Clearly P is a 


semigroup vector space over T, hence P is a subsemigroup 
pseudo subvector space over T. 


sez vinilsiss| 


A cas eutee Zz im} V. 


Example 2.4.54: Let Vs = {(Z” U {03) [x], ie., set of all 
polynomials of degree less than or equal to 5 with coefficients 
from the semigroup S = Z’ U {0}}. Vs is a semigroup linear 
algebra over the semigroup S. Take P; = {ax’ + bx + c, px’ + d, 
qx’ + e/a, b, c, p, d, q and e € Z’ U {03}. Clearly Ps is only a 
proper subset of Vs. Ps is not closed under the polynomial 
addition, so P; is not a semigroup. Take T = 3Z” U {0} CS = 
{Z” U {0}}. T is a semigroup under addition. Thus P; is a 
semigroup vector space over the semigroup T. Ps is the pseudo 
subsemigroup vector subspace of Vs. 
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An important natural question would be that will every 
semigroup linear algebra have a pseudo subsemigroup vector 
subspace. The answer is no. We prove this by the following 
example. 


Example 2.4.55: Consider the semigroup Z, [x] of all 
polynomials with coefficients from the field Z,. under 
polynomial addition. Z, [x] is a semigroup linear algebra over 
the semigroup Z». 

Take P = {all polynomials Xt+1xtl..,xt+1ne Zz, 
P is only a proper subset of Z,[x]. P is not a closed set under 
polynomial addition. P is in fact a pseudo semigroup subvector 
space of Z, [x]. Now Z, has no proper subsemigroups other than 
the trivial {0} semigroup. So P is not a pseudo subsemigroup 
subvector space of Z,[x]. 

Thus we see every semigroup linear algebra need not 
contain a pseudo subsemigroup vector subspace. 


In fact we have a class of such semigroup linear algebras which 
we State in the form of theorem. 


THEOREM 2.4.1: Let Z, [x] be the collection of all polynomials 
with coefficient from the prime field Z, of characteristic p. Z,[x] 
is a semigroup under polynomial addition. Further Z, is also a 
semigroup under addition modulo p. Z, [x] is a semigroup 
linear algebra over Z,. In fact Z, [x] has no subsemigroup 
linear subalgebras and Z, [x] has no pseudo subsemigroup 
subvector spaces. 


Proof: Given Z, [x] is a semigroup linear algebra over the 
semigroup Z, = {0, 1, ..., p — 1}. Clearly Z, has no 
subsemigroups other than {0} and itself. So Z, [x] cannot have 
any non trivial subsemigroup linear subalgebras or pseudo 
subsemigroup vector subspaces. It can have only the {0} to be 
both these structure over {0}. 


Now in view of this we define two new algebraic structures. 


71 


DEFINITION 2.4.13: Let V be a semigroup linear algebra over 
the semigroup S. If V has no subsemigroup linear algebras over 
subsemigroups of S then we call V to be a simple semigroup 
linear algebra. 


We have non trivial classes of simple semigroup linear 
algebras given by the example. 


Example 2.4.56: Let 


Mixm >= : : |ja;eZ,jlsi<n;i<sj<m 


This is a simple semigroup linear algebra. (m=n) can also occur. 
We see Mixm is taken only as a semigroup under matrix 
addition. 


Example 2.4.57: Let V = Z, x ... x Zp = {(X1, ..., Xn) / Xi € Zy / 
1 <i <n}, V is a semigroup under addition. V is also a 
semigroup linear algebra which is a simple semigroup linear 
algebra. 


In fact both these semigroup linear algebras do not contain any 
proper pseudo subsemigroup subvector spaces. In view of all 
these we can have the following theorem before which, we just 
recall the definition of a simple semigroup. A semigroup S is S- 
simple if S has no proper subsemigroups. The only trivial 
subsemigroups of S being {0} or 6 and S itself. 


THEOREM 2.4.2: Let V be a semigroup. S a semigroup such that 
it is S-simple. If V is a semigroup linear algebra over S then V is 
a simple semigroup linear algebra over S. 


Proof: Given V is a semigroup linear algebra over the 
semigroup S. Also it is given the semigroup S has no proper 
subsemigroups 1.e., {0} and S are the only subsemigroups of S 
which are trivial. So if W <V; W cannot be a subsemigroup 
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linear subalgebra over any T cS, T a subsemigroup of S. Hence 
the claim. 


Now we proceed on to define the new notion of pseudo simple 
semigroup linear algebra. 


DEFINITION 2.4.14: Let V be a semigroup under addition and S 
a semigroup such that V is a semigroup linear algebra over the 
semigroup S. If V has no proper subset P (CV) such that V is a 
pseudo subsemigroup vector subspace over a subsemigroup, T 
of S then we call V to be a pseudo simple semigroup linear 
algebra. 


We illustrate this situation by the following examples. 


Example 2.4.58: Let V = Zs [x] be the collection of all 
polynomials with coefficients from Z;, Zs; a semigroup under 
addition modulo 5. V is semigroup linear algebra over the 
semigroup Zs. Zs has no proper subsemigroups. Hence for any 
subset P of V; P cannot be a pseudo subsemigroup vector 
subspace. Hence V is a pseudo simple semigroup linear algebra. 


Example 2.4.59: Let 
Ye Mago {(a,) 


a, €Z,; I<i<31<j<s} 


be a semigroup under matrix addition modulo 7, with entries 
from Z7. S = Z; be the semigroup under addition modulo 7. V is 
a semigroup linear algebra over Z;. Z7 has no proper 
subsemigroup. So for any subset P of V, P is not a pseudo 
subsemigroup vector subspace of V. So V is a pseudo simple 
semigroup linear algebra over Z7. 


We prove the following interesting theorem. 
THEOREM 2.4.3: Let V be a semigroup, S a S-simple semigroup 
i.e. S has no subsemigroups other than {0} or @ or S. V be the 


semigroup linear algebra over S. V is a pseudo simple 
semigroup linear algebra over S. 
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Proof: Given V is a semigroup linear algebra over the 
semigroup S, where S is a S-simple semigroup, i.e., S has no 
proper subsemigroups. So for any subset P of V, P cannot be a 
subsemigroup algebraic structure. In particular P cannot be 
subsemigroup subvector space of V. So V is a pseudo simple 
semigroup linear algebra over S. 


Now we proceed onto define the notion of linear transformation 
of semigroup linear algebras defined over the same semigroup 
S. As in case of linear algebra transformation where both the 
linear algebras must be defined over the same field we see in 
case of semigroup linear algebras to have a_ linear 
transformation both of them must be defined over the same 
semigroup S. 


DEFINITION 2.4.15: Let V and W be any two semigroup linear 
algebras defined over the same semigroup, S we say T from V to 
W is a semigroup linear transformation if T(ca + B) = cT (a) + 
T (BP) forallc €Sand a, Bev. 


It is left, as an exercise to the reader to prove the set of all 
semigroup linear transformations from V to W is a semigroup 
linear algebra over S with composition of maps as the operation. 


Now we give few examples of semigroup linear algebras 
defined over the same semigroup S. 


Example 2.4.60: Let 


a, a, 
be the semigroup under addition of matrices. S = Z” U {0} is a 
semigroup under addition. V is a semigroup linear algebra over 
S=Z vu {0}. Lt W = {Px P/P=Z' vu {0}}, Wisa 


semigroup under component-wise addition. W is a semigroup 
linear algebra over S. Define T from V into W by 


sez uinjasisa| 
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a, a 
r[ “Y]e(a tant +24) 
aj. Ay 


T is a semigroup linear transformation of V to W. 


Example 2.4.61: Let V and W be as in example 2.4.60. Define 
T, from W into V by 
x y 
T, (x, y) -( 
y xX 
for all (x, y) ¢ Px P. 
Prove T is a semigroup linear transformation from W into 


V. 


Now we proceed onto define a new notion of semigroup linear 
operators. 


DEFINITIONS 2.4.16: Let V be a semigroup linear algebra over 
the semigroup S.A map T from V to V is said to be a semigroup 
linear operator on V if T (cu + v) = cT (u) + T () for every c € 
Sandu, v €V. 


The reader is left with the task of proving the collection of all 
semigroup linear operators on V is again a semigroup linear 
algebra over S. 

We now illustrate this situation by the following examples. 
Example 2.4.62: Let V = {set of all 2 x 3 matrices with entries 
from S}, be a semigroup under matrix addition. V is a 


semigroup linear algebra on the semigroup S = Z” U {0}. 


Define T: V > V by 


75 


4 
a,,4,,4,,a,,a,EZ U{O}]. 


al Os says 0 
a, 0 a, +a, 


T is a semigroup linear operator on V. 


Example 2.4.63: Let V =P x P x P x P where P = Z’ U {0} be 
a semigroup linear algebra over the semigroup S = Z” u {0}. 
Define T (x, y, z, w) = (x + y, y + z, z — w, x — w) for every 
Vv =(x, y, Z, W) € V. T is a semigroup linear operator on V. 


Example 2.4.64: Let V = P x P x P be a semigroup linear 
algebra over the semigroup S = 2Z° U {0}, where P = Z” 
U {0}. Define T: V > V by T (x, y, z) = (y, z, x). Prove T is a 
semigroup linear operator which is one to one and invertible. 


Example 2.4.65: Let V = {all polynomials of degree less than or 
equal to 7 with coefficients from the semigroup S = Z* 
U {0}}. V is a semigroup under polynomial addition. V is a 
semigroup linear algebra over S. Define T: V > V by T (x) = 
To) =x’,..., T(x) =x;ie, T(x) =x" if1<n<5 and 
T(x°) = x. Is T a 1 — 1 invertible semigroup linear operator on 
Vv?. 


Now we define yet another new type of semigroup linear 
operator on a semigroup linear algebra V over the semigroups. 


DEFINITION 2.4.17: Let V be a semigroup linear algebra over 
the semigroup S. Let W CV be a subsemigroup linear algebra 
over the semigroup P, P a proper subsemigroup of S. Let T: V 
— W be a map such that T (av + u) = T(a@) T(v) + T(w) for all 
u, v € Vand T (@) € P. We call T a pseudo semigroup linear 
operator on V. 


We first illustrate this situation by the following example. 
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Example 2.4.66: Let V =P x P x P where P= Z" U {0} bea 

semigroup linear algebra over the semigroup S = Z’ U {0}. Let 

W = 2Z" U {0} x {2Z" U {03} x {2Z" U {03} be a subset of V 

and W be a subsemigroup linear subalgebra over the 

subsemigroup L = 2Z° U {0}. Let T: V > W be defined by 

T(au + v) = 2a (2u) + 2v, T is a pseudo linear operator on V. 
We call this map T to be a pseudo projection. 


We just give the definition of semigroup projection of a linear 
algebra. 


DEFINITION 2.4.18: Let V be a semigroup linear algebra over 
the semigroup S. Let W be a semigroup linear subalgebra of V 
over S. Let T be a linear operator on V. T is said to be a 
semigroup linear projection on W if 


Tv) =w,w ew 

and 
T (au +v) = aT (u) + TW) 
T (vy) and T (uy) Ee W 


forall a € Sandu, v €V. 
We illustrate this situation by the following example. 


Example 2.4.67: Let V = P x P x P x P where P= Z" U {0}, V 
a semigroup linear algebra over the semigroup P = Z’ U {0}. 
Let W = 2Z" u {0} x {2Z7 U {0}} x {0} x {0} CV bea 
semigroup linear subalgebra of V over P. Define T : V > V by 
T (x, y, Z, W) = (2x, 2y, 0, 0). Clearly T is a semigroup linear 
projection of V onto W. 


Example 2.4.68: Let 


a; “8s. ay. a 

VU 1 2 3 4 
: [ 

ae, a, Bg 


sez vinitsiss| 
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be a semigroup linear algebra over the semigroup S = Z* 


U {0}. 
Let 


W a a, a, a; a, 
0 0 0 0O 
W is a semigroup linear subalgebra of V. Define T: V—> V by 
T a, a, a, a,\) (2a, 2a, 2a, 2a, 
Be Bie a AO 20 0 0) 


Clearly T is a semigroup linear operator on V which is a 
semigroup linear projection of V into W. 


a, c22-Uiojtsiss} cV; 


Example 2.4.69: Let V = P[x] where P = Z U {0}, ive., all 
polynomials in the variable x with coefficients from P. V is a 
semigroup linear algebra over P. 

Let W = {all polynomials of even degree with coefficients 
from P} CV; W is a semigroup linear subalgebra over P. 
Define a map 


T:V5OW 
by 
T (1x) = 01;(x°) > 
T (ct2x”) = Ox", Pebt5 
T (Qyx') = On xen 
;l<n<o. 


Tis clearly a semigroup linear operator which is a 
semigroup linear projection of V into W. 


Now having defined the notion of semigroup linear projection 
we proceed on to define semigroup projection of semigroup 
vector spaces. 


DEFINITION 2.4.19: Let V be a semigroup vector space over the 
semigroup S. Let Wc V be a semigroup vector subspace of V. A 
linear operator on V is said to be a semigroup projection of V 
into WifT: V >Wi.e., T (v) = w for every v € Vand w e W. 
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We illustrate this situation by the following example. 


Example 2.4.70: Let 


a, a, - a,)/(0 O = 0 
v= , 

0 0 + Of lb, b, «+ bs 
be a semigroup vector space over the semigroup S = Z* U {0}. 
Let 


w= a, a, eee as 


be a semigroup subvector space of V. Let T: V > V defined by 


a,b; e€Z* U {0}; 
1<i,j<5 


2,22 Uiojsiss} cV 


and 
- 0 0 = 0) (0 0 + 0) 
by by ee be) LO 0: ee 0)? 


then T is a semigroup projection of V on W. 


We give yet another example of the semigroup projection of the 
semigroup vector spaces. 


Example 2.4.71: Let V = {0, 1, 3, 5, 7, ..., (2n + 1)} be a 
semigroup vector space over the semigroup S = {0, 1} where 1 
+1=1. Let W = {0, 3, 37, ...} CV, W is a semigroup vector 
subspace of V. Let T be a semigroup linear operator on V 
defined by T(x) = x if x is of the form 3". T(x) = 0 otherwise. T 
is a semigroup linear operator on V, which is a semigroup linear 
projection of V on W. 
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Now we proceed onto define direct union of semigroup vector 
subspaces of a semigroup vector space. 


DEFINITION 2.4.20: Let V be a semigroup vector space over the 
semigroup S. Let W), ..., W, be semigroup vector subspaces of V 
if V = Wand W; 7 W; = dor {0}, if i #j then we say V is the 
direct union of the semigroup vector subspaces of the 
semigroup vector space V over S. 


We illustrate this situation by some examples. 


Example 2.4.72: Let 
we a, a, a,\(0 0 O 
0 0 OJ} |b, b, »b, 
be a semigroup vector space over the semigroup S = Z* U {0}. 
Take 
W)= a; a, a, 
0 0 O 


OX. <0 GY 
W2= 
{( b, . 


be semigroup vector subspaces of V over the semigroup S. 
Clearly V = W, U W> and 


a,,b,E€Z" visa] 


sez Uinjsisy 


and 


b,; c2Uio}tsi53| 


Thus V is the direct union of vector subspaces over the 
semigroups. 
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Example 2.4.73: Let 


a, a4 " 
a b)fa, a, a, a,b,c,d,a; eZ" U {0}; 
V= > >| a, as . > 
Crd) ay, ae ae 1<i<3 
aa~ 


V is a semigroup vector space over the semigroup S = {Z* U 


{0}}. Take 
ee a b 
as ee) 


W| is a semigroup vector subspace of V. 


a, a, a 

W 1 2 3 
[ 

dy ae ae 


a,b,c,deZ* U a : 


a, eZ UIOjst56 


ar ay, 
W3=4/a, a, |la, eZ U{0};1<i<6 
a, a 


is a semigroup vector subspace of V over the semigroup S. Thus 
V=W, UW2 UW; with Wi 0 Wj = 6 if 144, 1 <1,j <3. 
Hence V is a direct union of vector subspaces of the semigroup 
vector space V. 


Example 2.4.74: Let V = {3Z" U {0}, 2Z° U {03, 5Z’ U {0}, 
... ZU {0} / 2 <n<oo} be a semigroup vector space over the 
semigroup S = Z’ U {0}. Let W; = 2Z" U {0}, W2 = BZ U 
{Oh}, ..., Wa = (n+ 1) Z’ U {0}. 2 <n < o be a semigroup 
vector subspaces of V or S. 
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Clearly V = Uw, but W; > W; # 6 or {0} so V is not a 
i=l 


direct union of semigroup vector subspaces of V. 


In view of this we define yet another new notion called 
pseudo direct union of semigroup vector subspaces of a 
semigroup vector space. 


DEFINITION 2.4.21: Let V be a semigroup vector space over the 
semigroup S. Let W,, ..., W, be a semigroup subvector spaces of 


V over the semigroup S. If V = UW, but W, 0 W; # ¢ or {0} ifi 
i=l 


#j then we call V to be the pseudo direct union of semigroup 
vector spaces of V over the semigroup S. 


We illustrate this situation by the following example. 


Example 2.4.75: Let 
we a, 4, : b, b, C; Cy 
a, a,)\b; b,) lc; c, 
ie a ee i) [* ‘ 
: and 
d; dy) \¥3 Y4 X, X4 


where a}, a, a3, a4 € 2Z U {0}, bj, by, b3, by € 3Z* U {0}, cj, 
Co, €3,c4 € 5Z” U {0}, di, do, ds, dy € 7Z” U {0}, yi, yo, ¥35 Ya 


eZ {0} and x1, X2, X3, X14 € 19Z” U {0}} be the 
semigroup vector space over the semigroup S = Z’ U {0}. 


W, -((: 
Aix ay 


Let 


a, €2Z° viojtsisal 
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bea Uioilsisal 


{? i 
W> = 
b;  b, 
eae { 
ee 
wf 
d, d, 
Wie e ‘ 
¥3 Yq 
mle 
Xe a, 


be semigroup vector subspaces of V over the semigroup S = Z* 
U {0}. 


6 
Clearly V = UW, we see W; 0 Wj #9 or {0}, 1 4j, 1 <i, j 
i=l 


e652 U(oitsis4l 


se72- L104} 


y, €lIZ>U a 


and 


x, €19Z* viostsisal 


< 6. So V is the pseudo direct union of semigroup subvector 
spaces over S. 


Now we proceed onto define the new notion of direct sum of 
semigroup linear subalgebras of a semigroup linear algebra over 
a semigroup S. 

DEFINITION 2.4.22: Let V be a semigroup linear algebra over 
the semigroup S. We say V is a direct sum of semigroup linear 


subalgebras W), ..., W, of V if 


lL VeWe tn +H 
2. WiNW, = {0} or bifi#j (1 Si,j <n). 


We first illustrate this situation by the following example. 
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Example 2.4.76: Let V = P x P x P x P be a semigroup linear 
algebra over P= {0} UZ". Let W, =P x {0} x {0} x {0}, W2= 
{0} x P x {0} x {0}, W3 = {0} x {0} x P x {0} and Wy = {0} x 
{0} x {0} x P be the semigroup linear subalgebras of V. Clearly 
V=W,+ W2+ W344 W, and W; 7 Wj = {0} ifi4j. 

We see this way of representation in general is not unique. 
For if we take W,'= {0} x P x {0} x {P} and W,'= {P} x {0} x 
P x {0} we get V = W\'+ W,' and W,' NW,' ={0} thus V is also 
a direct sum of W,' and W,'. Thus the direct sum in general is 
not unique. 


We give yet another example. 


Example 2.4.77: Let 


fav} 


5 |[a,eZ VU (O} andl <i<9 


a, ag ay 


be a semigroup linear algebra over the semigroup S = Z* U {0}. 
Let 


0 
1 
Wi=5/0 a, O |la,,a,anda,eZ* UO} pcV 
0 O a, 


a, a; 
W2=4/0 0 a, |/a,,a;,a,€Z° Uf}? CV, 
0 


W> is also a semigroup linear subalgebra of V. Suppose 
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0 0 0 
W3=4/a, O O||a,,a,,a, eZ U {0} > CV; 


7 a O 


W; a semigroup linear subalgebra of V. Then we see V = W, + 
W.2+ W;3 with 


00 0 
WiAW;=|0 0 0| ifizj. 
00 0 


Thus V is a direct sum of W;, W2, W;3 of V. We see this is not 
the only way of representing V. For take 


a, 0 0 
Pi=3/0 0 O jJa,a, eZ U{}CV 
0 0 


ay 


is a semigroup linear subalgebra of V. 


0 a, O 
Prx=4/a, O a, |[a,, a4, a, € Z U{0} 
0 0 O 


is a semigroup linear subalgebra of V over S= ZU {0}. 
Take 


0 0 a, 
P3= 5/0 a, 0 |la,,a,eZ Uf} > cV 
OD 20 


is a semigroup linear subalgebra of V. 
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0 0 0 
Pa=4/0 O Offa,aeZ UO} > cV 
a, 0 


is a semigroup linear subalgebra of V. We see V = P, + P2 + P3 
+ Py with 


Pi Pj = 00 0 izj1l<ij<4. 
0 0 0 


Thus V is a direct sum of semigroup linear subalgebras over the 
semigroup Z’ U {0}. 

Thus we see there exists more than one way of writing the 
semigroup linear algebra as the direct sum of semigroup linear 
subalgebras. 

A semigroup linear algebra is said to be strongly simple if it 
cannot be written as a direct sum of semigroup linear 
subalgebras and has no proper semigroup linear subalgebra. 
Clearly the class of semigroup linear algebras V = Z, = {0, 1, 
..., Pp — 1}; p a prime over S = Z, = V are strong simple for in 
the first place they do have any semigroup linear subalgebras 
and it cannot be written as direct sum . All simple semigroup 
linear algebras are strongly simple however it is left as an open 
problem for the reader to find whether strongly simple implies 
simple. 


2.5 Group Linear Algebras 
Next we proceed onto define yet another new special class of 
linear algebras called group linear algebras and_ their 


generalizations group vector spaces. In this section we also 
enumerate a few of its properties. 
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DEFINITION 2.5.1: Let V be a set with zero, which is non empty. 
Let G be a group under addition. We call V to be a group vector 
space over G if the following condition are true. 


1. For everyv €Vandg € Ggvand vg eV. 
2. 0.v=0 for every v é€ V, 0 the additive identify of G. 


We illustrate this by the following examples. 


Example 2.5.1: Let V = {0, 1, 2, ..., 15} integers modulo 15. G 
= {0, 5, 10} group under addition modulo 15. Clearly V is a 
group vector space over G, for gv = v, (mod 15), for g e G and 
v,vi Ee V. 


Example 2.5.2: Let V = {0, 2, 4, ..., 10} integers 12. Take G = 
{0, 6}, G is a group under addition modulo 12. V is a group 
vector space over G, for gv = v; (mod 12) for g € Gand v, v) € 
V. 


Example 2.5.3: Let 


a as. a 
Mo x3 = { eae ; 

a, a, a 
Take G = Z be the group under addition. M2 ,.3 is a group vector 
space over G = Z. 


a; € {-00,...,-4, 2.0.24 ; 


Example 2.5.4: Let V=Z x Z x Z= {(a,b, c)/a, b,c € Z}. V 
is a group vector space over Z. 


Example 2.5.5: Let V = {0, 1} be the set. Take G = {0, 1} the 
group under addition modulo two. V is a group vector space 


over G. 


Example 2.5.6: Let 
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CE Ee eee 
(ible of 


be set. Take G = {0, 1} group under addition modulo 2. V isa 
group vector space over G. 


Example 2.5.7: Let 
Be 858 cnet ag PO bee 

V= 3 2 

0 0 .. 0 00... 0 

0 0 .. 0 

b, b, .. b, 


be the non empty set. Take G = Z the group of integers under 
addition. V is the group vector space over Z. 


sh eZlsisal 


Example 2.5.8: Let 
ge) A a 0 OO ae SOY FOB. Oat 0 
Be Oe 0); LOE Oy A090 KO By Oe ne. 0) 
OO are OG 
TNE CO: eae: He 
be the set of 2 x n matrices of this special form. Let G = Z be 


the group of integers under addition. V is a group vector space 
over Z. 


ao Dsitele 2, baa | 


Example 2.5.9: Let 
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0 0) (0 0 

0 0) (0 a, 
be the set. Z = G the group of integers V is a group vector space 
over Z. 


Now having seen examples of group vector spaces which 
are only set defined over an additive group. 


4,,4,,4;,a, € | 


Example 2.5.10: Let V = {(0 100), (1 1 1), (0 0 0), (0 0 0 0), 
(1100), (00000), (11001), (1 01 1 0)} be the set. Take Z, 
= G = {0, 1} group under addition modulo 2. V is a group 
vector space over Zp. 


Example 2.5.11: Let 


(Be Bg) PB OO c, 0 ; 
0 0 a' 
V= 0 O},)b, 0 OF, ey. Oi: ills 
0 0 a', 
0 b, 0 0 c. 0 


0 0 0 

0 0 0 ; 

0 0 OF, a,b,c; € Z; a',,a',eZ1<1<3 
0 0 0 

0 0 0 


be the set, Z = G the group under addition. V is just a set but V 
is a group vector space over Z. 

It is important and interesting to note that this group vector 
spaces will be finding their applications in coding theory. 


Now we proceed onto define the notion of substructures of 
group vector spaces. 


DEFINITION 2.5.2: Let V be the set which is a group vector 
space over the group G. Let P CV be a proper subset of V. We 
say P is a group vector subspace of V if P is itself a group 
vector space over G. 
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Example 2.5.12: Let 


0 O\/a, a,\(a, 0\)(0 a,\(/0 O 
V= ; 4 : : a,,a, EZ 
0 0/\0 O/(0 O/\0 O/\a, a, 
be the set. V is a group vector space over the group G = Z the 
group of integers under addition. Take 


0 0\ (a, a, 0 0 
P= 
0 0) \0 O/} a a, 
P is a group vector subspace of V over Z. It is important and 


interesting to note that every proper subset of V need not be a 
group vector subspace of V. Take 


r(( SG ale 


T is not a group vector subspace of V it is only a set and has no 
additional properties. 


a,,a, <2}V : 


Example 2.5.13: Let V = {1 1001), (00000), (1 00 1 0), 
(000), 11), 111),(0000), (1 100), (1 00 1)} bea 
proper set. Take G = {0, 1} be a group under addition modulo 2. 
V is a group vector space over G. P= {(11001),(00000)} c 
V; P is a group vector subspace of V over G. 
P,= {000), 11D} cV, 
P, is also a group vector subspace of V over G. 
T={111),,U100)}} cV, 
T is not a group vector subspace of V over G. 


Example 2.5.14: Let 


ae. ay 


sez1sis4} 
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be a group vector space over the group G = Z. Let 


P = b, b, 
b, »b, 


P is a group vector subspace over G. 


b; € 2Z; Ista} cv. 


We now define the notion of linearly independent subset of a 
group vector space. 


DEFINITION 2.5.3: Let V be a group vector space over the 
group G. We say a proper subset P of V to be a linearly 
dependent subset of V if for any p), p2 € P, (p1 =P2) pi = ap2 or 
P2 = a'p, for some a, a' € G. If for no distinct pair of elements 
Pp Pp2 € P we have a, a; € G such that p; = ap2 or p2 = arp) 
then we say the set P is a linearly independent set. 


We now illustrate this situation by some examples. 
Example 2.5.15: Let 


a, a, 0 0)/0 O 
V= R F a,,a, EZ 
0 O a, a, 0 0 


be the group vector space over the group of integers Z. Take 


role able able ele ofe¥ 


P is a linearly dependent subset in V over Z. Take 


{5 oC Oh 
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T is a linearly independent subset of V over Z. 


vf SHE 3G Sew 


T, is a linearly dependent set over Z. 


mf MG Sev 


T is a linearly independent set over Z. 


An observation which is important and interesting is that both T 
and T> are linearly independent subsets of V but both of them 
are distinctly different in their behaviour. To this end we 
proceed onto define the notion of a generating subset of a group 
vector space V over the group G. 


DEFINITION 2.5.4: Let V be a group vector space over the 
group G. Suppose T is a subset of V which is linearly 
independent and if T generates V i.e., using t € T and g © V we 
get every v € V as v = gt for some g € G then we call T to be 
the generating subset of V over G. The number of elements in V 
gives the dimension of V. If T is of finite cardinality V is said to 
be finite dimensional otherwise V is said to be of infinite 
dimension. 


We illustrate this situation by the following example. 


Example 2.5.16: Let V=P = {(1 100), (0000), (000 1), (1 1 
1), (0 1 1), (0 1 0), (0 0 0)} be the given set. V is a group vector 
space over the group G = Z, = {0, 1} addition modulo 2. Take T 
= {1 100), (0001), 11), (01 1), (0 1 0) CV; V is linearly 
independent set and dimension of V is 5 as T generates V. 

It is important to note that no proper subset of T will 
generate V. Thus T is the only generating set of V and 
dimension of V is 5. 
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Example 2.5.17: Let 


(( | ¥ a 
V= 5 a, eZ 
a, a, 0 0 


V is a group vector space over the group Z. 


1 1 0 0 
T = A ’ 
0 0 ‘ha | 
is the generating set of V and no other set can generate V. Thus 
the group vector space V is of dimension two over Z. Clearly T 
Example 2.5.18: Let 


is a linearly independent set. 
a, a, 0 0 
V= : a,,a,eZe. 
0 O/} \a, a, 


V is a group vector space over the group Z. Take 


Hla able o}(r o} le ahe™ 


T is a linearly independent subset of V but T is not a generating 
subset of V. Take 


we Hfo oF THe ofle alle ole sfe¥ 


T; is a linearly independent subset of V but T is not the 
generating subset of V over Z. In fact V cannot be generated 
over Z by any finite subset of V. Thus dimension of V over Z is 
infinite. 

Take 
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aie ale 


P is a linearly independent subset of V but not a generating 
subset of V over Z. 
Take 


silt HE ole able fey 


S is not a linearly independent subset of V over Z. 


Example 2.5.19: Let V = Z x Z x Z = {(x; X2 X3) |x; € Z; 1 Sis 
3}, V is a group vector space over Z. V is of infinite dimension 
over Z. Take T = {(1 1 0), (1 1 0), (0.0 1), (1 0.0), (0 1 0), (0 1 
1)} ¢ V is a linearly independent subset of V but T cannot 
generate V over Z. Take T; = {(1 1 1), (5 7 8), (7 8 1), (0 0 1)} 
c V. T) is again a linearly independent subset of V but not a 
generating subset of V over Z. Take W = Z x {0} x {0} CV to 
be the group vector subspace of V over Z. If T= {(1 0 0)} CW 
is the generating subset of W over Z and dimension of W over Z 
is 1. Suppose U = Z x Z x {0} c V; U is a group vector 
subspace of V over Z. 

T, = {11 1 0), (0 1 0), (1 0 0)} CV is a linearly independent 
subset of U but T, cannot generate U. In fact no finite subset of 
U can generate U. Thus the group vector subspace U of V is of 
infinite dimension over Z. Thus the group vector space V over Z 
has both group vector subspaces of finite and infinite dimension 
over Z. 


Example 2.5.20: Let V = {(aaaa)|a e€ Z} be a group vector 


space over the group Z. Take T = {(1 1 1 1)} Cc V. T is the 
generating subset of V. In fact dimension of V over Z is one. 
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Further if we take W = {((5 5 5 5))} Cc V. W is a proper 
subset of V and W is a proper group vector subspace of V 
generated by the set ((5 5 5 5)) and dimension of W is also one. 
Thus V is a group vector space over Z of dimension one. W = 
{(x, X, X, xX) | x € 5Z} ¢ V is also of dimension one over Z but 
W is a proper group vector subspace of V. 

It is still interesting to note that V has infinite number of 
proper group vector subspaces of dimension one. Take S = {(x x 
Xx), (yyy y)|x € 2Zandy € 3Z} CV. S isa subset of V, V is 
of dimension one over Z. But S is a proper group vector 
subspace of V over Z and dimension of S over Z is two. The 
generating proper subset of S which generates S is given by T, 
= {(222 2), (3 33 3)} CS. T, is a linearly independent subset 
of S and generates S over Z. 

Thus it is still interesting and important to note that a one 
dimensional group vector space over the group has proper group 
vector subspaces of dimension greater than one. This sort of 
situations can occur only in case of group vector spaces. 

This looks as if one cannot algebraically comprehend but 
concrete examples confirm the statement and establish it. In fact 
this one dimensional group vector space has proper group vector 
subspaces of infinite dimension also. 


For take S; = {(Xn, Xn, Xn, Xn) | Xn a prime} C V. Thus 

Si = {((2 2 2 2)), (3 3 3 3)), (5 55 5)),... } EV. 
Thus S; is generated by 
T= {(22 22), (3 333),(5555),...,(pppp), ... p, a prime}. 
Clearly, cardinality of T is infinite. Thus V = {(x x x x)| x € Z} 
is of dimension one as it is generated by {(1 1 1 1)} but it has a 
proper group vector subspace S, which is of infinite dimension 
as number of primes in Z is infinite. 
Now having seen such types of group vector spaces we proceed 


onto give more examples of infinite dimensional group vector 
spaces. 
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Example 2.5.21: Let V = {R x R x R, R reals} be a group 
vector space over the group Z. V is infinite dimensional. Let W 
= {(x x x) | x € Z} CV be a proper subset of V, W is a finite 
dimensional group vector subspace of V. In fact T = {(1 1 1)} is 
the generator of W and W is of dimension one over Z. 

Thus we see an infinite dimension group vector space can 
have as group vector subspaces of dimension one. This is a case 
just opposite to the case given in the earlier example where a 
one dimensional group vector space can have infinite 
dimensional group vector subspaces. 


Now we proceed onto define yet another new type of 
substructures in a group vector space called the subgroup vector 
subspaces and illustrate them with examples. 


DEFINITION 2.5.5: Let V be a group vector space over the 
group G. Let W CV be a proper subset of V. H CG be a proper 
subgroup of G. If W is a group vector space over H and not 
over G then we call W to be a subgroup vector subspace of V. 


Example 2.5.22: Let V = Ze x Ze x Zs be a group vector space 
over Zs. W = {(2 2 2), (00 0), (1 1 1), 444} CV. Wisa 
subgroup vector subspace over the subgroup {0, 2, 4} =H c Z¢. 
Clearly W is not a vector subspace over Z. as 3 (1 1 1) =(3 3 3) 
é W. 


We give yet another example of subgroup vector subspace over 
a subgroup of the group over which it is defined. 


Example 2.5.23: Let V = Zi. x Zi. x Zj2 be a group vector 
space over the group G = Z,,. Take H = {0, 6}. Let W = {(1 1 
1), (2 2 2), (6 6 6), (000), 3 3 3), (444} cV. Wisa 
subgroup vector subspace over the subgroup H. Clearly W is 
not a group vector subspace over Zy. 


Now it may so happen that a subset W may be a group vector 


subspace as well as subgroup vector subspace. We call in this 
situation W to be a duo subgroup vector subspace. 
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DEFINITION 2.5.6: Let V be a group vector space over the 
group G. Let W CV. If W is a subgroup vector subspace over a 
proper subgroup, H of G as well as W is a group vector 
subspace of V over G then we call W to be the duo subgroup 
vector subspace of V. 


We illustrate this with some examples before we proceed onto 
describe a few of its properties. 


Example 2.5.24: Let V = Zj2 x Zi. x Zi. be the group vector 
space over the group G = {0, 2, 4, 6, 8, 10}. Let W = {0} x Z). 
x {0} c V. W is a group vector subspace of V. Clearly W is 
also a subgroup vector subspace over H = {0, 6} a subgroup of 
G. Suppose S = {(0 0 0), (1 1 1), (6 6 6)} CV. S is a subgroup 
vector subspace over H = {0, 6}. Clearly S is not a group vector 
subspace over G. 


In view of this we prove the following theorem. 


THEOREM 2.5.1: Let V be a group vector space over the group 
G. If W is a group vector subspace of V then W need not be a 
subgroup vector subspace of V for some subgroup H of G. 


Proof: We illustrate this situation by examples. Let V = Zi) x 
Zi2 X Zi X Z12 be a group vector space over the group G = Z). 
W =Zi2 x {0} x {0} x Zi. c V, W is a group vector subspace of 
V. W is also a subgroup vector subspace of V for every 
subgroup H of G. V = Z,, x Z;; is a group vector space over the 
group Z;;. W = Z,, x {0}, W is only a group vector subspace of 
V and not a subgroup vector subspace of V as Z,; has no proper 
subgroups. Thus V has no subgroup vector subspaces. 
Conversely we have the following theorem. 


THEOREM 2.5.2: Let V be a group vector space over a group G. 
Suppose S — V is a subgroup vector subspace of V then S need 
not in general be a group vector subspace of V. 

Proof: We prove this theorem only by a counter example. Let V 


= Zio x Zio X Zio X Zio be a group vector space over the group 
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Zio. Take S = {71 111), (0000), (5555)} CV. Sisa 
subgroup vector subspace of V over the subgroup H = {0, 5} 
Zio. Clearly S is not a group vector subspace of V over Zio as 
for 3 € Zi, 3 (1 1 11) =(3 33 3) ¢ S. Hence the claim. 

Thus a subgroup vector subspace of a group vector space V 
in general need not be a group vector subspace of V. 


THEOREM 2.5.3: Let V be a group vector space over the group 
G if W <Vis a duo subgroup vector subspace of V then W is 
both a group vector subspace of V as well as W is a subgroup 
vector subspace of V. 


Proof: The proof follows from the very definition of duo 
subgroup vector subspaces. 

It may so happen we may find group vector spaces which 
has no subgroup vector subspaces over a proper subgroup. We 
define them in the following. 


DEFINITION 2.5.7: Let V be a group vector space over the 
group G. Suppose V has no subgroup vector subspaces then we 
call V to be a simple group vector space. 


We first illustrate this situation by the following examples. 


Example 2.5.25: Let V = Z7 x Z7 x Z; be a group vector space 
over the group Z;. Since Z, has no proper subgroups under 
addition; V cannot have any subgroup vector subspaces. Thus V 
is a simple group vector space over Z7. 


Example 2.5.26: Let V = Zs x Zs be a group vector space over 
the group G = Z;. V is a simple group vector space over Zs. 


Example 2.5.27: Let V = {(1 11 1), (0000), (10110), (000 
00),(1 1001), (1 1 1), (000), (1 00), (0 1 1)}; V is a group 
vector space over the group Z, = {0, 1}. Clearly V has no 
proper subset which can be subgroup vector subspace of V ie., 
V is a simple group vector space. 


In view of the above examples we have the following theorem. 
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THEOREM 2.5.4: Let V be a group vector space over a group G 
which has no proper subgroups then V is a simple group vector 
space over G. 


Proof: Obvious from the fact that the group G has no proper 
subgroup for a proper subset W to be a subgroup vector 
subspace; we need a proper subgroup in G over which W is a 
group vector space. 

If G has no proper subgroup the existence of subgroup 
vector subspace is impossible. 


Now we show we have a large class of simple group vector 
spaces. 


THEOREM 2.5.5: Let 


n-times 
be a group vector space over the group Z, where p is a prime 
i.e., Z, is a group under addition modulo p. V is a simple group 
vector space. 


Proof: Clear from the fact that Z, has no proper subgroups. 
Hence the claim. 


Next we proceed on to define the notion of semigroup vector 
subspace of the group vector space V over G. 


DEFINITION 2.5.8: Let V be a group vector space over the 
group G. Let W ~V and S CG where S is a semigroup under 
‘+’. If W is a semigroup vector subspace over S then we call W 
to be pseudo semigroup vector subspace of V. 


We illustrate this by some examples. 
Example 2.5.28: Let V = Z x Z x Z be a group vector space 
over Z.W=Z' U {0} x ZU {0} x {0} CV. W is a semigroup 


vector space over the semigroup S = ZU {0} c Z. Thus W isa 
pseudo semigroup vector subspace of V. 
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Example 2.5.29: Let 
{: ‘ 
V = 
c d 


be a group vector space over the group Z. 


a,b,c,de€ | 


a,b,c,d € Z* 10) 


is a subset of V and W is a semigroup vector subspace over S = 
ZU {0}. Thus W is a pseudo semigroup vector subspace of V. 


Example 2.5.30: Let V = {(1 1 0), (0 0 0), (0 1 1), 0 1), (0 0 
1)} be a group vector space over the group Z, = {0, 1}. Clearly 
V has no pseudo semigroup vector subspace. 


Example 2.5.31: Let V = Zs x Zs x Zs x Zs be a group vector 
space over Zs; V has no pseudo semigroup vector subspace. 


Now we define yet another type of subspace viz. pseudo set 
vector subspace of a group vector space V. 


DEFINITION 2.5.9: Let V be a group vector space over the 
group G. Suppose W CV is a subset of V. Let S be a subset of 
G. If W is a set vector space over S then we call W to be a 
pseudo set vector subspace of the group vector space. 


We now give some illustrations. 


Example 2.5.32: Let V = {(1 110), (0000), (1 100), (001 
0)} be a group vector space over the group Z, = {0, 1}. Take W 
= {11 1 1 0), (0 0 1 0)} c V bea subset of V W is a pseudo set 
vector space over the set S= {1} CZ). 


Example 2.5.33: Let P = Z x Z x Z x Z be a group vector space 
over the group Z. 
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Take W = {(1 11 1), (0000), (1 201), (335 1), (7 1 2 3), 
(1 0 0 1)} a proper subset of P. W is a pseudo set vector 
subspace over the set S = {0, 1} CZ. 


Example 2.5.34: Let V = Z3; x Z; x Z; x Z; be a group vector 
space over Z3. Take W = {(1 1 1), (2 2 2), (000), (1 01), 20 
2)} < V. Let S = {1, 2} a proper subset of Z; W is a set vector 
space over S. Thus W is a pseudo vector subspace of V. 


It is an open problem whether there exists a group vector space, 
which has no pseudo, set vector subspaces. 


Now we proceed onto define the notion of transformations of 
group vector spaces, which will be known as group linear 
transformations. 


DEFINITION 2.5.10: Let V and W be two group vector spaces 
defined over the same group G. A map T from V to W will be 
called as the group linear transformation if 

T (av) = aT (v) 
for all a € Gand for allv e V. 


We illustrate this by the following examples. 

Example 2.5.35: Let V=Z x Z x Zand W=QxQxQx Q be 
two group vector spaces over the group Z. Let T: V > W be 
defined by T (x y z) = (zy x y). Clearly T is a group linear 


transformation of V into W. 


Example 2.5.36: Let V = {(0 0 0), (11 1), (010),(1 111), 
(0000),(1101),(0111)} and 


IC HG ol 
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be the group vector space over the group G = Z, = (0, 1). 


raaya=(5 3] 


Tisyam= [3 : 


and 


for (x y, z) and(x yzw) eV 


T (000) = : ‘| 
T(111) = ; 
T (0 10) = ; ; 
TOU). = ' 
T@000) = ; 
TU101) = ; i 
T@111) = é } 


T is a group linear transformation of V to W. 
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We have for a group linear transformation T, T' to exist 
provided the inverse mapping from W to V exists, otherwise we 
may not have T" to exist for the T. Thus for a given T, T' may 
or may not exist. 


Example 2.5.37: Let V = {(aaaa)|a © Z} and 


{Cob 


be two group vector spaces over the group Z. A map 


aoa 
Tyaaaai=[! ‘ 


for every (aaaa) e€ V is both one to one and on to for define 


af k ‘ 
T =(aaaa). 
aa 


T | exists. 
= 1 aa 
T oT(aaaa) = T 
aoa 
= (aaaa) 
and 
yfa @ 
ToT = T(aaaa) 
aoa 


II 
rN 
o ® 
o ® 
Sy 


Thus T 0 T" is identity map on W and T' o T is the identity 
map on V. We call the group linear transformation T to be an 
invertible one. 
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Example 2.5.38: Let V = Zy2 x Z12 x Z1 x Z2. and 


wee) 


be two group vector spaces over the group Z). T be a map such 


that 
b 
Tabead=(2 
c d 


a,b,c,de Z| 


for every a, b, c, d € Zp. 


T is a group linear transformation of V into W, in fact T is one 
to one and onto T" exists. 


Next we proceed onto define the notion of group linear 
operations on V, V a group vector space over the group G. 


DEFINITION 2.5.11: Let V be a group vector space over the 
group G. Let T from V to V be a group linear transformation 
then we call T to be a group linear operator on V. 


We now illustrate group linear operator on V by some 
examples. 


Example 2.5.39: Let V = {(abc d) | a, b,c, d € Z} be a group 
vector space over Z. Define T from V to V by T {(abc d)} =(d 
c b a) for every (a, b, c, d) € V. Clearly T is a group linear 
operator on V. 

In fact it can further be verified T’ exists and T'o T=To 
T ' = identity group linear operator on V for 


TloT{(abcd} = T'{(dcba)} 
= (abcd); 
L.e., T ‘oT is identity on V. Now 
ToT' {(abcd)} =  T{(dcba)} 
= (abcd). 
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T o T’ is also the group linear operator which is the identity 
map in this case. 


All identity maps on V are identity group linear operator on V. 
Example 2.5.40: Let 
a b 
V= 
| : ? 


be the group vector space over the group Zio. Define a map T 


from V to V by 
a b a b 
T = 


for every a, b, c, d € V. T is a group linear operator on V, but T 
is clearly not an invertible group linear operator on V. 


a,b,c,de Z| 


The reader is left with the task of finding 


1. The algebraic structure given by the set of all group 
linear operators from the group vector space V to the 
group vector space W both V and W defined over the 
same group. 

2. The algebraic structure of the set of all group linear 
operators from V into V, V the group vector space 
defined over the group G. 


We denote the set of all group linear transformations from V to 
W defined over the group G by Mg (V,W) and that the set of all 
group linear operators of V by Mg (V, V). 


1. What is the algebraic structure of Mc (V,W) ? 
2. What is the algebraic structure of Mg (V,V)? 


Now we proceed on to define the notion of group linear algebra 
over a group. 
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DEFINITION 2.5.12: Let V be a group vector space over the 
group G. If V is again a group under addition then we call V to 
be a group linear algebra over G. 


It is clear from the very definition every group linear algebra 
defined over a group G is a group vector space over the group G 


but a group vector space is never a group linear algebra i.e., a; 
(v1 + V2) = ; Vi + G; V2 for all a, € G and v;, v2 € V may not be 
Example 2.5.41: Let 


always true in V. 
aoa 
V= ae | : 
aoa 


V is a group linear algebra over Z with matrix addition on V. 


Example 2.5.42: Let V = {(0 00), 1 10), (00 1), (1 11), (000 
0), (0010), (00 1 1)} be a group vector space over Z2 = {0, 1}. 
V is not closed under any additive operation so V is not a group 
linear algebra over G = Z). 


Thus we see in general all group vector spaces are not group 
linear algebras. 


Example 2.5.43: Let V = {(aij)m xn | aij € Zi2} be the collection 
of all m x n matrices with entries from Z\.. V is a group under 
matrix addition. V is a group linear algebra over Z. 


Example 2.5.44: Let V = {(0 000), (1000), (0 100), (001 
0),(0001),(0011),(0101),(1 100), (01 10), (1 1 10), (0 
11),ad1010,a011,d 111), 001), (1 0 1 0)} with 
entries from Z, = {0, 1}. V is a group linear algebra over the 
group Z, = {0, 1}. 


Example 2.5.45: Let V = {(a b c) | a, b, c € Z}, V under 


component wise addition is a group; V is a group linear algebra 
over Z. 
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Example 2.5.46: Let V = {Zio x Zi0 x Z10 x Zi0 x Z10 — (a1, a2, 
wee5 45) | a © Zio; 1 <1 <5} be a group under component wise 
addition, V is a group linear algebra over Zo. 


In case of group linear algebras the linear independence and the 
dimension are little different from that of the group vector 
spaces. 


DEFINITION 2.5.13: Let V be a group linear algebra over the 
group G. Let X < V be a proper subset of V, we say X is a 
linearly independent subset of V if X = {X1, ..., Xnf and for some 
a, EG, 1 Sin, ax) +... + Gx, = 0 if and only if each a; = 
0. 

A linearly independent subset X of V is said to generate V if 


n 
every element of v € V can be represented as v = Yia.x a, € 


i=l 


G (1 Si Sn). 
We illustrate this situation by the following examples. 


Example 2.5.47: Let V = {(0 0 0), (1 0 0), (00 1), (01 0), C1 1 
0), (1 0 1), (0 1 1), C1 1 1)} be the group linear algebra over the 
group Z, = {0, 1}. V is generated by the set X = {(1 0 0), (0 1 
0), (0 0 1)}. Clearly X is also a linearly independent subset of V 
over Z, = {0, 1}. 


Thus dimension of V is 3. Hence as in case of usual vector 
spaces we say the dimension of a group linear algebra is also the 
cardinality of the linearly independent subset X of V which 
generates V. 


Example 2.5.48: Let 
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be the group linear algebra over the group Z. Let 
X= 1 0 0\)/0 1 0\/0 0 1 
00 0) \0 0 O} (0 0 OP 
0 0 0)/0 0 0)/0 0 0 
5 : cV 
1 0 0) \0 1 0) \0 0 1 


be the generating subset of V which is also linearly independent. 


Thus the dimension of the group linear algebra V is 6. 


Example 2.5.49: Let 
a b 
V= 
{: 
V is a group linear algebra over the group Z.. The set 
0 1\/1 0)\/0 O\/0 O 
X= cV 
0 0/\0 OJ \1 O/\O 1 


is the linearly independent subset of V which generates V. 
Clearly dimension of V is four. 


a,b,c,d € Z, ; 


Example 2.5.50: Let V = Ze x Zo x Ze x Zo be the group linear 
algebra over the group Z>. Now X = {(1 000), (000 1), (0 1 0 
0), (0 0 1 0)} is the generating set of V. The dimension of V is 
four over Zo. 


Example 2.5.51: Let V = Z¢ x Ze x Ze x Zo x Zo be the group 
linear algebra over the group Z,. For this group linear algebra 
also X = {(1 0000), (01000), (00100),(00010), (000 
0 1)} is the linearly independent subset which generates V and 
dimension is 5. 
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Now we proceed onto define the notion of group linear 
subalgebra of a group linear algebra. 


DEFINITION 2.5.14: Let V be a group linear algebra over the 
group G. Let W c V be a proper subset of V. We say W is a 
group linear subalgebra of V over G if W is itself a group linear 
algebra over G. 


We illustrate this situation by the following examples. 


Example 2.5.52: Let 


Vv 


ll 
——— 
Lo aS 
Q o@ 
ae 
So 


a,b,c,de€ z}. 


V is a group linear algebra over the group Z. Take 


w-{(? ) ver: 


W cV and Wis a group linear subalgebra of V over Z. 


Example 2.5.53: Let V = {(1 00), (00 0), (0 1 0), (001), 1 1 
1), (0 1 1), (1 1 0), (1 0 1)} be the group linear algebra over the 
group Z, = {0, 1}. Take W = {000),(1 11} CV, Wisa 
group linear subalgebra of V. 


Example 2.5.54: Let V = Zo x Zy x Zo be the group linear 
algebra over Zo. Let W = Zo x {0} x Zy C V; W is the group 
linear subalgebra of V over Zo. 


Example 2.5.55: Let V = Zs x Zg be the group linear algebra 
over the group G = {0, 2, 4, 6} addition modulo 8. Let W = {0, 
2,4, 6} x {0, 2,4, 6} < V; W is a group linear subalgebra of V. 


Now having seen several examples of group linear 
subalgebras over the group linear algebra we proceed onto 
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define the notion of direct sum of group linear subalgebras of a 
group linear algebra. 


DEFINITION 2.5.15: Let V be a group linear algebra over the 
group G. Let W;, ..., W, be group linear subalgebras of V over 
G. 

We say V is a direct sum of the group linear subalgebras 
Wi, W, oere.y W,, if 


1. V=Wit ...+ Wp 
2. WW, = {0} ifi Aj; 1 Si,j <n. 


Now we illustrate this situation by the following examples. 
Example 2.5.56: Let V be Z\4 x Zi4 x Z4 be the group linear 
algebra over the group Z,4, the group under addition modulo 14. 
Let W, = Zi4 x {0} x {0}, W2 = {0} x Zi4 x {0} and W3 = {0} x 
{0} x Z14 be the group linear subalgebras of V. We see V = W; 
+W,+ W;3 and W; 1 W; = {0} if i Fj; 1 <i, j <3. 

Example 2.5.57: Let 


ae 


be the group linear algebra over Z. Let 


a,b,c,de g 


and 
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wef al 


be the group linear subalgebras of V. Clearly W; + W2 + W3 + 
W.,= V and 


0 0 
wow (f ; ifizj;1<i,j<4. 


Thus V is the direct sum of group linear subalgebras over Z. 
Now take 


{6 de 
see pea 


be group linear subalgebras of V. We see V = S; + S. + S3 and 


and 


0 0 
sn$=() j)sifiaid siis3). 


a 
mf See7 


be group linear subalgebras of V then we see V = T, + T2 and 


Suppose 


and 
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tee 
Pa ee Ne SON 


Thus V is the direct sum of group linear subalgebras. From this 
example it is evident that we have many ways of writing V as a 
direct sum of group linear subalgebras of V. 


Further suppose 
a b 
R, = a,beZp, 
0 0 


and 


we (lo pee 


be three group linear subalgebras of V over Z we see 


0 0 
VaR +R Re bUER. OR, * [p pst shiss 


Thus we see any set of group subalgebra need not lead to the 
direct sum. Also if 
ae z 


wf one 


be two group subalgebras of V still V # V, + V2 though 


and 
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0 0 
ViaNVvV2# 
0 0 


a b 

Thus we see in this case with d # 0 cannot find its place 
c 

in V; + V2. Hence V = V, + V2 is not a direct sum of V. 


Now we proceed onto give yet another example of direct sum of 
group linear subalgebras. 


Example 2.5.58: Let V = {1 000), (0100), (0010), 11 
1),(0001),(001 1),(1 100), (100 1), (0110), (1010), (0 
000),(0101),(110),(0111),C 011), 10 1)} be the 
group linear algebra over the group Z, = {0, 1}. Write V as a 
direct sum of group linear subalgebras. Can we represent V in 
more than one way as a direct sum? 


Now we proceed onto define the notion of pseudo direct sum of 
a group linear algebra as a sum of group linear subalgebras. 


DEFINITION 2.5.16: Let V be a group linear algebra over the 
group G. Suppose Wi, W, .... W, are distinct group linear 
subalgebras of V. We say V is a pseudo direct sum if 


1. W,+ ..+W,=V 
: W,-0 W; # £0}, even ifi #7 
3. We need W;,’s to be distinct i.e., W; 7 W; #W; or 
W, if i 2). 


We now illustrate this situation by the following example. 


Example 2.5.59: Let 


ay “ago <a 

V 1 2. 3 
- [ 

a, a; a 


be a group linear algebra over Z. Take 


a eZ.15186} 
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a, 0 a, 

W3> 4,,4;,44,a, €Z 
ay “Otay 
a, a, 0 

Wa= a,,4,,4;,a, EZ. 
0 a; a, 


Clearly W,, W2, W3 and W, are group linear subalgebras of V. 
We see 


and 


0 0 


wows 
0 


0 
j fort siisdixi 


Further Win W; # W; or Win Wj # W; ifi # ij. Finally V= 
W, + W2 + W3 + Wg, so we say V is the pseudo direct sum of 
group linear subalgebras of V. 


We give yet another example before we proceed on to describe 
further properties about group linear algebras. 


Example 2.5.60: Let V = {Zig x Zig x Zig} be a group linear 
algebra over Zis. 

Take Ww, = Zi8 x Z18 x {0}, W> = Zig x {0} x Z185 W;3 = {0 
246 8 10 12 14 16} x Zig x Zig be three group linear 
subalgebras of V. Then V = W,; + W2 + W; and W; 1 W; # {0}; 
i#j; 1 <i,j <3 so V is the pseudo direct sum of group linear 
subalgebras. 


It is important to note that a group linear algebra can both have 
a pseudo direct sum as well as direct sum. We see we do not 
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have any relation among them. It can so happen a group linear 
algebra can have both way of decomposition. 


Now we proceed onto define yet another new algebraic structure 
of a group linear algebra. 


DEFINITION 2.5.17: Let V be a group linear algebra over the 
group G. Let W CV be a proper subgroup of V. Suppose H CG 
be a semigroup in G. If W is a semigroup linear algebra over H 
then we call W to be a pseudo semigroup linear subalgebra of 
the group linear algebra V. 


We illustrate this situation by the following example. 
Example 2.5.61: Let 
a b 
V= 
{ 
be a group linear algebra over the group Z. Let Z’ U{0} =Hc 
Z be the proper semigroup of Z under addition. 


aa 
aa 
W is a semigroup linear algebra over H. We call W to be the 


pseudo semigroup linear subalgebra of the group linear algebra 
V. 


a,b,c,de€ | 


sez}ev. 


We give yet another example. 


Example 2.5.62: Let V = {Z x Z x Z} be the group linear 
algebra over the group Z. Let P = Z” U {0} be the semigroup 
contained in Z. Let W = 2Z x 2Z x 2Z < V; W is a pseudo 
semigroup linear subalgebra over P. 


Example 2.5.63: Let V = Z,) x Z. x Z» be the group linear 
algebra over Z,. Z. has no proper subset which is a semigroup, 
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so V cannot have pseudo semigroup linear subalgebra. In fact 
we have a class of group linear algebras which has no pseudo 
semigroup linear subalgebras. 

Let V = Z, x ... x Z,, Z, the set of primes {0, 1, ...,p—1} 
under addition modulo p. V is a group linear algebra over Z,. 
But Z, has no proper subset P which is a semigroup. Thus V has 
no pseudo semigroup linear subalgebras. Thus we have a class 
of group linear algebras which has no pseudo semigroup linear 
subalgebras. 


Suppose we consider 


{v _ (a; ya 


V is a group linear algebra over Z,. This has no pseudo 
semigroup linear subalgebras. 

For varying primes p we get different classes of group linear 
algebras which has no pseudo semigroup linear subalgebras. We 
have yet another class of group linear algebras which has no 
pseudo semigroup linear subalgebras. 

Consider Z, [x] = {all polynomials in the variable x with 
coefficients from Z,; p a prime}; Z, [x] is a group linear algebra 
over Z,. Clearly Z, has no proper subset which is a semigroup 
under addition modulo p. So Z, [x] has no pseudo semigroup 
linear subalgebras. 


a, €Z,; pa prime, 1<i<mand1<i<n}. 


In fact we can have yet another substructure in group linear 
algebras which will be known as group vector subspaces of the 
group linear algebras. 


DEFINITION 2.5.18: Let V be a group linear algebra over the 
group G. Let P be a proper subset of V. P is just a set and it is 
not a closed structure. If P is a group vector space over G we 


call P to be the pseudo group vector subspace of V. 


We illustrate this by the following examples. 
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Example 2.5.64: Let 


V = {(100),(001), (010), (000), (110), (011),(101), 
(111) 


be the group linear algebra over the group Z, = {0, 1}. 
Take 


P {(0.0.0), (1 10), (0 0 1), (0 1 0)} 


c YV. 


P is a group vector subspace of V. Thus P is a pseudo group 
vector subspace of V. 


Example 2.5.65: Let 


a b 
V= 
{( 
be the group linear algebra over Z;. 
Take 


satel ead eet Ge: 


P is the pseudo group vector subspace of V over Z3. 
Take 


OOOO EO Oe Eta 2 
x= ’ ’ ’ ’ ey. 
00) \1 1 2 2) \0 0) \0 0 
X is also a pseudo group vector subspace of V over Z3. 


However every proper subset of V is not a pseudo group vector 
subspace of V. 


a,b, c,de€ 2| 
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For instance 


{0 hGH hey 


is not a pseudo group vector subspace of V as 
1 0 2 0 
2 = ZT 
0 0 0 0 
1 1 2:2 
2 = éT. 
1 1 2 2 


or 
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Chapter Three 


SET FUZZY LINEAR ALGEBRAS 
AND THEIR PROPERTIES 


In this chapter we define the new notion of set fuzzy linear 
algebra analogous to set vector space; for these algebraic set up 
will be of immense use in application to fuzzy models or in any 
other models for in these set vector spaces and set fuzzy vector 
spaces we can induct any wanted elements without affecting the 
system and the structure. We now just recall the definition of 
fuzzy vector spaces before we proceed on to define set fuzzy 
vector spaces. 


DEFINITION 3.1: A fuzzy vector space (V, n) or nV is an 
ordinary vector space V with a map n: V — [0, 1] satisfying 
the following conditions; 


7 (a + b) > min {n (a), 7 (b);} 
7 (-a) = 7 (a) 

7 (0) =1 

7 (ra) = 9 (a) 


RWNS 


for alla, b, eV andr € F where F is the field. 


We now define the notion of set fuzzy vector space or V, or Vy 
or 1V. 
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DEFINITION 3.2: Let V be a set vector space over the set S. We 
say V with the map nis a fuzzy set vector space or set fuzzy 
vector space if n: V > [0, 1] and n (ra) = n(a) for alla EV and 
r €S. We call V, or Vn or nV to be the fuzzy set vector space 
over the set S. 


We now illustrate this situation by the following example. 


Example 3.1: Let V = {(1 3 5), (1 1 1), (5 5 5), (7 7 7), (3 3 3), 
(5 15 25), (1 2 3)} be set which is a set vector space over the set 
S = {0, 1}. 

Define a map n: V > [0, 1] by 


N(x, y, Z) = [Atx*2) € [0, 1 


for (x, y, z) € V. V, is a fuzzy set vector space. 


Example 3.2: Let V = Z" the set of integers. S = 2Z" be the set. 
V is a set vector space over S. Define yn: V — [0, 1] by, for 


1 : 

every v € V; n(v) = — . nV isa Set fuzzy vector space or fuzzy 
Vv 

set vector space. 


Example 3.3: Let V ={(aj) | aj € Z°; 1 <i, j <n} be the set of 
all n x n matrices with entries from Z’. 


Take S = 3Z’ to be the set. V is a fuzzy set vector space where 
yn: V > [0, 1] is defined by 


eee PAIZO 
n(A = (ai) = 4 5A 
1 if |A/=0. 


V7 is the fuzzy set vector space. 
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The main advantage of defining set vector spaces and fuzzy 
set vector spaces is that we can include elements x in the set 
vector spaces V provided for all s e S, sx eV this cannot be 
easily done in usual vector spaces. Thus we can work with the 
minimum number of elements as per our need and work with 
them by saving both time and money. 


We give yet some more examples. 


Example 3.4: Let V = 2Z" x 5Z" x 7Z° be a set vector space 
over the set Z"; with n: V > [0, 1] defined by 


1 
n((, y, Z)) = ——— 
X+Y+Z 


makes, nV a fuzzy set vector space. 
Now we define the notion of set fuzzy linear algebra. 


DEFINITION 3.3: A set fuzzy linear algebra (or fuzzy set linear 
algebra) (V, ) or nV is an ordinary set linear algebra V with a 
map such n: V — [0, 1] such that n(a + b) = min (n(a), n(b)) 
fora bev. 

Since we know in the set vector space V we merely take V to 
be a set but in case of the set linear algebra V we assume V is 
closed with respect to some operation usually denoted as ‘+’ so 
the additional condition n(a + b) =min (n(a), H(b)) is essential 
for every a, b eV. 


We illustrate this situation by the following examples. 


Example 3.5: Let V = Z'[x] be a set linear algebra over the set 
S=Z';y: V— [0, 1]. 


1 


N(P—)) = 4 deg(pCx)) 
1 if p(x) is a constant. 
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Clearly Vy is a set fuzzy linear algebra. 


Example 3.6: Let 


eo 


be set linear algebra over 2Z” = S. Define 


a,b,d,ce 2| 


at ee ipsa ee 
nH d = 4|ad—be| 
. 0 iPad te 


for every a, b, c, d € Z’. Clearly Vn is a fuzzy set linear 
algebra. 


Example 3.7: Let V = Z" be a set linear algebra over Z’. Define 


71: V— [0, 1] as n(a) = is Vn is a fuzzy set linear algebra. 
a 


Now we proceed onto define the notion of fuzzy set vector 
subspace and fuzzy set linear subalgebra. 


DEFINITION 3.4: Let V be a set vector space over the set S. Let 
W CV be the set vector subspace of V defined over S. If 7: W > 
[0, 1] then W,, is called the fuzzy set vector subspace of V. 


We illustrate this by the following example. 


Example 3.8: Let V = {(1 1 1), (1 0 1), (0 1 1), (00 0), (1 0 0)} 
be a set vector space defined over the set {0, 1}. Define n : V > 
[0, 1] by 


(x+y+z) 


n(x y Z)= (mod 2). 


So that 
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n (000)=0 
n(d1ll=— 
7 (101)= 
n (1 00)= = 


9 
n(011)=0 


= © Ol]rR 


V7 is a set fuzzy vector space. Take W = {(1 1 1), (00 0), (0 1 
1)} < V. Wis a set vector subspace of V. n: W > [0, 1]. 
n (000)=0 
1 
1ll)=— 
OIDs 
n (011) =0. 


W,, is the fuzzy set vector subspace of V. 


Example 3.9: Let V = {(111), (1011), (11110), (101), (000), 
(0000), (0000000), (00000), (1111111), (11101), (01010), 
(1101101)} be a set vector space over the set S = {0,1}. 

Let W = {(1111111), (0000000), (000), (00000), (11101), 
(01010) (101)} CV. Define n: W > [0, 1] by 


1 
X1, Xo, ..., XJ = —. 
N(X1, X2 ) D2 


7W is a fuzzy set vector subspace. 


We now proceed on to define the notion of fuzzy set linear 
subalgebra. 


DEFINITION 3.5: Let V be a set linear algebra over the set S. 
Suppose W is a set linear subalgebra of V over S. Letn: W > 
[0, 1], 7W is called the fuzzy set linear subalgebra if n (a + b) 
> min {ny (a), 7 (b)} for a, b, € W. 


We give some examples before we define some more new 
concepts. 
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Example 3.10: Let V = Z" x Z* x Z” be a set linear algebra over 
the set S=2Z°. W=Z' x 2Z" x 4Z’ is a set linear subalgebra 
over the set S = 2Z”. Define n: W > [0, 1] 


1 


7 (ab c) = 1-———_.. 
a+b+t+c 


Clearly n (x, y) > min {1 (x), n (y)} where x = (xj, Xo, X3) and y 
= (1, Yo, 3); X y € W. Wn is a fuzzy set linear subalgebra. 


Example 3.11: Let 


alee 


V is a set linear algebra over the set S = {1, 3,5, 7} CZ’. Let 


vf he] 


be the set linear subalgebra of V. Define n: W — [0, 1] by 


aa | 
of Jac} 
aa a 


W,, or Wy is a set fuzzy linear subalgebra. 


a,b,c,d,e a 


Now we proceed on to define fuzzy semigroup vector spaces. 


DEFINITION 3.6: 4 semigroup fuzzy vector space or a fuzzy 
semigroup vector space (V, mn) or Vu where V is an ordinary 
semigroup vector space over the semigroup S; with a map 7: V 
+ [0, 1] satisfying the following condition; 

n (ra) > 4 (a) for alla Ee Vandr €S. 
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Let us illustrate this structure by some examples. 

Example 3.12: Let V = {(1000), (1011), (1110), (0111), (0100), 
(0000), (0001)} be the semigroup vector space over the 
semigroup S = Z, = {0, 1}. Define n : V > [0, 1] as 


(a+b+c+4d) 


yn (abcd)= (mod 2). 


Clearly Vn is the semigroup fuzzy vector space. 


We give yet another example. 


Example 3.13: Let V = Z3 x Z3 x Z; be the semigroup vector 
space over the semigroup Z;. Define n : V > [0, 1] as 


n(x yZ)= GAY"? (mods) ; 


Vn is a semigroup fuzzy vector space. 

In fact given a semigroup vector space V, we can get many 
semigroup fuzzy vector spaces. 

For define n;: V > [0, 1] as 


: if x +y+z#0(mod3) 
m1 (x, y, Z) = 4 (x+y +z)(mod 3) 
0 if x + y+z=0(mod3) 


Vn is a semigroup fuzzy vector space different from Vn. 
Define n3 : V > [0, 1] as 


Sif x+y+z=0(mod3) 
13 (x, y, Z) = Tif x+y +21 (mod3) 


cif x+y +2=2 (mod3) 


125 


V73 is a Semigroup fuzzy vector space. 

Thus study of semigroup fuzzy vector spaces gives us more 
freedom for it solely depends on 7 which is defined from V to 
[0, 1]. 


Next we define semigroup fuzzy vector subspaces of a 
semigroup vector space V. 


DEFINITION 3.7: Let V be a semigroup vector space over the 
semigroup S. Let W —V be a semigroup vector subspace of V 
over S. We say Wn is a semigroup fuzzy vector subspace if 7 : 
W — [0, 1], such that 


() 7 (x, y) = min (n (x), 7 0) 
(ii) 1 (rx) > n (~) for allr e Sand x, y € W. 


We illustrate this by the following example. 
Example 3.14: Let V = Z; x Z; x Z7 x Z; be a semigroup vector 
space over the semigroup S = Z7. Let W = Z, x {0} x Z7 x {0} 


be the semigroup vector subspace of V. Define the map yn: W 
— [0, 1] by 


wif x + y =1(mod7) 
hf x+y =2 or 4(mod7) 
n Oy 0)= 
ras x+y =3 or 5 (mod7) 
aif x + y=6 or 0(mod7). 
1W is the semigroup fuzzy vector subspace of V. 


Here also using one semigroup vector subspace W we can 
define several semigroup fuzzy vector subspaces. 
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Define yn, : W > [0, 1] 


0 if x+y=0(mod7) 
bym &OyO=4 
1 if x+y #0(mod7). 


Wn, is a semigroup fuzzy vector subspace. 


We see the definition of fuzzy semigroup vector space is not in 
any way different from the fuzzy set vector space. So this will 
enable one to go from one type of space to another using fuzzy 
concepts defined on them. 


So one can easily transfer a study from semigroup vector 
space to set vector space by defining the corresponding fuzzy 
set vector space and the semigroup fuzzy vector space as the 
map 1 and hence nV does not give different structures but same 
type of structures. 


Now we see even in case of semigroup linear algebra and 
set linear algebra the fuzzy structures are identical. 


DEFINITION 3.8: Let V be a semigroup linear algebra defined 
over the semigroup S. We say nV is a semigroup fuzzy linear 


algebra if 7: V > [0, 1] such that n (x + y) > min (7 (x), ny); 
7 (rx)= n (x) for everyr € Sandx eV. 


Now we illustrate this situation by the following examples. 


Example 3.15: Let V = Z, x Z, x Z; x Z, be the semigroup 
linear algebra defined over the semigroup S = Z;. Define n : V 
—> [0, 1] by 


1 ifx+y+z=0(mod7) 
n (xy Zzo)= 


0 otherwise. 


Vn is a semigroup fuzzy linear algebra. 
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Example 3.16: Let 


v= a, a, a; 
Ce ee 
be the semigroup linear algebra over the semigroup S = Z’. 
Define n: V > [0, 1] as 


a eziasiss| 


Vn is a semigroup fuzzy linear algebra. 


Example 3.17: Let V = Z* [x] be the polynomials with 
coefficient from Z* in the variable x; V under addition is a 
semigroup. V is a semigroup linear algebra over Z’. 


Define n : V > [0, 1] as 
1 


n(p (x)) = 4 deg p(x) 
1 if deg p(x) =0 


7 is the semigroup fuzzy linear algebra. 


Define n; : V > [0, 1] as 
pee 
ni(p(X)) = 4 deg p(x) 
0 if deg p(x) =0 


then also V1; is a semigroup fuzzy linear algebra. 
We see as in case of fuzzy set vector spaces and semigroup 
fuzzy vector spaces the notion of fuzzy set linear algebra and 


semigroup fuzzy linear algebra are also identical. This sort of 
making them identical using fuzzy tool will find its use in 
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certain applications. We shall define such structures as fuzzy 
equivalent structures. 

We see fuzzy set vector spaces and semigroup fuzzy vector 
spaces are fuzzy equivalent structures though set vector spaces 
are distinctly different from semigroup vector spaces. Like wise 
set linear algebras and semigroup linear algebras are fuzzy 
equivalent although set linear algebras are different from 
semigroup linear algebras. 


Now we proceed on to define group fuzzy vector spaces and 
group fuzzy linear algebras. 


DEFINITION 3.9: Let V be a group linear algebra over the 
group G. Let yn: V > [0, 1] such that 


n(a+b) 2 min (n (a), 0 (db) 

7 (—a) = n(a 

7 (0) = 

7 (ra) = (a foralla, b eVandr eG. 


We call Vn the group fuzzy linear algebra. 
We illustrate this by an example. 
Example 3.18: Let V = Z x Z x Z be the group linear algebra. 
Define yn : V > [0, 1] by 
y@: =I-— 


for every a € Z 
1 (0) =1. 


7 V is the group fuzzy linear algebra. 
It is pertinent to mention here that we have not so far defined 


group fuzzy vector spaces. We first mention group vector 
spaces are fuzzy equivalent with set vector spaces and 
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semigroup vector spaces. However for the sake of completeness 
we just define group fuzzy vector spaces. 


DEFINITION 3.10: Let V be a group vector space over the group 
G. 4: V > [0, 1] is such that n(ra) = n(a) for allr EG anda 
eV. We call Vn or nV to be the group fuzzy vector space. 


We see from the very definition the group vector spaces are 
fuzzy equivalent with set vector spaces. 


Now we give an example of this concept. 


Example 3.19: Let V = Z [x] be a group vector space over the 
group G. Define yn : V > [0, 1] by 


n(p(x)) = aecaGo 


and 
7 (constant) = 0. 
Vn is a group fuzzy vector space. 


In the same example if we view Z [x] to be a group under 
addition. Clearly Z [x] = V can be viewed as a group linear 
algebra over the group Z. yn defined above is such that nV is a 
group fuzzy linear algebra. 


DEFINITION 3.11: Let V be a group linear algebra over the 
group G. Let W —V, where W is a subgroup of V and W is a 
group linear subalgebra over the group G. 7: W — [0, 1] such 
that 


n(a+b) > min (n (a), n (b) 
7 (a) Tua) 

(0) Sg 

7 (ra) > rn(a) 


for alla, b eWandr € G; we call Wn or nW to be the group 
fuzzy group linear subalgebra. 
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We illustrate this by the following. 


Example 3.20: Let V = Z x Z x Z x Z x Z be a group linear 
algebra over the group G = Z. W = 3Z x {0} x 5Z x {0} x{0} 
be the group linear subalgebra over Z. 

Define yn: W > [0, 1] by 


0 if x+y+z+o+t=0 
N(x, Y, Z, @, t) = 1 


—__ if x+y+z+o+t#0’ 
X+ty+zZ+ort 


7W is a fuzzy group linear subalgebra. 


The importance of this structure is that we do not demand for a 
field or any other perfect nice structure to work with. Even a set 
will do the work for we ultimately see when we define fuzzy 
vector spaces the field does not play any prominent role. Also 
we see the group linear algebra is the same as ordinary vector 
space, when they are made into respective fuzzy structures. In 
fact these two structures are basically fuzzy equivalent. Any one 
will like to work with least algebraic operations only. So as we 
have already mentioned set vector spaces happens to be the 
most generalized concept of ordinary vector spaces and it is 
easy to work with them. 

Another advantage of working with these special vector 
spaces is we see most of them happen to be fuzzy equivalent 
with some other special space or the ordinary vector space. In 
certain models or study we may have meaning for the solution 
only when they are positive. In such circumstances we need not 
define the vector spaces over a field instead we can define it 
over the set S which is a subset of ZU {0} or over the 
semigroup ZU {0} or even just Z. 


Further as our transformation to a fuzzy set up always demands 
only values from the positive unit interval [0, 1] these 
semigroup vector spaces or set vector spaces would be more 
appropriate than the ordinary vector spaces. 
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Further we see even in case of Markov process or Markov chain 
the transition probability matrix is a square matrix with entries 
which are non negative and the column sum adding up to one. 
So in such cases one can use set vector space where 


V= {( Jia, /a, €[0,1] with yay =lforl<k< of 
i=l 


is a set vector space over the set [0, 1]. So these new notions not 
only comes handy but involve lesser complication and lesser 
algebraic operations. 
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Chapter Four 


SET BIVECTOR SPACES AND THEIR 
GENERALIZATION 


In this chapter for the first time we define the notion of set 
bivector spaces and generalize them to set n vector spaces. We 
enumerate some of the properties. In fact these set n-vector 
spaces happens to be the most generalized form of n-vector 
spaces. They are useful in mathematical models which do not 
seek much abstract algebraic concepts. 


DEFINITION 4.1: Let V = V; UV> where V; and V> are two 
distinct set vector spaces defined over the same set S. That is V; 
ZV, and V, ZV; we may have V; 7 V2 = ¢ or non empty. Then 
we call V to be a set bivector space over S. 


We illustrate this by the following examples. 


Example 4.1: Let V = V, U V2 where V, = Zs x Zs and 


a Ge 


are set vector spaces over the set S = {0, 1}. V is a set bivector 
space over the set {0, 1} =S. 


a,b,c, d,€ | 


Example 4.2: Let V = V, U V2 where V; = {(1 1 1), (00 0), (1 
10),(11111),(00000), (1 1011),(1 1000), (1 0 0)} and 
V2= {(0 1), (1 0), (00),(1 111),(0000),(0111),,d1111 
1),(000000), (1 000), (00 0 1)} be set vector spaces over 
the set S = {0, 1}. V = V; U V3 is a set bivector space over the 
set S. 


Example 4.3: Let V = V; U V2 where 


aaa 
vi-{{ +225} 
aaa 


and 
aoa 
Vo= j/a aljaeZ, 
aoa 


be two set vector spaces over the set S = {0, 1}. V is a set 
bivector space over the set S. 


Now we have seen that how a set bivector space is constructed 
from these examples. 


Example 4.4: Let 


and 


be set vector spaces over the set S = {0, 1}. Clearly V = V; 
U V> is not a set bivector space over S as V2 c V;. Thus we 
cannot say the union of two set vector spaces defined over the 
same set gives a set bivector space. 
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Now we proceed on to define the notion of set bivector 
bisubspaces of a set bivector space. 


DEFINITION 4.2: Let V = V; UV> be a set bivector space 
defined over the set S. A proper biset W = W,; UW (W, CV, 
and W, —V2) such that W; and W>? are distinct and contained in 
V is said to be a set bivector bisubspace of V (or set bivector 
subspace) if W is a set bivector space defined over S. 


We now illustrate situation by the following examples. 


Example 4.5: Let V=V,U V2 


liar 
ed 
be a set bivector space over the set S = {0, 1}. 
Let W=W,U W> 


‘lea 


CV, U V2=V. W is aset bivector space over S = {0,1}. 


shedeZa| U {(abcd)|a,b, c,d € Zi} 


162, U {(aaaa) |a € Z)} 


Thus W is a set bivector subspace of V over S. 


Example 4.6: Let 


a a a 
1 2 3 

Vi= 
a, a4, a, 


a, € {0,2,6,8,10,12} c 2.| 
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V = V, UV; is a set bivector space over S = {0,1}. Clearly 
Via V2 #6 but V; and V2 are distinct. Take 


weg 
well oa] 


W = W; UW; is a set bivector subspace (or set bivector 


subbispace) of V. 
Suppose 


cy 
me {5 9 


then also P = P; U P» is a set bivector bisubspace of V. Thus we 


can have several such set bivector subspaces of a given set 
bivector space V. 


ae 02.68.1019) cv 


and 


162, CV>. 


a,b,c € (0,2,...,12) c 2. cV; 


162, CV, 


Now we define the bidimension and the generating biset of a set 
bivector space V = V; U V2. 


DEFINITION 4.3: Let V = V; UV> be a set bivector space 
defined over the set S. Let X =X; UX) CV; UV, we say X is a 
bigenerating subset of V if X; is the generating set of the set 
vector space V; over S and X> is the generating set of the set 
vector space V> over S. 


The number of elements in X = X; U Xz is the bidimension of V 
and is denoted by (|Xj|; |X|) or |X 4] U |Xg]. 
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We shall illustrate this definition by some examples. 
Example 4.7: Let V = Vi U V2 = {(111), (000), (100), (010), 
(001)} U {(1111), (0000), (1110), (1000)} be the set bivector 
space over the set S = {0,1}. Take X = {(111), (100), (010), 
(001)} U {(1111), (1110), (1000)} c V; U V> is the generating 
bisubset of V over the set S. Clearly dim V = (4, 3) or (4 VU 3). 


Example 4.8: Let 


aa 
vewovae{[ 
aa 


be the set bivector space defined over the set S = Z. 


sez] UexZx2 


x={[} }}} 1010.00, 010, 000, 110,669) 
= xX) oP X> 


where X, is an infinite subset of V2, this alone can generate V so 
bidimension of V is infinite 1.e., bidimension of V = {1 Uo} or 
(1, «). 


Example 4.9: Let V = V, U V2 = {Zio X Zio x Zio} U {(aaaa 
a)|ae€ {0, 2, 4, 6, 8} a proper subset of Zio}. V is a set bivector 
space over Zo. Prove bidimension of V is finite over Zo. 


Now we proceed onto define the notion of set bilinear algebra or 
equivalently we can call it as set linear bialgebra. 


DEFINITION 4.4: Let V = V; UV> be such that V; is a set linear 
algebra over the set S and V> is also a set linear algebra over S. 
Further V; #V2, Vi & V2 or Vo ZV}. Then V = Vi UV; is 
defined to be the set linear bialgebra over the set S. 


We now illustrate this situation by some examples. 
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Example 4.10: Let 


aaa 
vewove ff 
aaa 


be the set linear bialgebra over the set Zy¢. 


ae 244 U {Zi6 x Zi6} 


Example 4.11: Let 


V_ = {(000), (010), (100), (001), (110), (011), (101), (111)} 


{03 


V,UV>. 


a,b,c,deZ, = {0, uf 


V is a set linear bialgebra over the set S = {0 1}. 


Example 4.12: Let 
V= V,VUV2 
= {UI xZxZ} 


be the set linear bialgebra over the set S = 2Z", here V, and V2 
are set linear algebras over S = 2Z”. 


Example 4.13: Let 
V = V,UV2 
{(ab)/a,b € {0 1}} U {1110}, {0000}, (0011)}; 


V is not a set linear bialgebra over the set S = {0, 1}. V is only a 
set bivector space over the set S because V> is not closed under 
the operation ‘+’. 


In view of this we have the following result which is left for the 
reader to prove. 


Result: Every set linear bialgebra is a set bivector space but all 


set bivector spaces need not in general be a set linear bialgebras. 
The example 4.13 is one such algebraic structure. 
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Now we proceed on to define the notion of set linear 
subbialgebra or equivalently the notion of set bilinear 
subalgebra. 
DEFINITION 4.5: Let V = V; UV be a set linear bialgebra over 
the set S. IfW Vie, W= W, UW CV, UV2 (WW; CV, i = 1, 
2) is a set linear bialgebra over the set S then we call W to be 
the set linear subbialgebra of V. 
We now illustrate this by some examples. 
Example 4.14: Let 

V= ViUV> 


IG see 2) 


ae | : 
V is a set linear bialgebra over Z. Take 


a 0 a O 
aEeZeru aEeZ 
| {i 0a : | 


CV; U V2=V, W is a set linear subalgebra of V over S. 


W = 


| 
= 
C 
S 


Example 4.15: Let V = Vi UV2 = Z[x] U Q be a set linear 
bialgebra over the set S = 2Z. Suppose W = W,; U W> = {all 
polynomial of even degree with coefficient from 2Z} U {5Z} c 


V, U V2= V. Clearly W is a set linear bisubalgebra over the set 
S =2Z. 


Example 4.16: Let V = ViU V2 
0 
= : xEZ, pV a an 
0 x 0 y 0 


139 


wste%} 


V is a Set linear bialgebra over S = Z. Take 


W = 


| 
= 
G 
= 


CV,UV2=V. 
W is a set linear bisubalgebra of V over the set S = Zy. 


DEFINITION 4.6: Let V = V; U V2 be a set linear bialgebra over 
the set S. Let X = X; UX, CV, UV>2 = V, if X; is a generating 
set of V; and X> is a generating set of Vz then X = X; UX) is the 
generating subset of V. The bidimension of V is the cardinality 
of (Xi, |X2)). 


We illustrate this situation by some examples. 
Example 4.17: Let V=V, U V2 = {Z} U {(aaa)|a eZ} bea 
set linear bialgebra over the set S = Z. Let K =X; UX2= {1} U 
{1 1 1} GV, UV>2. X is the generating biset of V. The 
bidimension of V is (1, 1). 
Example 4.18: Let 

V= ViUV> 


(Ges 


be the set linear bialgebra over the set S = Z. Let 


<2] U {(ab c)| a, b,c € Z} 


X = F ie {(100), {010), (001)} 


X,UX CVU V2 
V. 
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The bidimension of V is {1} U {3} or (1, 3). 


Example 4.19: Let V = V; U V2 = Z[x] U Z x Z x Z be a set 
linear bialgebra over the set Z. Let X = {1, x, Ko. ey Ks fap 
{(100), (010), (001)} generates V and the bidimension of V is 
{oot U {3} = (0, 3). 


Example 4.20: V = V, UV. = Z[x] U Z x Z x Z as a set 
bivector space over the set Z is of bidimension (00,00). 


This is the marked difference between the set linear bialgebras 
and set bivector spaces. 


Now we proceed onto define the notion of semigroup bivector 
spaces, biset bivector spaces and bisemigroup bivector spaces 
and illustrate them by examples. 


DEFINITION 4.7: Let V = V; UV> be such that V; is a set vector 
space over the set S; and V> be a set vector space over the set 
S>. S; 4S; S) SS? and S> S S; we define V =V, UD; to be 


the biset bivector space over the biset S; U S>. 
Now we will illustrate this definition by some examples. 


Example 4.21: Let V=V, UV2=Zx Zx ZUZ yp x Zi. x Zio 
x Zi be a biset bivector space over the biset S = ZU Zp. 
V = V,UV2 


Zi2 nau {( i ‘ a 
aaa 


take the biset S = Z). U Zo; then V is the biset bivector space 
over the biset S = Z)2 U Zjo. ie., V; 1s a set vector space over 
the set Z). and V> is a set vector space over the set Zjo. 


Example 4.22: Suppose 
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It is interesting as well as important to observe that set bivector 
spaces and biset bivector spaces are two different and distinct 
notions. They will find their applications in different sets of 
mathematical models. 


Example 4.23: Let 
V= V,VUV2 


= (111), (000), (11111), (00000), (110), (100), (001), 
(10100), (0000), (1100), (1010): 


a b 
U 
c d 
V, is a set vector space over the set S; = Z, = {0, 1} and V2 isa 


set vector space over the set S) = Zs. Thus V = V; UV) is a 
biset bivector space over the biset S = S; U S) = Z) U Zs. 


sheder 


Example 4.24: Let 


Vv 


ViUV> 
{(1111), (0011), (0000), (1000), (11), (01), (00)} 


aaa 
U a,beZ, 
b b b 


be a biset bivector space over the biset S = S; U Sy = Z) U Z3. 


Now we define the notion of biset bivector subspaces. 


DEFINITION 4.8: Let V = V; UV, be a biset bivector space over 
the biset S = S; US>. Let W = W; UW2 CV, Ud2; if W is a 
biset bivector space over S then we call W to be the biset 
bivector subspace of V over the biset S = S; US). 
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Example 4.25: Let V=V,U V2 
= {(000000), (111000), (110110), (111), (000), (100), 


(O11) 
167, 


zene 


be the biset bivector space over the biset S = S; U Sz = {0, 1} U 


Z4. 
Let 
W= WiUW) 
_ i aaa 
=  {(000000) (111000)} U {é ; ; s<z| 
Ge VEO Vo, 


W is a biset bivector subspace of V over the biset S = S; U Sp. 


Example 4.26: Let 


aa 
vewovse{[ 
aa 


{Zs[x] i-e., all polynomial in the variable x with coefficients 
from Zs} be the biset bivector space over the biset S = S, U S) = 
Z4U Zs. Let 


ac z| U {Zs[x]}; 


WwW 


W,UW?2 


(GM aca 


{all polynomials of degree | with coefficient from Z5} 
lee ViUV> 


W isa biset bivector subspace of V over the biset S = Zs U Zs . 
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Example 4.27: Let 


Vv 


ViUV> 


= eaxzau | 8 ] 
def 


be the biset bivector space over the biset S = S; U S2 = {0 2 4} 
U Z,. Take 


smeasre?.| 


W W,UW2 


aaa 
= uaa xzau | 0 _ 


cCV,UV>; 


W is the biset bivector subspace over the biset S=S, US). 


DEFINITION 4.9: Let V = V; UV>2 be a biset bivector space over 
the biset S = S; US). If X = X; UX, CV; UV; is such that X; 
generates V; as a set vector space over the set S; and V> is 
generated by the set X> over the set S) then we say the biset X; 
UX) is the bigenerator of the biset bivector space V = V; UV> 
over the biset S = S; U S>. The bicardinality of X = X; UX) 
denoted by (\X;|, |X2|) gives the bidimension of V over S. 


We illustrate this by the following examples. 


Example 4.28: Let V = V; U V2 be a biset bivector space over 
the biset S = S,; U S. where V, = Zs x Zs x Zs with S; = Zs and 


Cea 


and S, = Z,. Take 


a,b,c,d,e,f eZ, = pa] 


xX = X,U X) 
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= {(a,b)/a,b € Zs) 
LA aye Leh Dad 
{( 1 alt 1 sb 0 ; 
Be ae pr a | 
Me 1 ie 1 ‘| 
1 es ace 0 
ate 0 ale 1 "=| 


X is finite biset and bidimension of V = {24 U 63} = (24, 63). 


or Oo Fe 


Example 4.29: Let 
V = V,iUV2 
aaa 
aaa 
be a biset bivector space over the biset S=S, US, =ZUZ;. 
Take 


sez} {Z3 x Z3} 


1 1 
X,U X2, 


xX = {c fe en-aa.00).00) 


X is the bigenerating biset of the biset bivector space V. The 
bidimension of V is {1} U {4}. 


Example 4.30: Let = V, U V2 = {Zs x Zs} U (Z x Z) be the 
biset bivector space over the biset S = S,; U S, = Zs; U Z. Take X 
= Xi UX = {(11), (10), (01), (12), (13), (14)} U {(a, b) / ab 
e€ Z} bigenerates V. Clearly |Xi| = 6 and |X2| = «so the 
bidimension of V is (6, © ). 


Thus even if one of the set vector spaces in the biset bivector 
space V is of infinite dimension we say the biset bivector space 
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to be of bidimension infinity. Only if both V, and V2 are of 
finite dimension we say V, the biset bivector space V is of finite 
bidimension. 


Now we proceed on to define the notion of biset bilinear algebra 
or equivalently biset linear bialgebra. 


DEFINITION 4.10: Let V = V; UV, if V; is a set linear algebra 
over the set S; and V> a different set linear algebra on the set S> 
(S; #S>, S; ZS S> ZS)) (V, #V>., V; ZV>2 or V2 ZV) then we 
call V = V,; UV; to be the biset bilinear algebra over the biset S 
= S) US> : 

We illustrate this definition by examples. 


Examples 4.31: Let 


V=V,U V2=Z[x] U {i i <2, 
aoa 


be the biset bilinear algebra over the biset S = Z U Zs. Clearly 
Z[x] is the set linear algebra over Z and 


(Sex| 


is the set linear algebra over the set Zs. 


Example 4.32: Let V = V, U V2 ={Z, x Z7} U {(aaaa)/ae 
Zo}; Vi is a set linear algebra over the set Z; and V> is a set 
linear algebra over the set Zo. Thus V = V; U V2 is the biset 
bilinear algebra over the biset S = Z; U Ze. 


Example 4.33: Let V= VU V2= {(a, b)/a, b € Z} U {Z,[x] = 
all polynomials in the variable x with coefficients from the set 
Zo}. Take S = ZU Zy = 8S; US». Now V is the biset bilinear 
algebra over the biset S = S; U Sp. 
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Example 4.34: Let 


Vv ViUV> 


{Z5 x Zs x Zs} U ana, 
b b b 


Take the biset S = = 8S; US) = Zs; UZ). Clearly V is a biset 
bilinear algebra over the biset S = Zs U Zo. 


avez} 


Now we proceed on to define the bidimension of a biset bilinear 
algebra over the biset S = S, U Sp. 


DEFINITION 4.11: Let V = V; UV; be a biset linear bialgebra 
over the biset S = S; US». Let W = W,; UW CV, Uz, if W is 
a biset bilinear algebra over the biset S = S; U/S> then we call 
W to be the biset bilinear subalgebra of V over the biset S = S; 
US>. 


We illustrate this by some simple examples. 
Example 4.35: Let 
V= ViUV> 
aaa 
aaa 
be the biset bilinear algebra over the biset S = 8S; US) = Zs 
U Z4. Let 


842.) {Z4 x Zag} 


W= WUW? 


mnt 


Vi U V2 


<2, U {{0,2} x {0,2}} 


In 
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W isa biset bilinear subalgebra of V over the biset S=S,; US. 


Example 4.36: Let V = V, U V2 = Z7[x] U{(000), (111), (100), 
(001), (010), (110), (101), (O11)} be the biset bilinear algebra 
over the biset S = Z; UZ, . Take W = W; UW? = {all 
polynomials of degree 2 with coefficient from Z7} VU {000), 
(111)} CV; UV; W is a biset bilinear subalgebra of V over 
the biset S = Z7 U Zp. 


Example 4.37: Let 


V = V,UV2 


b 
{Zo x LZ X Zp X Zo} VU {: 
ecd 


V is a biset bilinear algebra over the biset Z U Z3. 
Take 


ahedeZsh 


W= WUW? 
Cc ViUV> 
where 
W, =Z, x {0} x Zy x {0} 
and 


= a,deZ 
W E ‘ 
2 | > 3 


W is the biset bilinear subalgebra of V over the set Z, U Z3. 


Now having defined the substructure we now proceed on to 
define the notion of the bigenerating set and bidimension of the 
biset bilinear algebra. 


DEFINITION 4.12: Let V = V; UV, be a biset bilinear algebra 
defined over the biset S = S; US>. Let X =X, VX, CV; Ud? 
where X, generates V; as a set linear algebra over S; and X> 
generates V> as a set linear algebra over S>. Clearly X = X 
UX) bigenerates V and the bidimension of V is (\X;|; |X|). 
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We give some examples to illustrate this concept. 
Example 4.38: Let 
V= ViUV> 
aaa 
aaa 


be the biset bilinear algebra over the biset S = Z U Z, =S, U Sp. 


862] Ut xtox% 


Let 
X = X;UX) 


; {( , pe 0 (00), 100, 010 
c V,iUV), 


we see X bigenerates V and bidimension of V is {1} U {3} or 


{1, 3}. 
Example 4.39: Let 


Vv 


ViUV> 
_ aaa 
aaa 


be a biset bilinear algebra over the biset S = Z). U Zs . Take 


162, U {Z6 x Zo} 


x 


X, UX 


= oad 11), 10 
- i ; U (LD), (103 


is the bigenerator of V. The bidimension of V is {1} U {2} or 
12%. 
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Now having seen the bidimension we wish to mention that for 
the same set V treated as a biset bilinear algebra and as a biset 
bivector space over the same biset S = S, US, their 
bidimensions are distinct and not the same. 

Thus in certain cases it is advantageous to work with biset 
bilinear algebra for it will make the cardinality of the 
bidimension relatively small when compared with the biset 
bivector space. 

In spaces where it is possible we can make use of biset 
bilinear algebra instead of biset bivector spaces. 


Now we proceed on to define the notion of semigroup bivector 
spaces. 


DEFINITION 4.13: Let V = V; UV> where V; is a semigroup 
vector space over the semigroup S. 

If V2 is also a semigroup vector space over the same S and 
if V; and V2 are distinct (V; 4 V2, V; *%& V2 and V2 *& Vj) then 


we say V = V; U3 to be the semigroup bivector space over the 
semigroup S. 


We illustrate this by the following examples. 
Example 4.40: Let 


Vv 


ViUV> 
b 
= {2 xZx2Z vu 4 
def 


be a semigroup bivector space over the semigroup S = 2Z”, we 
see V, is a semigroup vector space over the semigroup 2Z” = S 
and V> is also a semigroup vector space over the same 
semigroup S = 2Z”. 


a,b,c,d,e,f € 22 


Example 4.41: Let V = {(111), (000), (100), (001)} U {(a, b) / 
a,b € Z) = {0, 1}} = Vi U V2. V is a semigroup bivector space 
over the semigroup Z, = {0, 1} =S. 
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Example 4.42: Let 
{(a,b, oa bye Z"} U {3 
Oa 


V,iUV>. 


Vv 


ace 27 


V = V, U V2 is a semigroup bivector space over the semigroup 
S=Z". 


Example 4.43: Let 


V £(000), (00), (01), (111), (001), (O11)} U {(1111), 
(0000), (0101), (1101), (000), (111), (11111), 
(00000), (10101)} 


= V,UV>. 


V is a semigroup bivector space over the semigroup Z, = {0,1} 
under addition modulo 2. V; A V2 = {(000), (111)} #0. But V; 
ZV>2 and V> Zz Vi. 


Now we proceed on to define the new notion of semigroup 
bivector subspace of a semigroup bivector space V. 


DEFINITION 4.14: Let V = V; UV, be a semigroup bivector 
space over the semigroup S. Let W = W; UW7 CV; UV, = V 
be a proper biset of V, if W is a semigroup bivector space over S 
then we call W to be the semigroup bivector subspace of V over 
the semigroup S. Clearly W; #W, and W,; ¢ W, and W, <W; 
with W, Cc V, and W> iS V>. 


We now illustrate this definition by some examples. 


Example 4.44: Let V = V, U V>2 be a semigroup bivector space 
over the semigroup S = Z’. Let 


yates 
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aeZ vo 


and 
V2 = (3Z" x 5Z"}. 


V is a semigroup vector space over the semigroup S = Z” and 
V2 is a semigroup vector space over the semigroup S = Z’. 
Thus V is a semigroup bivector space over the semigroup S 


=7* 
W,= aaa 
; aaa 


Take 
W> = 32" x{0} = V>. 


ae3Z* va cV; 


and 


W = W; U Wiis a semigroup bivector space over the semigroup 
S = Z". W is a semigroup bivector subspace of V = V, U V2 
over the semigroup S = Z’. 


Example 4.45: Let V = {(1110), (0000), (1010), (1000), (00), 
(11), 10)} U {(11111), (00000), (000), (111), (11011), (101)} = 
Vi U V2 be the semigroup bivector space over the semigroup S 
= Z). W = {(0000), (1111)} U {(000), (101)} GC Vi UV, is a 
semigroup bivector subspace of V over S = Zp. 


Now we proceed on to define the bidimension and bigenerator 
of the semigroup bivector space. 


DEFINITION 4.15: Let V = V; UV> be a semigroup bivector 
space over the semigroup S. 

Let X = X; UX, CV; Uv», if X; generates the semigroup 
vector space V; over the semigroup S and X> generates the 
semigroup vector space V7 over the semigroup S then, X = X; 
UX) is the bigenerator of the semigroup bivector space V over 
the semigroup S. 

The bidimension of V is |Xi| U|X2| or (|Xi|, |X2|) over the 
semigroup S. If even one of |X;| or |X| is infinite we say the 
bidimension of V is infinite. 
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Example 4.46: Let V = V,; UV. = {(000), (111), (010), (001), 
(00), (O1)} U {(aaaa)/a € Z = {0, 1}} be the semigroup 
bivector space over the semigroup S = Z) = {0,1}. X = {(111), 
(010), (001), (01)} U (1111)}; bigenerates V over S = Z, = 
{0,1} so the bidimension of V is (4,1) or {4} U {1) over S. 


Example 4.47: Let V = {(abc)/a,b,c € Z} U {(aaaaa)/a 
< Z’} be the semigroup bivector space over the semigroup S = 
Z*. Take X = {(abc)/a,b,c EZ} U {((I1111)} CVi UW2, X 
is a bigenerator of V and the bidimension of V over S is {oo} 
U {1} = {«, 1}. Thus V is an infinite bidimensional semigroup 
bivector space over S = Z”. 


Now we proceed on to define the notion of semigroup bilinear 
algebra over the semigroup. 


DEFINITION 4.16: Let V = V; UV> be such that V; is a 
semigroup linear algebra over the semigroup S and V> is a 
semigroup linear algebra over the semigroup S. with V; #V>2, 
V, ZV and V2 ZV). 

Then we call V to be the semigroup bilinear algebra over 
the semigroup S. 


We illustrate this by few examples. 
Example 4.48: Let 


V= V,VUV2 
= {(111), (000), (110), (101), (100), (010), (001), 


oof "ez =tou). 
aa 


V is a semigroup bilinear algebra over the semigroup S = Z) = 
{0,1}. 


Example 4.49: Let V = V, U V2 = {Zs [x]} U {Zs x Zs x Zs}. V 
is a semigroup bilinear algebra over the semigroup Zs. 


153 


Example 4.50: Let 


aaa 
vewovae @ixz'xzu f{ 
aa 


se2z'} 
a 


V is a semigroup bilinear algebra over the semigroup S = Z’. 
We see all semigroup bilinear algebras defined over the 

semigroup are semigroup bivector spaces but a semigroup 

bivector space in general is not a semigroup bilinear algebra. 


To this end we give an example. 


Example 4.51: Let V = Vi U V2 = {(111), (000), (11), (00)} U 
{(0000), (1111), (1101), (0110)}. V is a semigroup bivector 
space over the semigroup S = Z, = {0,1}. 

Clearly V is not a semigroup bilinear algebra over Z) = 
{0,1} as V; is not a semigroup under addition and V> is also not 
a semigroup under addition. Hence the claim. 


It may so happen in V = V; U V2 we may have V; to be a 
semigroup linear algebra over the semigroup S and V> is only a 
semigroup vector space, in such cases we define a new algebraic 
structure. 


DEFINITION 4.17: Let V = V; UV> be such that V; is a 
semigroup linear algebra over the semigroup S and V> is only a 
semigroup vector space over S with V;, #V2, Vi *%& V2 and Vz 


<& V1. Then we call V = V; UV; to be a quasi semigroup 
bilinear algebra over S. 


We illustrate this by the following examples. 
Example 4.52: Let 


V = V,UV2 
£000), (111), (01), (10), (11), (00), (100)} 


ff "<2. 
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V, is only a semigroup vector space over the semigroup S = Z, 
= {0,1}. V2 is a semigroup linear algebra over the semigroup S 
Z, = {0, 1}; V; # V2. So V is a quasi semigroup bilinear 
algebra over the semigroup S = Z, = {0,1}. 


It is interesting to note that all semigroup bilinear algebras are 
quasi semigroup bilinear algebras but converse is never true. 
Also all quasi semigroup bilinear algebras are semigroup 
bivector spaces but the converse is not true. 


Example 4.53: Let 


(¢ 2}(0 8 Saves 


£(110), (0000), (00000), (11111), (1101), (000)} 
V,UV>. 


Vv 


C 


V is a semigroup bivector space over the semigroup S = Z) = 
{0, 1}. Vi is only a semigroup vector space also V2 is only a 
semigroup vector space over Z). So V = V,; UV) is only a 
semigroup bivector space over Z, and never a quasi semigroup 
bilinear algebra over S = Z, = {0,1}. 


Example 4.54: Let 


V= V; UV, 
= §(000), (111), (110), (111111), (000000), (111000), 
(101010)} 


a b 
U 
c d 
V, is only a semigroup vector space over the semigroup S = Z 
= {0, 1}. V2 is a semigroup linear algebra over the semigroup S 


= Z, = {0, 1}. Thus V = = V, U V3 is only a quasi semigroup 
bilinear algebra over Z2 = {0, 1}. 


sheds? 
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Thus a quasi semigroup bilinear algebra can have quasi 
semigroup bilinear subalgebra as well as quasi semigroup 
bivector subspaces. 


DEFINITION 4.17: Let V = V; UV» be a quasi semigroup 
bilinear algebra over the semigroup S. Here V; is a semigroup 
linear algebra over S and V> is a semigroup vector space over 
S. 

Let W = W,; UW, C Vi UV> where W;, is a semigroup 
linear subalgebra of V; and W, is only a semigroup vector 
subspace of V>, Then W = W; UW, is the quasi semigroup 
bilinear subalgebra of V. 


If P= P,; UP, c Vj U V2 is such that P; is only a semigroup 
vector subspace of the semigroup linear algebra V, over S and 
P, is a semigroup vector subspace of the semigroup vector space 
V>, then we call P = P; U P; to be the quasi semigroup bivector 
subspace of V = V, U V> over the semigroup S. 


Example 4.55: Let 


V = V,iUV2 
=  { 000), (111), (100), (010), (001), (110), (011), 


Apne Mie ot Ree ON sees 
uy 5 EPG be hao AA 


V is a quasi semigroup bilinear algebra over the semigroup S = 
Zo = {0,1}. Take 
ae 2| 


W is only a semigroup bivector space over the semigroup S 
= Z, = {0, 1}. So W is a quasi semigroup bivector subspace of 
V over Z, = {0, 1}. Let 


W 


W,UW2 


= (000), (100), (010)} ff ae ; 
a aj/\la O 


Vi U Vo. 


In 
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P = P, UP, 


kom.canyy [s ate ‘ 
a a a a a 


Cc V=V,U Vo. 


<2, 


P is a quasi semigroup bilinear subalgebra over the 
semigroup S = Z, = {0,1}. 


Now have seen the substructures of a quasi semigroup bilinear 
algebra we proceed on to define bidimension and bigenerating 
subset of the quasi semigroup bilinear algebra. 


DEFINITION 4.18: Let V = V; U V2 be a quasi semigroup 
bilinear algebra over the semigroup S. Let X =X; VX) CV; U 
V, where X; generates the semigroup linear algebra V; and X> 
generates the semigroup vector space V> over S. 

Then X = X; UX; is called the bigenerator of V and the 
bidimension of V is (|X|, |X2|) or ((X)| UV |X)]. 


We illustrate this situation by some examples. 


Example 4.56: Let V = Vi U V2= {(a, a, a)|ae Zo} U {71 1 
1), (000), (1 10), (1 110), (0000), 100), 101),0 10 
01), (0000 0), (1 1 1 0 1)} be a quasi semigroup linear 
algebra over Z). Let X= {71 1 1} U {0 11), 1 10), 0 1 1:0), 
(1100),101),01001),01101)} CViU V2, X isa 
bisubset of V which bigenerates V. The bidimension of X is 


tly YU {7} =(1, 7). 


Example 4.57: Let V =V, U V2= {(1 1), 1 0), (0 0), 1 1 1), 
(000), 1111),(00000),(11000), (011),(10101)} 


aa 

U { aeZ, 
aa 

be a quasi semigroup linear algebra over the semigroup Z, = {0, 


1%. 
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X = {2),00,010),0111),(011000), 


11 
(01 pcororne { i} 


is the bigenerator of V. The bidimension of V is {7} U {1} = 
(7, 1). 

We see from these examples the dimension of the 
semigroup linear algebra V is less than the dimension of 
semigroup vector space V. Same V for which ‘+’ is taken and 
for the other ‘+’ operation is not taken. 

We illustrate this situation by an example. 


Example 4.58: Let V = {(1 1 1), 1 00), (0 1 0), (00 1), (1 10), 
(1 0 1), (0 1 1), (0 0 0)} be a semigroup linear algebra over the 
semigroup Z, = {0, 1}. Suppose V = {(1 1 1), (1 0 0), (0 1 0), (0 
0 1), (1 10), (1 0 1), (0 1 1), (0 0 0)} be a semigroup vector 
space over Z, = {0,1}, the semigroup under addition. Dimension 
of V as a semigroup linear algebra is three given by the 
generating set X = {(1 0 0), (0 1 0), (0 0 1)}. The dimension of 
V as a semigroup vector space is 7 given by the generating set X 
= {1 11), (100), (00 1) (01 0), (1 10), (01 1), 1 0 1)}. Thus 
we see dimension varies or the dimension is small when the 
structure is a semigroup linear algebra V and the dimension is 
large for the same V when it is a semigroup vector space. 


Now we proceed onto define the new notion of group bivector 
spaces and group bilinear algebras. 


DEFINITION 4.19: Let V = V; U V2 be such that V; 4 Vo V; 
¢V2zand V, < V;, V; and V> group vector spaces over the same 


group G, then we call V to be a group bivector space defined 
over the group G. 


We illustrate this by the following examples. 


Example 4.59: Let V =V,U V>2 where 


vf he 
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and 

V2. = {(aaaaa)|ae Z3}. 
V is a group bivector space over the group Z; = {0, 1, 2} 
addition modulo 3. 


Example 4.60: Let 


V= ViuUV>2 
= 4(00),(11),(1111 1), 1),(00000)} U 


aa)/faaa 
! +<7,=10} 
aa) \laaa 


V is a group bivector space over the group G = Z, = {0, 1} 
addition modulo 2. 


Example 4.61: Let V= Vi U V2 = {Z[x]} U { (Z x Z x Z)} bea 
group bivector space over the group G = Z, group under 
addition. 


We now define some interesting substructures of group bivector 
spaces. 


DEFINITION 4.20: Let V = V; U V2 be a group bivector space 
over the group G. W=W, UW? CV, UJ> is said to be a group 
bivector subspace of V over G if W itself is a group bivector 
space over G. 


We illustrate this by some examples. 
Example 4.62: Let 


V= ViVV2 
= (000), (11 1),(0000),(1111),(1100),(0011)} 


fC ES Slee 
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be the group bivector space over the group G = Z, = {0, 1} 
under addition. Take 


W = W,UW, 
£000), (11 1),(0000),(111 D}U 


te 


Clearly W is a group bivector subspace of V over G = Z). 


s02,} ViUV,; 


Example 4.63: Let 


V= ViUV> 


(ees eae 


(000000), (111000), (1 1), (00), (1 0)} 


a,b,c,d “| U {11101 1), 
be a group bivector space over Z. = {0, 1}. Take 


ee) 


c VU V>, 


s monde Z|4(000000,( 11000) 


W is a group bivector subspace of V over Z, = {0, 1}. 
Example 4.64: Let 
V= ViUV> 
(Zix]} U a b\fa bc 
Xx ° 
c dj/\d e f 


be a group bivector space of V over Z. Take 
W=W,UW>2 


shedete?| 
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a,b,c,de z CVU Vo; 


= Q2Z[x}}u {: | 


W is a group bivector subspace of V over Z. 


Now we define the notion of pseudo semigroup bivector 
subspace. 


DEFINITION 4.21: Let V = V; U V2 be a group bivector space 
over the group G. LettW =W, UW, CV; UV, and H CG bea 
semigroup of the group G. If W is a semigroup bivector space 
over the semigroup H then we call W to be a pseudo semigroup 
bivector subspace of V. 


Example 4.65: Let V=V, U V2 = {Z[x]} U { (a, b, c) | a, b,c, 
€ Z} be a group bivector space over the group Z. Take W = W, 
U W2 = {Z" [x]} U fa, b, c)| a,b,c €e Z} CVi U V2; Wisa 
semigroup bivector space. W is a pseudo semigroup bivector 
subspace of V over the semigroup Z" ¢ Z. 


Example 4.66: Let 
V = V,UV2 

a a be 

c d b 


{(a, bc d) | a, b, c, d € Z} 


a,b,c, dve,f € zu 


be a group bivector space over the group Z. Take 


W W,VUW2 


te 


{(a, b, c,d) | a,b, c,d € 2Z°U {}} CVU V2; 


a,b,c,d,e,f €Z* U a U 


W is a pseudo semigroup bivector subspace of V over the 
semigroup 2Z" U {0}. 
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Example 4.67: Let 


Vv V,UV2 


= {(abcd)lab,c,deZ}uU 
a b\fa aa 
c djJ\la aa 


be a group bivector space over the group Z. Take 


a,b,c,de€ | 


W= WUW? 
(a0b0)|abeZu {OU 


(a 


W is a pseudo semigroup bivector subspace of V over the 
semigroup ZU {0}. 


a,b,c,deZ* U | EVGY,: 


Now we proceed onto define the substructure pseudo set 
bivector subspace of a group bivector space. 


DEFINITION 4.22: Let V = V; U V2 be a group bivector space 
over the group G. Let W = W,; UW, CV; UV = V, take Sa 
proper subset of G. If W is a set vector space over the set S then 
we call W to be the pseudo set bivector subspace of V over the 
set S. 


We now illustrate this by the following example. 
Example 4.68: Let V = V, U V>2 be a group bivector space over 


the group G = Z; where 
Vi = {(a, b, c, d) | a, b, c, d € 2Z} 


vfs 
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and 


a,b,c,de€ 2} 


Take 


W= W,UW? 
{(abcd)|a,b,c,d €2Z' U {O}} U 


lees 


c V,;UV2=V, 


a,b,c,d € 2Z* U | 


W is a pseudo set bivector subspace over the set S = {0, 2, 2°, 
0 tO Peni 


Next we proceed onto define the notion of bisemigroup bivector 
group space. 


DEFINITION 4.23: Let V = V; U V2, where V; is a semigroup 
vector space over the semigroup S; and V> is a semigroup 
vector space over the semigroup S2, (S; #S2, S; £ S, and S; € 


S)). Also V; #V2, Vi EG V2 and Vz < V;. We call V to be the 


bisemigroup bivector space over the bisemigroup S = S; US). 
We illustrate this by the following examples. 


Example 4.69: Let V = V; U V2 where 
Vi = {(a, a, a) | (a € Zo} 


v-{( i ver, 


V is a bisemigroup bivector space over the bisemigroup 
S=Z5UZ. 


and 


Example 4.70: Let V= V, U V2 = {Z" [x]} U {Q’ x Q"}, Visa 
bisemigroup bivector space over the bisemigroup 3Z* U 5Z”. 


Example 4.71: Let V = V; U V2 where 


we pe] 
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is a semigroup vector space over the semigroup 2Z” and V2 = 
{a, a, at | a € 3Z'} is the semigroup vector space over the 
semigroup 3Z*. V is a bisemigroup bivector space over the 
bisemigroup S = 2Z” U 3Z”. 


Example 4.72: Let V =V,U V2 where 
Vite eZ KZ 


fe 


V is bisemigroup bivector space over the bisemigroup S = 2Z 
WBZ". 


and 


a, b, edex'} 


+ 


The notion of bisemigroup bivector subspace can be defined as 
in case of other bivector spaces. 

Next we proceed onto define the notion of bisemigroup 
bilinear algebra defined over the bisemigroup S = S; U Sp. 


DEFINITION 4.24: Let V = V; U V2 where V; is a semigroup 
linear algebra over the semigroup S; and V> is a semigroup 
linear algebra over the semigroup S) (V; #V2, Vi G V2; V2 & 


Vi) (Si #S2; S; G Sz and S> ¢ S)). Then we call V to be the 


bisemigroup bilinear algebra over the bisemigroup S = S; U S>. 
We illustrate this by the following examples. 


Example 4.73: Let V= V, U V2 = 


and 

V2.=(abcd)|a,b,c,d € 3Z} 
be the bisemigroup bilinear algebra over the bisemigroup S = 
IZ 3Z". 
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Example 4.74: Let V=V,; U V2= {(1 1), (0 0), (0.00), 1 1 1} 
U {(abc d)|a, b,c, d € Z’ be the bisemigroup bivector space 
over the bisemigroup S = Z, U Z’. Clearly V is not a 
bisemigroup bilinear algebra over S. 


In view of this we have the following. 

Every bisemigroup bilinear algebra is a bisemigroup 
bivector space but in general a bisemigroup bivector space is 
not a bisemigroup bilinear algebra. The above example is a 
semigroup bivector space which is not a bisemigroup bilinear 
algebra. 


We now proceed onto define the notion of bisemigroup bilinear 
subalgebra. 


DEFINITION 4.25: Let V = V; U V2 be a semigroup bilinear 
algebra over the bisemigroup S = S; US. Let W = W,; UW 
V, UV, if (W, #W,W, EG Wand W, £W,)and W is itself a 
bisemigroup bilinear algebra over S then we call W to be a 


bisemigroup bilinear subalgebra over the bisemigroup S = S; U 
So. 


We illustrate this by the following example. 


Example 4.75: Let V = V, U V2 = {Z" [x]} UZ" x Z x Z} be 
the bisemigroup bilinear algebra over the bisemigroup S = 3Z* 
U 5Z”. Take W = W, U W2 = {3Z" [x]} U {Z x {0} KZ 
V,U V2, W is a bisemigroup bilinear subalgebra of V over the 
bisemigroup S. 


Example 4.76: Let 


V= V,UV2 
=  {(a, b) such that a, b € Zio} U 


(a 


a,b,c,de 2 
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be a bisemigroup bilinear algebra over the bisemigroup S = Z19 


UZ". Take 
a <2} 


W is a bisemigroup bilinear subalgebra of V over the 
bisemigroup S = Zo U Z’. 


W 


W, UW? 


_ leaiaezmur {( ‘ 
a a 


ViUV> 


In 


Example 4.77: Let 


V = V,UV2 


aa 
= {(aa)|ae5Z}Us\a allae7Z 
aa 


be a bisemigroup bilinear algebra over the bisemigroup S = 5Z* 
UTZ". Take 


W= W,UW? 


aoa 
= {(aa)|acISZ}Us\a allael4Z* 
aoa 


CV, U V2; 


W is a bisemigroup bilinear subalgebra of V over the 
bisemigroup S = 5Z* U7Z". 


Example 4.78: Let V = V, U V2 = {7Z" [x]} U {5Z" x 5Z” x 


5Z"} be a bisemigroup bilinear algebra over the bisemigroup S 
= 7Z° U 5Z’. Take W = Wi U Wo = {14Z" [x]} U {5Z" x b x 
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5Z'} < V, U Vo, W is a bisemigroup bilinear subalgebra over 
the bisemigroup S = 7Z* U 5Z". 


Now having seen the definition of semigroup bilinear 
subalgebra we now proceed on to define the notion of 
bidimension of the bisemigroup bilinear algebra over the 
bisemigroup. 


DEFINITION 4.26: Let V = V; U V2 be the bisemigroup bilinear 
algebra over the bisemigroup S = S; US. Take X = X; UX) © 
V; UV2; if X; generates V; and X; generates V, then we say X 
bigenerates V over the bisemigroup S = S; US). 

The cardinality of X; UX is given by |X| VU |X2| or (Xl, 
|\X2|), called the bidimension of the bisemigroup bilinear 
algebra V = V; U V>. If even one of X; or X> is of infinite 
dimension then we say the bidimension of V is infinite, only 
when both X; and X> are of finite cardinality we say V is of 
finite bidimension over the bisemigroup S. 


Example 4.79: Let V = Vi U V2 = {C1 0), (0 1), (0 0), C1 1 1), 
(000), (10 1)} U {0 1 1), GB 3 3), (2 2 2), (0 0 0), C1 0 0), 
(2 0 0), (3 0 0)} be the bisemigroup bivector space over the 
bisemigroup S = Z) U Zy. Let X = {(1 0), (0 1), 1 1), 1 0 1} 
U {Ud 1 1), ( 0 0)} = Xi U & be the bigenerator of V. The 
bidimension of V is (4, 2). 


Example 4.80: Let V = Vi U V2 = {Zp [k} U {(aaa) | ae Zs} 
be the bisemigroup bilinear bialgebra over the bisemigroup S = 
ZU Zs. Let X = {1, x, Rik cha U {(1 1 1)} =X, UXcV; U 
V2 be the bigenerator of V. Clearly bidimension of V is («, 1) 
or 0 U {1} so V is of infinite bidimension over S. 


Example 4.81: Suppose V = V, U V2= {(1 11), 11:1), 00 
1), (000), 1 00), 1 100), (0000)! U {Z; x Z3 x Z3} be the 
bisemigroup bivector space over the bisemigroup S = Z) U Zs. 
Let X = {1 11), 111), (001), 1 00), 1 10 0)} U 
{(1 00), (0 10) (001), (1 10), (01 1), (1 01), 1 2 0), 1 1 1), 
(1 0 2), (0 1 2), (1 2 2), (2 1 2), (2 2 1) ete} = K, U X, which is 
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the bigenerator of the bisemigroup bivector space over the 
bisemigroup. The bidimension of V over S is (5 U 26). 


Example 4.82: Let 
V= ViUV> 


= (277 [x}}uU {i i 
c d 


be a bisemigroup bivector space over the bisemigroup S = 2Z* 
U 3Z". Clearly the bidimension of V is infinite. 


a, b,c, aer2'| 


Now we proceed onto define the notion of bigroup bivector 
space over the bigroup. 


DEFINITION 4.27: Let V = V; UV2, such that V; #V2, Vi € V2, 
V2 < V;, If V; is a group vector space over the group G; and V> 
is a group vector space over the group G2 (G; #G2, G; G G2 
and G € G)) then we say V = V; UV; is a bigroup bivector 


space over the bigroup G = G; UG». Clearly if V; and V> are 
just set it is sufficient to define bigroup bivector space over a 
bigroup. 


Example 4.83: Let V = V; U V> be a bigroup bivector space 
over the bigroup G = Z3 U Q where V, = Z;[x] and V2=QxQ. 


Example 4.84: Let V = V; U V2= {(1 1), (00), (0 1), (1 110), 
(0000), (0100), (11100), (00000), (00010)}U 


{ S)eme(e foe 


be the bigroup bivector space over the bigroup G = G; U G) = 
Z, U Z. Clearly both V; and V; are just sets. 


Example 4.85: Let V = V, U V2= {Zs x Zs x Zs} U {Z7[x]} be 
the bigroup bivector space over the bigroup G = Zs; U Zy. 
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Example 4.86: Let V=V, U V2 = {((1 1 1), (2 0 0), (2 2 0), (0 
00))} U (1 57 2), (0100), (0000), (3541), (1 23 4), (5 6 
7 0))} be the bigroup bivector space over the bigroup G = Z3 U 
Zs. ((, )}} denotes generated over the related groups). 


Example 4.87: Let 


V = V,UV2 


(4 
AG 3) 


be a bigroup bivector space over the bigroup bivector space 
over the bigroup space over the bigroup G = G; U G; = Ze U 
Zio. 


sneasrez, 


X, at 


Now we proceed onto define the notion of substructures in 
bigroup bivector spaces. 


DEFINITION 4.28: Let V = V; U V2 be a bivector bispace over 
the bigroup G = G; UG: Let W =W, UW, CV, UV = V be 
such that W; # W> W, £ W2 or W. & W;, if W itself is a 
bigroup bivector space over the bigroup G = G; U G> then we 
say W is a bigroup bivector subspace of V over the bigroup G = 
G, UG». 


We now illustrate this situation by the following examples. 


<2} 


Example 4.88: Let 


V= ViUV> 


eaninezd of’ tb ‘ 
aaajlaa 
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be the bigroup bivector space over the bigroup G = Z, U Zs. Let 


162, 


W is the bigroup bivector subspace of V over the bigroup G = 
Zo U Ze. 


aoa 
W = {(a,a,a)|ae {0, 3}} (i: 


= W,UW2>. 


Example 4.89: Let 
V= V,UV2 


= {(aaa), (aa), (aaaa)lae Z}U {: | 
c d 


shed 


be the bigroup bivector space over the bigroup G = Z U Zp. 


eaoisezio : <2, 
aoa 


W,UW?2 = ViUV> 
is the bigroup bivector subspace of V over the bigroup G = Z U 
Z>. 


W 


Example 4.90: Let V=V, U V2= {(aaa), (aaaa a), (aa), (aa 
aaaaa)|a © Zs} U Z, [x] be the bigroup bivector space over 
the bigroup Zs U Zp. 

Take W = W, U W2= {(a aa), (a, a, a, a, a, a, a) | a © Zs} U 
{all polynomial of even degree with coefficients from Z2} Cc V, 
U V2 is a bigroup bivector subspace of V over the bigroup G = 
Zs. Zo. 


Next we define pseudo bisemigroup bivector subspace of a 
bigroup bivector space V. 
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DEFINITION 4.29: Let V = V; UV; be a bigroup bivector space 
over the bigroup G = G; UG: Let W = W, UW, CV, Ud; 
(such that W, # Wr, Wi GE W2 Wr E Wi) where W;, is a 
semigroup vector space over the semigroup H, contained in G; 
and W> is a semigroup vector space over the semigroup H> 
contained in GH; < Ho, Hy < H), H; # Ho. 


Then we call W = W, UW; to be the pseudo bisemigroup 
bivector subspace of the bigroup bivector space V over 
H =H, UH, CG, UG), H the bisemigroup contained in the 
bigroup. 

We illustrate thus by the following examples. 
Example 4.91; Let 
V = V,UV2 


= (eran eaneezio : 
c d 


a,b,c,de€ Z| 
be the bigroup bivector space over the bigroup G = Z U Zp. 
Take 


W = W,UW2 
{(aaaa),|aeZ}vu 


e 


c V,UV>. 


a, b, de {0, 2, 4, 6, 8, i} 


W is the pseudo bisemigroup bivector subspace over the 
bisemigroup 
Z vu {0,6} =H=H, v Mp. 
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Example 4.92: Let 


V= ViUV> 
aaa 
aa 
= aa allaeZeu 
aa 
aaa 


{(aaaa), (aa), (aaa)|a © 2Z} 


be the bigroup bivector space over the bigroup 3Z U 2Z. 
Take 


WwW 


W,UW2 


aoa 

aoa 
W is the pseudo bisemigroup bivector subspace of V over the 
bisemigroup H = 3Z* U 2Z" ¢ 3Z U 2Z. 


s<22| U {(aaaa)|a Ee 2Z}, 


Example 4.93: Let 


Vv 


V,U V> 
{Z[x]} U {(aaaa), (aa)| ae 2Z} 


be the bigroup bivector space over the bigroup G = 3Z U 2Z. 
Let 
W = {Z[x]}u {(aa)|ae€ 2Z} 
c ViUV2 


be the pseudo bisemigroup bivector subspace over the 
bisemigroup H = 3Z* U 2Z". 
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Now we define yet a new mixed structure which we call as 
quasi bigroup bivector space. 


DEFINITION 4.30: Let V = V; U V2 where V; is a semigroup 
vector space over the semigroup S; and Vis the group vector 
space over the group G). Then we call V = V; U V2 to be the 
pseudo bigroup bivector space over the pseudo bigroup 
G= S; U G}. 

We illustrate this situation by the following example. 


Example 4.94: Let 


V = V,UV2 
= {Zs [x]} U {7 xZxZ} 


be the pseudo bigroup bivector space over the pseudo bigroup G 
= Zs U he 


Example 4.95: Let 


V= ViUV> 


aa 
Z [x] U { ae 2.| 
aa 


be the pseudo bigroup bivector space over the pseudo bigroup G 
= Z° UZ) where Z’ is the semigroup and Z, is the group under 
addition modulo 12. 


Example 4.96: Let 


Vv 


ViUV> 


(ees 


a,be | U {Zo [x]} 
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be the pseudo bigroup bivector space over the pseudo bigroup G 
= 3Z U Z0. 


The author leaves it as an exercise for the reader to define 
various substructures of this structure and bigenerator and 


bidimension. 


Now we proceed onto generalize this to n-set n-vector spaces 
set n-vector spaces n > 3, in the following chapter. 
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Chapter Five 


SET n-VECTOR SPACES AND THEIR 
GENERALIZATIONS 


In this chapter we for the first time introduce the notion of set n- 
vector spaces, semigroup n-vector spaces and group n-vector 
spaces (n = 3) when n = 2 we get set bivector spaces, semigroup 
bivector spaces and so on. 


DEFINITION 5.1: Let V=V; vu... UV,, each V; is a distinct set 
with V; ¢ V,or V; ¢ Viifi 4j; 1 si, j <n. Let each V; be a set 
vector space over the set S, i = 1, 2, ..., n, then we call V = V; U 
V2 U... UV, to be the set n-vector space over the set S. 


We illustrate this by the following examples. 


Example 5.1: Let 


V V,UV2UV3U V4 
f(1 11), (0.00), (1 00), (01 0), (1 1), (00), (1. 1 12D), 


(1000), (000)}U 


IG seeped tt 3 


U {Zo [x]} 7 


aéZ, = {0, nf 
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V is a set 4 vector space over the set S = {0, 1}. 
Example 5.2: Let 


Vv 


Vi:0UV20 V30 V4U V5 U Vo 
aa 
aa 

(a, a, a,a,ay)|aeZ}u 


a, a, a 
1 2 3 

U 
Ags “Aes Jae 


be the set 6-vector space over the set S = Z’. 


ae z| U {Z" x Z x Z} u {(a, a, a), 


Me Ze PAZ (xT) 


oso 2 2 ®& 


a eziasiss| 


Example 5.3: Let 


Vv Vi,UV2U V3 


{Ze [x]} U {Zo x Ze x Zo} U {i : 


aaa 


+62, 


be the set 3 vector space over the set S = {0, 2, 4}. We call this 
also as set trivector space over the set S. Thus when n = 3 we 
call the set n vector space as set trivector space. 


We define set n-vector subspace of a set n-vector space V. 


DEFINITION 5.2: Let V=V; vu... UV, be a set n-vector space 
over the set S. IfW=W, Vv... UW, with W, AW); i #7, Wi £ 
W,and W; £ W, 1 Si, j snandW=W, UW, Vv... UW, CV; 


UV, VU... UV, and W itself is a set n-vector space over the set 
S then we call W to be the set n vector subspace of V over the 
set S. 
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We illustrate this by a simple example. 
Example 5.4: Let 


Ve= V,UV2UV3U V4 


= {(a,a,a), (aa aj|ae Zhu {( ) ver| U 
a 
{Z'[x]}} U {;a]laeZ* >, 
a 


V is a set 4-vector space over the set S = Z”. Take 
W = WUW2U W3 VU Wo 


leaaiaeziul(s 3) 


ae2Z* 


ae z| U 
a 
{all polynomial of even degree} U <]| a 
a 


In 


V,UV2,UV3U V4 = V, 


is a set 4-vector subspace of V over the set S = Z”. 
We can find several set 4-vector subspaces of V. 


Now we proceed on to define the n-generating set of a set n- 
vector space over the set S. 


DEFINITION 5.3: Let V = V, u... UV, be a set n-vector space 
over set S. Let X =X, UV... UX, CV, UV. UV... UV, = Vi. 
each set X; generates V; over the set S, i = 1, 2, ..., n then we say 
the set n vector space V=V, vu... UV, is generated by the n- 
setX =X, UX) VU... UX, and X is called the n-generator of V. 
If each of X; is of cardinality n; 1 = 1, 2, ..., n then we say the n- 
cardinality of the set n vector space V is sgn by |X| Ue YU 
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IX, | = (1X7, |Xo|, 5 Xalf = {(a1, nz... Mn}. If even one of the 
X; is of infinite cardinality we say the n-cardinality of V is 
infinite. Thus if all the sets Xj, ..., X, have finite cardinality then 
we say the n-cardinality of V is finite. 

We now illustrate this by the following examples. 


Example 5.5: Let 


Vv 


V,;UV2U...U V5 


f(a, a, a) | ae {0, }} U (i: ‘) 
a a 

a a a 
: a a 
a b 
i. 


be a set 5-vector space over the set S = {0, 1}. 
Choose 


aun (0 CY 
{i o}(e a 


c V,UV2U...UV5=V. 


v0. U 


a € {0, nf U {(a, a, a, a)} ae {0, 1}} U 


a,b € {0, l},a -s| 


It is easily verified each X; generates V;,i = 1, 2, ..., 5. Thus X 
=X,U XU... U Xs is the 5-generator set of the set 5-vector 
space over the set S. In fact each set X; is of finite cardinality, so 
V is a set 5-vector space of finite 5-dimension. In fact the 5 
dimension of V is {1, 1, 1, 1, 2}. 


One of the important and interesting factor to observe about 
these set n-vector spaces over the set S, is at times they can have 
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one and only one generating set. The example 5.5 is one such 
case. 

Now we proceed onto give yet another example of a set n- 
vector space V over a set S. 


Example 5.6: Let 


Vi = ViUV20UV30 V4U V5 
{(a, a, a)l ae ZY uU {x Vu {2 KK} yu 


{( i i (: aa ‘) ‘ 
a,b,c,deZ ru acQ 
c d aaaa 


be a set 5-sector space over the set S = Z’. Take 


X = X,UXUX3U XU Xs 
{(1 1 1)} U {an infinite set of pairs including (1, 1)} U 


1 1 
{l, x, ..., x" and an infinite set} U {c : with an 


Pa | 1 
infinite set of 2 x 2 matrices} U { together 


1111 


s<o'} 


X is a 5-generating set. In fact X is an infinite 5-generating 
subset of V=V,U...U Vs. 


. ; . aaaa 
with an infinite set 
aaaa 


Example 5.7: Let 
Vi = ViUV20UV30V4U V5 


{7 U (aaa) [ae ZU {( : 
aa 


an 
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{k; (1 + x? + x), kox, ax?) k(x’ + 1), ks (x*+1), 
k(x? + 1 + 2x) k € Z5 1 < i < 6 YU 


aaaaa 


aaaaallaeZ 


aaaaa 


be a 5 set vector space over the set S = Z”. 
Take 


X= me@inef peat t ene 


1 1 
x’ +1,x°84+1,x?+2x+1}U 1 1 
1 1 


ee Vi0UV20UV30 V4U Vs. 


Clearly X, 5-generates V i.e., X is the unique 5-generator of V. 
Further V is 5-finitely generated and 5-dimension of V is {1 U 1 
U1U6U 1} =(1, 1, 1, 6, 1). 


We now proceed onto define the n-set basis of the n-set 
vector space V over S. 


DEFINITION 5.4: Let V=V; UV. vu... UV, be a set n-vector 
space over the set S. Suppose X = X; U ... UX, is a n-set 
generating subset of V = V; U... UV, then we call X to be the 
n-set basis of V. If X = (|X;|, |X2|, ..., |Xn| ) in which each |X;| < 
00, 1 Si Sn, then we say V is finitely n set generated by the n-set 
X and is of n-dimension (|X7|, |X3|, ..., |Xn[). Even if one of |X;| = 
co we say V is infinitely n-set generated by X. 


Now we will give one or two examples of n-set basis before we 
proceed onto define other interesting notions about n-set vector 
spaces. 
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Example 5.8: Let 
7 aa 
V = {(aaay)|aeZ vu {0}} U 0 
a 


{ay(x° + 1 + 3x), ao(x + 1), agx’ a3 (x°+x° +x? +x‘+ 1), 
AsX, a¢X°, a,(x* + 5x? + 1) lai e ZU {0}; 1 <i<7}U 


aaaa 
{ rez veo] 
aaaa 


= Vi, UV20U V3U V4 


ae zu U 


be a 4-set vector space over the set S = Z” U {0}. Now take 
X = X,UX,UX3U Xy 


=A Cl yes {( i} U {0x2 + 3x41), xt], x7, x° + x? 


1111 
+xP+x*41,x,x7,x°4+5x74+ 1} U 
1111 
Cc ViUV2UV3U V3. 


Clearly V is 4 set generated by X and the basis 4-set of V is X 
and the n-dimension of the n-set X is (1, 1, 7, 1), (n= 4). 


We give yet another example. 
Example 5.9: Let 


Vv 


V,;UV2U...U V5 
= {000111),(001111),011111),(000000), 
(111), (010), (1 10), (000)} U {4 11111111), 


wo0o000010 { ‘ 262,= 001} 0 


aaaaj)/f1l 141 1i1\faaa 
aaaaj\1l11011)’\a a a)’ 
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11141)/(0 000 0) /0 0 0 
0000)'\0 000 0)’\0 0 0 


U {1+x’,0,x+x’41,x°+1} 


aeZ,= | 


be a 5-set vector space over the set Z) = {0, 1}. 


X = X,U...UXs5 
= (OODOIID,OO1II), @11110,0 1), 


1 1 
@LodrO}ULLLED OL py 
1111)fl1 11)f1 111j)fliid1i1i1 
2 ) 2 U 
111170 11/\000 0/1 1011 
{l+x7,x°4+x+1,x+1]1} 
Cc V;UV2U...U V5 


be the 5 set which 5-generates V. Thus X is a 5-set- 5-basis of V 
of 5-dimension (6, 1, 1, 4, 3). 


Now we proceed on to define n-set linear algebra over the S. 


DEFINITION 5.5: Let V=V; UV) vu... UV, be an set vector 
space over the set S. If each V; is closed under addition then we 
call V to be an-set linear algebra over S; I Si Sn. 


Now we illustrate this by the following examples. 


Example 5.10: Let 
V= Vi U V> U V3 U V4 


7 aaaa 
aaaa 

{0} x Z’U {03} U fall polynomials of degree less than 

or equal to 5 with coefficients from Z> U {0}} U 


ee 


1<7u.ol U {Z7 VU {0} x ZU 


a,b,c,d eZ” U 0 
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be a 4-set vector space over the set S = Z” U {0}. Clearly V is a 
4-set linear algebra over S. The basis of V as a 4 set linear 
algebra over S is only finite whereas V as a 4-set vector space 
over S is infinite. 

A 4-set which generates V is given by 


5 {c ; ‘pe 2 00.010, 00 DL thx 


De OT ie EY he SOE OO 
Kk WU 
0 0) \0 0) \1 0) \0 1 
Cc V,UV2U V3U Va. 

Clearly the 4-dimension of V is (1, 3, 6, 4). 
Note: It is interesting to observe that V is a 4-set vector space 
over S= Z’ U {0} is not finitely generated. The given X in the 
example 5.10 does not 4-generate V as a 4-set vector space over 
S=Z' VU {0}. 
Example 5.11: Let 


Vi = ViUV20UV30U V4U V5 


= {(1111),(000),(11 00), (001 1), (000 J), 
(001 0),(0100),(0110),(1001), (1 01 0), 
(0101,0110,(0110111,0101), 


1 o.ode2,| U 


a b 

(0 0 0 OF U { 

c d 

a, a, a; 

Ay. He Be 

xX an indeterminate of degree less than 4} U 
{1 1111),(00000)} 


162, = (0, 15155} U {Zo [x] | 


be a 5-set vector space over Z) = {0, 1}. Clearly V is a 5-set 
linear algebra over Z2 = {0, 1}. Take 
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X = {(1000),(0100),(0010),(001)U 
1 0) (0 1) (0 0)(0 0 10 0 
Ko o}Lo oli oflo a} ¥ Ile 0 0) 
0 1 0) (0 0 1) (0 0 0) (0 0 0 
F 0 ane 0 | 0 ‘| F 1 3) 
Oe Oar 
} Oe Le IN} 


0 1 0 


X, U X.U... U Xs 
V,UW2U...U V5 
V. 


IA 


Now the 5-dimension of V as a 5-linear algebra is (4, 4, 6, 4, 1). 
Whereas if we consider V as a 5-set vector space over the set 
Zo, X is not the 5-generator of V then 


Y = Y,UY2U...U Y5 
= {1 111), 0d 000),(0100),(001 0), (000 1), 
(1100), 010), 001), (0110), 010 1), 
(0011),d0110)a011)0111),0101)} U 
{A set with 15 elements) U {A set with 63 elements} U 
{A set with 15 elements} U {(1 11 1 1)}, 


5 generates V as a 5 set vector space over {0, 1}. Now the 5- 
dimension of V is given by (15, 15, 63, 15, 1). 

Thus we see by making when ever possible or feasible a n- 
set vector space into a n-set linear algebra, we can minimize the 
number of elements in the generating n-set. 


Now we proceed on to define the notion of n-set linear 
transformation of n-set linear algebras. 


DEFINITION 5.6: Let V = V; UV, vu... UV, be a n-set linear 
algebra over the set S. Let W =W, UW? VU... UW, be a n-set 
linear algebra over the same set S. Suppose T is a map from V 
to W such that T=T, UT) VU... UT, 2 Vi UV Uw. UV, > 
W, UW, VU... UW, where T; : V; > W; is a set linear algebra 


184 


transformation i.e., T; (ax + y) = T; (ax) + T,(v); 1 Si <n. Then 
we call T to be a n-set linear transformation from V to W. 


We illustrate this by the following example. 
Example 5.12: Let 
V= Vi, UV20U V3U V4 
aa 
(eam lactone 
aa 


£0000), (111 1),(1100), (001 I} U {Z)x Zp} 


a <2 U 


sez,} v (1 1111),(0000 0), 


aeZ -001} U 


be a 4-set linear algebra over Z, = {0, 1} and 


W = W,UW2U W3U Ws 


a b 

{Zo x Zo x Zo} U {: : 
aaaa 
: aa ‘) 


(11000),(00111)} 


is also a 4-set linear algebra over the set Z,. Define T: V — W 
by T=T,; UT2UT3 U Ta: ViUV2U V3U V4 > (Wi VU W2 UV 
W; U W,) with T;: Vi > Wi; 1 <1<4.T,;: Vi > W;, Is given 
by 

T; ((aaa)) = (aaa). 


To: V2 > W? Is given by 


T3: V3 > W31s defined by 
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0 


a 
nary=[ 
a 


1 


101100)=( 


and 
1 
T;(0011)= 


Ty: V4 > Wg Is given by 


Ta(Qy,y) = (1111) x#0 
T1(0,0) = (00000) y#0 
T%40,0) = (0111) 

and 
T4(0,1) = (11000). 


It is easily verified that T= T, UT; UT3 U Tz is a 4-set linear 


transformation from V to W. 


Now we proceed onto define n-set linear operator on a n-set 


linear algebra. 


DEFINITION 5.7: Let V=V,; UV2 U ... 
algebra over the set S. Amap T= T; UT) Vv... UT, from V to 
V is said to be an-set linear operator if T; : V; > V; is such that 
T; (ax + y) = aT (x) + Ty) for x, y UV; a@ ES; 1 Si Sn. 


We will illustrate this situation by the following example. 


Example 5.13: Let 


Ve= Vi,0UV20U V3U V4 
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U V, be a n-set linear 


+ + a b 
= {Z ze {{! , 
a beg 
he 4 


be a 4-set linear algebra over the set Z’. A map T= T, UT U 
T; UT4: V— V; such that 


a,b,c,de 2 U {Z[x]}} U 


a,b,c,d,e,f,g,he 2 


T,(x, y) = (y, x); 
alrles 
1 = 
c d c Cc 
T3 (p(X) = po + piX + ... + PaX") = PaX” 


and 
a be g aoaaa 
Ta = . 
d: ea dddqd 


It is easily verified that T is a 4-set linear operator on V. 


Now in case of n-set linear algebra we can define a notion 
called n-set quasi linear operator on V. 


DEFINITION 5.8: Let V=V,; UV, U ... UV, be a n-set linear 
algebra over the set S. Anmap T=T,; UT? Vv... UT, from V = 
Vi UV UV... UV, to V = Vy V2 Uw UV, such that T;: Vi > 
Vj; i 4#j, 1 Si, j <nsuch that T; (au +v) = aT;(u) + T;(v) for u, v 
€ V; and a &€ S for each i, 1 Si Sn is called the n-set quasi 
linear operator on V. 

If on the other hand T=T, UT) Vv... UT, is such that T; : 
Vi; > V; for some j #i and T, : Vi > Vi.for some 1 Sk Sn then 
we call T to be a n-set semiquasi linear operator on V. 


We cannot get any interrelation between n-set linear operator, n- 
set linear semiquasi operator and n-set linear quasi operator. 
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The reader can substantiate these definitions with examples. 
However problems based on these definitions are given in the 
last chapter of this book. Interested reader can refer to them. 

Now we proceed on to define the notion of semigroup n-set 
vector space. 


DEFINITION 5.9: Let V=V; UV, vu ... UV, be a n-set vector 
space over the set S. If Sis an additive semigroup then we call V 
to be a semigroup n-set vector space over the semigroup S. 

We illustrate this situation by some examples. 

Example 5.14: Let V=V,; UV2U.... U Vy be a semigroup 4- 


set vector space over the semigroup S = Z, = {0,1} under 
addition modulo 2, where 


wf) 


Vi= {Z> x Zo x Zn}, 


shedeZ) 


V3= {(1101), (0100), (0000), (1 1 1), (000), (100) 


and 
aa\(a aaa 
vee { }{ ser 
aa}\a aaa 
V is a semigroup 4-set vector space over the semigroup S = Z) = 
{0,1}. 


Example 5.15: Let 


V Vi, 0UV20 V3U V4U V5 U Vo 


b 
= hae a ie ee A , 
def 
{(a, b, c, d), (a, a, a, a, b, c) | a,b, c,d € Z'} U {(a, b), 


srodete2| U 
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(a, a, a, a, a) | a, b © Z} U {Z'[x]| x an indeterminate} 
U (3Z" x 2Z" x 5Z*x TZ} 
is a semigroup n-vector space over the semigroup Z’. 


Example 5.16: Let 


Vv 


Vi,0UV,UV30U V4U Vs 
a b 
c d 
a 0 0 
b cd 


b 


a, b, cde2s} U {Zs x Z3 x Z3} U 


a,b,c,de 2| UZ,[x] U 


a, b,c, d,e,f, g,i1,j,ke Z, 


~ eo 09 


c 
0 i 
0 


be a semigroup 5-set vector space over Z;. 


We now prove that all semigroup n-set vector spaces are n-set 
vector spaces but a n-set vector space in general is not a 
semigroup n-vector space. 


THEOREM 5.1: Let V=V; UV? U... UV, be a semigroup n set 
vector space over the semigroup S, then V=V,; UV2 VU... UV 
is the n-set vector space over S. Conversely if V =V; UV? U... 
U V,, is a n-set vector space over S; then V in general is not a 
semigroup n-set vector space over the set S. 


Proof: Let V=V;U V2 U ... U Vn be a semigroup n-set vector 
space over the semigroup S. Now every semigroup is a set S. So 
V is a n-set vector space over the set S. To prove a n-set vector 
space over the set in general is not a semigroup n-set vector 
space. Suppose 


Ve= V,UV210UV3U V4 


189 


= {(0000),(1111), (2222), ... (2n2n 2n 2n)} U 
2n 
nez| U 4] 2n ||[ne Z*} U {2Z" [x]} 


is a 4-set vector space over the set S = {1, 2}. Clearly S is not a 
semigroup under addition. Hence the claim. 


Now we proceed onto define some substructures on semigroup 
n-set vector spaces and illustrate them by examples. 


DEFINITION 5.10: Let V=V; UV? U ... UV, be a semigroup 
n-set vector space over the semigroup S. Suppose W = W,; UW, 
Uw. UW, CV=aVi UV VU... UV, and each W; CV; is a 
semigroup set vector space over the semigroup S then we call W 
to be semigroup n-set vector subspace of V over the semigroup 
S, 1 Si Sn). 


Example 5.17: Let 


Vi = ViUV20UV3U V4U Vs 
aa 
aaa 
= { rez} vizrxza a ajljaeZ, 
aaa 
aa 


U {(0 0 0 0), (2 2 2 2), (0 0 0), (2 2 2), 00000), 


(22222)}vU {i i s<2,| 
aa 


be a semigroup 5-set vector space over the semigroup H = {0, 
2} CZ, = {0, 1, 2, 3} under addition modulo 4. Take 
W = WiUW2UW3VU WU Ws 


_ {fo 0 02 22 ae 
~ jlo o olla 2 aff ZC ew 
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U {0 00 0), 2 22 2} u 


NO NY N 


(09.63) 


Cc VjUV2UV3U V4U Vs 
= V, 


a) 


is a semigroup 5-set vector subspace over the semigroup 
S = {0, 2} under addition modulo 4. 


Example 5.18: Let 
V = V,UV20UV3U V4 


aaa 
sx zsx231 0 | 
aaa 


aaa 
aa ajljaeZ.-v {Z.[x]} 


aaa 


be a semigroup 4-set vector space over the semigroup S = Zs, 
the semigroup under addition modulo 5. 
Let 


W WU W2U W3 VU WG 


wooarmuls 1 ie a allo o 9} 
1 2 2 2)\0 0 0 
3 
3 
3 


0 0 0) (3 2 
Uss0 0 0},)3 3 |b U fataxt+...tax"|ae Z}. 
0 0 0) \3 3 


W is not a semigroup 4-set vector subspace over the semigroup 
Zs. 
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Example 5.19: Let 
V= V,UV210UV3U V4U Vs 


eae 


222,] U2 Ze kL CNL ext U 


a (0) 
: b 
aa 
} aljaeZ.-u a,b,c,d € Z, 
aa Cc 
a 
(0) d 


be a semigroup 5-set vector space over the semigroup S = {0, 3} 
under addition modulo 6. 


W= WUWDY...UWS 


fc 1 Me 0 NG 2 alte 3 } 
= ! 5 t U{11D, 
111/)(0 0 o/\2 2 2)’'\3 3 3 


(0.0 0), (22 2), (33 3)} U fataxtax°t+...+ax"|ae 


a (0) 
aa 
aa 


V,UV2U...U V5 
Vv 


se2,}u a &€Z, 


(0) a 


IA 


is a semigroup 5-set subvector space over the semigroup S = {0, 
Dis 


Example 5.20: Let 


V= Vi,UV20UV30U V4U Vs U Vo 
aa 

= {Z) x Zo} U {Z,[x]} Us]a all aeZ, 
aa 
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U {(aaaaaa), (aaa)|ae Z>} 


is a semigroup set 6-vector space over the semigroup S = Z, 
under addition modulo 2. Let 


W = Wi UW2U... U We 
= (Ie foe -tax"|aeZ}U 


ar | 
1 1], af 1<2,| 
1 1 


000 0 0 
I (0) 
000 0 0 
Us4]0 0 0 0 O}, 
000 0 0 
(0) 1 
000 0 0 
U {(aaa) |a € Z} 


is a semigroup 6-set subvector space over S = {1,0} CZ. 


Now we proceed on to define the new type of substructure in 
semigroup n-set vector space. 


DEFINITION 5.11: Let V =V; UV, VU... UV, be a semigroup 
n-set vector space over the semigroup S. Let W = W,; UW; VU 
UW, CV; UV Uv... UV, where W is a n-set vector space 
over the set P then W is a pseudo n-set vector space over the 
subset P CS. 


We illustrate them by some examples. 
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Example 5.21: Let 


Vv 


aie 
| 


0 


o 2 
o 2 
o 2 
VS 
, a. 


V,;UW2U...U V5 


sez} U 


a, 


Ais Aysengy As ELZ5 7 {Ziel} 


as 


U {(aaaaa), (aaa), (aaaa)|a e€ Zp} 


be a semigroup 5-set vector space over the semigroup S = Zo, a 
semigroup under addition modulo 12. Take 


W = W,UW2U W3U WU Ws 


Ke 


oo coc 
ooocolwfFtlhlUmwO 
or oO SO 


oO 


0 


EZ} U {(aaaaa)|ae Zp} 
Cc V,UV2U...UVs; 


0 0 
0 0 


a a) 


0 


i 


[Oe 


6 6 
6 6 


aEeZ 


ees 


12 


+25) U 


Wt ox thax | a 


W is a pseudo 5-set vector subspace of V over the set S = {0, 1, 


6} = Z12. 
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Example 5.22: Let 


V= V,UV2,UV3U V4 
aa 
= en xz'xzof[ sez} 
aa 
aaa 
aaaa FA 
} aa allaeZ;; 
aaaqa 
aaa 


be a semigroup 4-set vector space over the semigroup S = Z’, 
semigroup under addition. 


W = W,UW2UW3U Wg 
= faraxt.. bax’ |ae ZY {aaa laez! wv 


aaa 
2n 2n : - 
neZ ru aaallaeZ 
2n 2n 
aaa 


V,UV2U V3U Va, 


In 


is a pseudo 4-set vector subspace of V over the subset {0, 2, 4, 
3.7CZ . 


Now we proceed on to define the notion of semigroup n-set 
linear algebra over the semigroup. 


DEFINITION 5.12: Let V = V; U ... UV, be a semigroup n-set 
vector space over the semigroup S. If each V; is a semigroup 
under addition, 1 <i <n; then we call V to be the semigroup n 


set linear algebra over the semigroup S. 


We now illustrate this definition by some examples. 
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Example 5.23: Let 


Vi = V,UWV2VU...UVs 


‘ vertu {(aaaa)|ae Z} VU {Z[x]}} U 
a 
a bed 
e f gh 


a b 
de 
g h 


a,b,c,d,e,f,g,h € z| U 


c 
f|| a,b,c, d,e,f,g,hieZ 
i 


be the semigroup 5-set linear algebra over the semigroup Z’. 


Example 5.24: Let 


Ve= Vi,0UV20UV3U V4 
aaa 
aoa aljaeZ,7U {Z, [x]} U {Z x Z, x Z, x Zp} 
aaa 


aaaaa 
¥{ 1<2,| 
aaaaa 


be a semigroup 4-set linear algebra over the semigroup Z). 


Example 5.25: Let 


V = Vi,UV20UV30 V4U Vs 


{Zalx]} U {Za x Z3 x Za} U (i: ‘) 
a a 
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aaaa 
{(aaaaaa)|aeZ;}Us)a aa ajlaeZ, 
aaaa 


be a semigroup 5-set linear algebra over Z3. 
Example 5.26: Let 


Ve= Vi,0UV2,0U V3 U0 V4 
aaa 
= aa a|jaeZ,pU{Z,xZ,xZ, }U {Z[x]} U 


aaa 
aoa a 
a,beZ, 
{( b b ) 


be a semigroup 4-set linear algebra over the semigroup Z7. 


DEFINITION 5.13: Let V = Vi UV. UV3 U... UV, be a 
semigroup n-set linear algebra over the semigroup S. Let W = 
W, UW2 VU... UW, CV, UV2 U... UV, = V be a n-subset of 
V such that W is a semigroup n-set linear algebra over the 
semigroup S, then we call W to be the semigroup n-set linear 
subalgebra of V over S. 


We illustrate this by the following example. 
Example 5.27: Let 
Vi = Vi,UV20UV30U V4U Vs 


{Tg X Ze X Ze} U {Zelx]} U {i a ‘ 
a a a 


ae 


a b 
c dj a,b,c,d,e,feZ,- U 
e f 
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c 
f | |a,b,c,d,e,f,g,h,1 € Z, 


a 
d 
g 1 


s,s oe 


be a semigroup 5-set linear algebra over the semigroup Z¢, Z6 a 
semigroup under addition modulo 6. Take 


W = W,UW2U W3U WAU Ws 
{Ze x Ze x {O}} U {fataxt...+ax"|ae Zu 


aoa 
aoa a 

ae{0,2,44-U sla allaeZoeru 
aaa 

aoa 

aoa a 
aa aljaeZ, 
aoa a 


is a semigroup 5-set linear subalgebra over the semigroup Zo. 


Example 5.28: Let 


Vv 


V,;UW2U...U V6 


2 Ek FP XTV {i ‘i ‘ sez'|u {ZIx}} U 
aaa 


(err aca a Ceca 


a 

aaa 

a b bjla,b,ceZ 
C&S 


be a semigroup 6 set linear algebra over the semigroup Z” under 
addition. 


Take 
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+ + + a aia 
W = {3Z° x 3Z zie {[ 
aaa 


s<2z'| U {a+ ax 


. i aaaqa : 
+...+ax}ae5Z}uU ae3Z°p uU 
aaaqa 
aaa 
aa 
Jscz fe aa allae3Z* 
aa 
a 
= W,U...U We 
Cc Vi,UV2UV30U V4U V5 U Vo 
= Vz. 


W is a semigroup 6-set linear subalgebra of V over the 
semigroup Z. We call W to be a semigroup 6 — set linear 
subalgebra over the semigroup Z’. 


Example 5.29: Let 


V= V,UV,UV3U V4 
{Zg x Zg} U {Ze [x] | Zs [x] contains all polynomials of 
degree less than or equal to 7} U 


as 


be a semigroup 4-set vector space over Zs. This can never be 
made into a semigroup 4-set linear algebra over Zs. 

Thus all semigroup n-set vector spaces are not in general 
semigroup n-set linear algebras. 


aia 


aaa 
anedeZpu } a aljaeZ, 
aaa 


aia 


Now we define yet another new subalgebraic structure of 
semigroup n-set vector spaces and semigroup n-set linear 
algebras. 
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DEFINITION 5.14: Let V= V; v...UV,, be a semigroup n — set 
vector space over the semigroup S. If W =W, UW, Vv... UW, 
CV, U2 VU... UV, = V is a proper subset of V and W is a 
semigroup n-set vector space over a proper subsemigroup P of 
S then we call W to be the subsemigroup n set vector subspace 
of V over the subsemigroup of the semigroup S. 


Suppose Vj; UV) U...UV, is a semigroup n — linear 
algebra over the semigroup S and W = W; U W2 U... U W, be 
a proper subset of V such that Wi CV; and W; is a 
subsemigroup of V; for each i, 1 <i<nandif P CS is a proper 
subsemigroup of the semigroup S and if W is a semigroup n- 
linear algebra over the semigroup P CS then we call W to be 
the subsemigroup n-linear subalgebra of V_ over the 
subsemigroup P of the semigroup S. 


Now we illustrate this situation by a few examples. 
Example 5.30: Let 


Vv 


V,UV2UV3U V4 
£(1000), (0000), (0011), (1100)} U {Z x Zp x Zo} U 
£(111), (001), (000), (11100), (00011), (100), 


;on0001v f° : "<2 


be a semigroup 4 set vector space over the semigroup Z, = 
{0,1}. Clearly V has no subsemigroup 4-set vector space as Z» 
has no proper subsemigroup. 


Example 5.31: Let 


Ve= Vi0UV20U V3 VU V4 


lee 


x Z4 X Za}U {(Za4 [x]} 


nedez,| U {(a, a, a, a) /a © Z4} U {Zy 
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be a semigroup 4-set vector space over the semigroup Z4. Take 


ae (es 


2 4 6 8 
U {ay + agx” + a3x" + agx” + asx” | a1, az, a3, a4, As © Za} 


ae z| U{(0000), (2222)}U {(aaa)| a € Zy} 


is a subsemigroup 4-set vector subspace of V over the 
subsemigroup S = {0, 2} addition modulo 4. 


On similar lines we can define the notion of subsemigroup n set 
linear subalgebra of V as follows. 


DEFINITION 5.15: Let V = V; UV) vu... UV, be a semigroup 
n-set linear algebra over the semigroup S. If W =W, UW? Vv... 
UW, be a proper subset of V and if P is any proper 
subsemigroup of the semigroup S. We call W to be the 
subsemigroup n-set linear subalgebra of V_ over the 
subsemigroup P of the semigroup of S; if W is a semigroup n-set 
linear algebra over P. 


Example 5.32: Let 
V= Vi,UV2U...U V5 
= {Zie x Zi6 X Zi6} U {Zi6[x]; all polynomials of degree 


aaa 
less than or equal to 5} U ae 2 U 
aaa 


aEeZi. 


ooo f& 
oof 
ono 2 & 
oso 2 2 & 


be a semigroup 5-set linear algebra over the semigroup S = Zy¢. 
Take 


W = W,UW2UW3U WY Ws 
= {SxSxS|S= {0,4,8}} U {a+ax tax’ + ax? + ax‘ 4 
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Z aaa 

aélactiu{{ 

aaa 

aoa 
U 

aoa 


is a subsemigroup 4-set linear subalgebra over the 
subsemigroup S = {0, 4, 8, 12} C Zio. 

Not all semigroup n-set linear algebras have subsemigroup 
n-set linear subalgebras. We give classes of semigroup n-set 
vector spaces and semigroup n-set linear algebras which do not 
contain this type of substructures. 


ae 24.6810.) 


a € {0,4,8,12} 


ae my U 


oso 2 2 & 


o7mo Ff & 


a 
a 
0 
0 


ooo 


THEOREM 5.2: Let V=V; UV) U... UV, be a semigroup n-set 
vector space over the semigroup Z, (p a prime) under addition 
modulo p. V does not contain any proper subsemigroup n-set 
semigroup vector subspaces. 


Proof: Given V=V,vU ... UV, is a semigroup n-set vector 
space over the semigroup Z,, p a prime. Clearly Z, has no 
proper subsemigroup. So even if W = W,vU ... UWi c Vi 
UV2U... UV, = V a proper subset of V then also W is not a 
subsemigroup n-set vector subspace of V as Z, has no proper 
subsemigroups under addition modulo p. Hence the claim. 


Thus in view of this theorem we give the following 
interesting definition. 


DEFINITION 5.16: Let V=V; UV2 vu... UV, be a n-set vector 
space over a semigroup S. If S has no proper subsemigroup n- 
set vector subspace then we call V to be a pseudo simple 
semigroup n-set vector space. 


Now we will also prove we have a class of semigroup n-set 
vector spaces which are pseudo simple. 
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THEOREM 5.3: Let V = V; vu... UV, be a semigroup n-set 
linear algebra over the semigroup Z,, p a prime. Then V has no 
proper subsemigroup n-set linear subalgebra. 


Proof: Given V=V, U ... UV, is a semigroup n-set linear 
algebra over the semigroup Z,. Clearly Z, has no proper 
subsemigroup as p is a prime so even if W is a proper subset of 
V with each W; c Va subsemigroup of V; for each i; 1 <i<n 
still V has no proper subsemigroup n-set linear subalgebra as Z, 
has no proper subsemigroups. Thus V has no subsemigroup n- 
set linear subalgebra. 


Hence we can define such V’s described in this theorem as 
pseudo simple semigroup n-set linear algebras. 


THEOREM 5.4: Let V = V; vu... UV, be a semigroup n-set 
vector space over the semigroup S= Z OF Ly, NG composite 
number for appropriate V’s we can have in V subsemigroup n- 
set vector subspaces. 


Proof: When V=V,vU ...UYV, has a proper subset W = W, 
U ... U W, such that for some proper subsemigroups S of Z° or 
Z, (n-composite number) W is a semigroup n-set vector space 
of V over S then W is the subsemigroup n-set vector subspace 
of V. Hence the claim. 

Now we give some examples of them. 

Example 5.33: Let 

V= V,UV2U V3U V4 


{Zio x Zio} U {Zi0 [x]} vy {( iy 
c d 
aaa aaaaa Z 
aaa ° aaaaa Reel 


203 


a,b,c,de 24| U 


be a semigroup 4-set vector space over the semigroup S = Zjpo. 
Take 


W = {(a,a)|a € Zio} U {All polynomials of even degree in 


aa 
x with coefficients from Z)9} U { ae 20} U 
aa 


= W,UW2U W3UW4cV; 
W is a subsemigroup 4 vector subspace over the subsemigroup 
S = {0, 5} c Zio. In fact W is also a subsemigroup 4-set vector 
subspace over the subsemigroup P = {0, 2, 4, 6, 8} C Zio. Thus 
we see W is a subsemigroup 4 set vector subspace over all the 
subsemigroups of Zo. 


Now we proceed on to define yet another type of substructure of 
these semigroup n-set vector spaces and semigroup n-set linear 
algebras. 


DEFINITION 5.17: Let V=V,; UV vu... UV, be a semigroup 
n-set vector space over the semigroup S. If Pj, ..., Py is the 
complete set of subsemigroups of S (n can also be infinite). 
Suppose W = W, UW Vv... UW, CV UV. VU... UV, is a 
proper subset of V and W is a subsemigroup n — set vector 
subspace of V for every subsemigroup P; of S fori = 1, 2, ..., 
then we call W to be the strong subsemigroup n set vector 
subspace of V. 


(All subsemigroup n-set vector subspaces of V need not be a 
strong subsemigroup n-set vector subspaces of V). Similarly if 
V=V, UV.” ... U V, is a semigroup n set linear algebra 
over the semigroup S and if Pj, Po, ... P, is the set of all 
subsemigroups of S and if W=W, UW, VU ... UW, Cc V; 
UV,U ....U V,, is such that W is the subsemigroup n-set linear 
subalgebra of V over every subsemigroup P;, for i = 1, 2, ..., n 
then we call W to be the strong subsemigroup n-set linear 
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subalgebra of V. As in case of semigroup n set vector spaces we 
see in case of semigroup n-set linear algebras all subsemigroup 
n-set linear algebras need not always be strong subsemigroup n- 
set linear subalgebras of V. 

We now illustrate this situation by a simple example. 


Example 5.34: Let 


Vv 


Vi,UV2U ...UVs 


= {Zo x Z6 xX Zo} U {i ‘ 
aia 


polynomials of degree less than or equal to 5 with 


s<2,| U {Ze[x]; all 


. a be 
coefficients from Z>5} U 
def 


sheaste?a| 


aaa 
Usja a aljaeZ, 


aaa 


be a semigroup 5-set linear algebra over the semigroup Z. The 
subsemigroups of Z, are P; = {0, 3} and P. = {0, 2, 4}. 
Take 


W = {(a,a,a)/a EZe} U {( ‘ s< (02. U {All 
aa 


polynomial of the form a + ax + ax” + ax’ + ax*+ax°|a 


aaa 
E Zo}VU ( 
aaa 


= V=V,UV2UV30UW4U Vs 


aaa 
sez} u a a a|jae {0,3} 


aaa 


is a strong subsemigroup 5-set linear subalgebra as W is a 
subsemigroup 5 set linear subalgebra over both the 
subsemigroups P, and P». 
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Now we proceed on to define the notion of group n-set vector 
spaces and group n-set linear algebras. 


DEFINITION 5.18: Let V=V; UV2 vu ... UV, Vis said to be a 
group n-set vector space over the group G where V; are sets 
such that gv; € V;for all vy; © V; and g €G, 1 <i Sn. Here G is 
just an additive abelian group. 

We now illustrate this definition by some examples. 


Example 5.35: Let 


V = V,UV2U V30U V4 


aia 
aia 
aaajfja aaa 


aaa 
jaa ajja aa ajlacZ-, 


+62, U {Z,[x]} U {Z7 x Z7 x Z7 UV 


aaa 
aaaj\a aaa 


V is a group 4-set vector space over the group Z; under addition 
modulo 7. 


Example 5.36: Let 


Vi = ViUV2U V30UV4U V5 


b 
= wrzxnv ene | s}aseae2| 
Cc 
aaaa 
aaa Oaaa 
U aEeZru aEeZ 
(i: a ‘ 0 0aa 
00 0a 


be a group n-set vector space (n = 5) over the group Z under 
addition. 
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Example 5.37: Let 


Vv 


ViUV2U V30 V4 
£(0000), (1100), (0011)} U §(000), (010), (00), (10)} U 


aoa 
{ Jacz,|u {Z> [x]} 
aoa 


be a group n set vector space over the group Z, = {0, l}, a 
group under addition modulo 2. 


Now we proceed on to define the notion of group n-set linear 
algebra over a group and illustrate them by some examples. 


DEFINITION 5.18: Let V=V,; UV. v ... UV, be a group n-set 
vector space over the additive group G. If each V; is an additive 
group then we call V to be a group n-set linear algebra over G 
forl Sin. 

Example 5.38: Let 

V = V,UV2U V30U V4U Vs 


wxexnveene {{% i] 
c d 


(aes 


be a group 5-set linear algebra over the additive group Z. 


anede?| U 


se2z |v (aaaan/ae7 


Example 5.39: Let 


Ve= ViUV2U V3U V4 
= {(000), (111), (100), (001), (010), (110), (011), (101)} 
U {Zo [x]} U {(1111), (0000), (1100), (0011)} 


{03 


neaez,| 
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be a group 4 set linear algebra over the additive group Zp 
modulo 2. 


Example 5.40: Let 
Ve= ViUV2U V3U0 V4 


a b aaaa 
Javedezupu { 
c d aaaa 


Zio[X] U {Zi0 X Zi0 X Zi0 X Zio}5 


+24 U 


V is a group 4 set linear algebra over the group Zio, group under 
addition modulo 10. 


Now we define a few substructures of these two concepts. 


DEFINITION 5.19: Let V=V, VU... UV, be a group n set vector 
space over the group G. If[W=W, UW, Vv ... UW, is a proper 
subset of V and W is a group n set vector space over the group 


G then we call W to be a group n-set vector subspace of V over 
G. 


We illustrate this by some examples. 
Example 5.41: Let 


V= Vi;UV2U V3U V4 


a b 

{Zo x Zo} U { 

c d 

{i aoa ME a ‘| 
U , 

aaaaj\laaa 

all polynomials of degree less than or equal to 4}, V is a group 

4-set vector space over the group Z., group under addition 


modulo 6. Take 
W= WUW2Y WRU Wy 


sheds?,| 


ae 2| U Zo xX] 
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<2] U 


ae | U {all polynomials of the form 


= {(a,a)/aeZohVU {( ] 
aoa 

aaaa 

: aoa ‘ 


2 3 4 
a+ax+ax° +ax t+ax’/ae Ze} 


V,;,UV2U V3U V4 
V, 


in 


W is a group 4-set vector subspace of V over the group Ze. 


a 
sez] U 
a 


{7 x Z} U {Z[x]} U {i 
aa 


Example 5.42: Let 


V= ViUV2U V30UV4U V5 


a b 

| Jamcaez| U 

c d 

a be 

0 e f g BAX 
a,b,c,d,e,f,g,h,i, je Z 

00h i 

000 j 


be a group 5-set vector space over the additive group Z. Take 


W = WUW2Y W3U WU Ws 
= {(a,a)laeZ}uU {atax+...t+ax"|aeZ} 


oes ea Ca 
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ae2Z 


C 
CS Se 3S 
< oof & 
G Co 2&2 o oo 
a o o 2 


ViU 
V. 


2 V30 V4U Vs 


in 


W is clearly a group 5 set vector subspace of V over the group 
G. 


We now prove the following interesting result. 


THEOREM 5.6: Every group n-set linear algebra V= VU... U 
V, over the group G is a group n-set vector space over the 
group G but a group n set vector space over the group G in 
general need not be a group n-set linear algebra over G. 


Proof: Let V = V, UV2 U... U V, be a group n set linear 
algebra over the additive group G. Clearly V is a group n-set 
vector space over the additive group G for every n-group is a n- 
set. 

To prove a group n set vector space V over a group G is not 
in general a group n-set linear algebra over the group G. We 
give a counter example. Consider the group 5 set vector space 


V = V,UV2U V30 V4U Vs 
= {(111), (000), (100), (00), (11), (01), (10)} U 


(eae aps 


a,b,c,deZ, = ou U 


aeZ, ={0,1}> U {Z, [x]} U 


oso 2 2 & 
oso 2 2 & 


{Zo x Zp x Zp x Zp} 
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over the additive group Z. = {0, 1}. Clearly Vi, V2 and V3 are 
not groups under addition so V is not a group 5-set linear 
algebra over the group Z. = {0, 1} under addition modulo 2. 
Hence the claim. 


Now we define group n set linear subalgebra over the group G. 


DEFINITION 5.21: Let V=V,; UV, vu... UV, be the group n- 
set linear algebra over the additive group G, where each V; is a 
group under addition, i = 1, 2, ..., n. Take W=W, UW V ... 
U W,, a subset of V such that W the group n set linear algebra 
over the same group G i.e., each W; CV; is a proper subgroup 
of V; i= 1, 2, ...,n. We callW=W, UW Vv ... UW, to bea 
group n-set linear subalgebra of V over the additive group G. 


Now in case of group n set linear algebra V; we can define the 
notion of pseudo group n-set vector subspaces of V which is 
given below. 


DEFINITION 5.22: Let V=V; UV2 vu ... UV, be a group n set 
linear algebra over the group G. If[W =W, UW? Vv ... UW, be 
a proper n-subset, where at least one of the W;’s is not a 
subgroup of the group V; and if W is a group n-set vector space 
over G then we callW = W, UW2 Vv... UW, to be the pseudo 
group n-set vector subspace of V,;(1 S i Sn). 


Now we illustrate these definitions by the following examples. 
Example 5.43: Let 


V= V,UWV2U V3U V4 


Ges 


ae Z| U {Zio [x]} U {Zi x Zi x Zin} VU 


ay a, a; 
ap Be, Be laeeZg, Tei s9 
a, ag ay 
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be a group 4 set linear algebra over the group Z1, addition 
modulo 12. 
Let 


6 6\/0 0 j 9 5 
W = ; U {(ax° + ax + a, ax’ + ax ta, 
6 6)/\0 0 


a + ax’ + ax? + ax’ | a © Zp} U {(aa 0), (0a a), 
(a0 a)|ae Zp} VU 


a a a\(0 0 0)/0 O 
0 0 Ojja a ajfjO0 0 OflaeZ, 
0 0 0/\0 0 O}\a a 


W,UW2”U W3U Wo 

Cc V,UV2U V3U V4=V. 

Clearly W2, W;3 and W, are not even closed under addition. So 
W is verified easily to be a pseudo group 4 set vector subspace 
of V over Zi). 


We further say all proper subsets of V need to be pseudo group 
4 set vector subspaces of V over the group Z12. For take 


W = eal hae U {3x + 2x’? + 1, 5x? + 1} U {(321) 
1 1)'\5 5 , , 


37 2 
(123)}}U 4] 1 2 0 
5. ah 4 


a WiUW2U W3U Wo 
Cc V,UWV2YU V3U V4. 


Clearly for W, we take 


and 
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1 1 6 6 
6€Z),6 = é Wi. 
1 1 6 6 


Likewise 3x + 2x*+ 1 © W)and7 Zi23 7 (3x + 2x? + 1) = 9x 
+ 2x? +7 € Wo, (3, 2, 1) is in W3 and 5 € Zp, 5(3, 2, 1) = (3, 


10,5) € W3. 
Finally 

BP 32. 

1 2 OjewW, 

Sh 
and 0 € Zp. 

3 7 2 0 0 0 
0.}1 2 O}=/0 0 Ol¢eW, 


5 1 4 00 0 


So W=W,UW2U W3U Wi, Cc V is just a 4-subset of V, but 
is not a pseudo group 4 set vector subspace of V over the group 
Z,2. Thus the 4-subsets of V are not pseudo group 4 set vector 
subspace of V. 


Now we proceed on to define the notion of subgroup n-set linear 
subalgebra of a group n set linear subalgebra of a group n-set 
linear algebra over the group G. 


DEFINITION 5.23: Let V=V; UV, v ... UV, be a group n set 
linear algebra over the group G. Let W = W, vu... UW, be a 
proper subset of G ie. W; <V; and W; is a subgroup of V;,, 1 <i 
<n. Let H be a proper subgroup of G. If W is a group n-set 
linear algebra over the group H, then we call W to be the 
subgroup n-set linear subalgebra of V over the subgroup H of 
the group G. 


Example 5.44: Let 
Ve= Vi:0UV2U V3U V4 


{Zelx]} U {Ze X Ze X Ze} U {( 
c d 


aheae?,| 
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be the group 4-set linear algebra over the group Ze. under 
addition modulo 6. Let 


W = W,UW2U W3U W4, 
= f{atax+ax’+... ax"/ae Zo} U {(a, a, a)/a © Zo} 


oO cn 


be the group 4 set linear subalgebra of V over the group Ze. 


s<(021<2,| 


Example 5.45: Let 


Ve= Vi;UV2U V3U V4 


{ZxZxZ} VU {Z [x]} VU 


aaa 


0 a alaeZru 


0 0a 

a, 0 0 O 

a, a, 0 O : 
a,E€Z; 151510 

a, a, a, O 


be a group 4 set linear algebra over the group G = Z. Take 


W = WiVUW2YU W3U Wo 
{(aaa)|a e€ Z} U {all polynomials of even degree with 


214 


2n 2n 2n 


coefficients from Z} U 0 2n 2njineZ 
0 O 2n 
a 0 0 0 
aa 0 0 
U aEeZ 
aaa OQ 
aaaa 


Cc V,;UV2U V30U V4=V. 


It is easily verified W is a group 4 set linear subalgebra of V 
over the group G = Z. 


Example 5.46: Let 


Vv 


V,UV2U V3U V4 
aia 
{Zi4 x Zi4 x Zi4 x Z14} U {Zi4 [x]} U a alae Lia 


Lf - 


be a group 4 set linear algebra over the group Z\4. Take 


snedez.| 


W= WUW2Y WU Wy 
= {(a,a,a,a)|aUZ 4} U fataxt+... tax" |aeZy4} 


242, 


W is clearly a subgroup 4-set linear subalgebra over the 
subgroup {0,7} C Zy4. 


2 


a 


a jae {0,7} - U {i i 
aoa 


aa 


€ ViUV2U V3U V4= V. 


C 
rae) 
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Example 5.47: Let 


V = Vi0UV2U V3UV4U V5 


-@xrxazxnolt te?) 
aaaa 


saz} U 


a bed 
0 e f g 

a,b,c,d,e,f,g,hi,jeZp U {Z[x]} VU 
elie es a g,h,1, j {Z[x]} 
00 0 j 
a, a, a, 
a, a, a, |ja,eZ; 1<5i<9 


be a group 5-set linear algebra over the additive group Z. Take 
W = WiUW2YU W330 WU WS 


= jor naz xaz xsmnu {( i ‘ 
a 


aaa 


s<27} U 


oo oc 
oo 2 ® 


a 
a 
a 
0 
aaa 
aeZ}Usla a allae2Z 
aaa 


1.UV2U V30 V4U0 Vs 


W is a subgroup 5-set linear subalgebra of V over the subgroup 
2Z CZ. 
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Let us define the n-generating subset of a group n-set vector 
space and group n-set linear algebra over the group G. 


DEFINITION 5.23: Let V=V; UV) vu... UV, be a group n-set 
vector space over the group G. Suppose W = W; UW2 VU... U 
W,, is a proper subset of V and if W is a semigroup n-set vector 
space over some proper subset H of G where H is a semigroup, 
then we call W to be the pseudo semigroup n-set vector 
subspace of V over the semigroup H of G. 


We illustrate it by the following examples. 


Example 5.48: Let 


V ViUV2U V3UV4U V5 


aaa 
{ZxZxZ}U {Z[x]} Us] a a allaeZeu 


aaa 
a b 
c d 

0 


a 
a 


a,b,c,de z U 


a, €Z;1<1<10 


a, Ag Ag Aj 


be a group 5-set vector space over the additive group Z. 


W= WiUW2Y W3U WU WS 
Bi. tat SB 
= {2x0 xZ}u{Z [x}p}usla a allaeZ*>u 
a aA 
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: a, a; 0 f . 
aeZ eu 0 a, €Z°31<1<10 


Cc VUV2U V3UV4U Vs 
= V 


is a pseudo semigroup 5-set vector subspace of V over the 
semigroup Z” of Z. 


Example 5.49: Let 


V= Vi,UV2U V3U V4 
aaa 
aaaa 
= aa ajlae2Z> u { JJecze] 
aaaa 
aaa 
aa 
{ZxZxZx3Z}u sla allae5Z 
aa 


be a group n-set vector space over the group Z. Take 


W = W,UW2U W3U Wg 


aaa 
aaaa 
= aa allae2Z* ¥{( Jeez" 
aaaa 
aaa 
aoa 
{2x ZxZx3Z}U4)a al /ae5Z* 
aoa 


IA 


Vi,UV2U V3U V4 
Vv 
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is easily verified to be a pseudo semigroup n-set vector 
subspace over the semigroup Zc Z. 


Now we proceed to define n-generating set and n-basis. 


DEFINITION 5.24: Let V=V; UV, v ... UV, be a group n-set 
vector space over the group G. If we have a n-set X = X; UX) 
Ui. UX, CV, UW U... UV, = V such that each X; 
generates V; over the group G, fori = 1, 2, ..., n, then we call X 
to be the n-set generator of V. If the cardinality of each X; is 
finite we say V is generated finitely and the n-dimension of V is 
(\X7|, |X2|, ..., |Xnl). If even one of the X; of X happens to have 
infinite cardinality then we say n-dimension of V is infinite. We 
call the n-generating n-subset of V to be the n-basis of V over 
the group G. 


We illustrate this by the following examples. 


Example 5.50: Let V=V; UV2 U V3 U V4 be a group 4-set 
vector space over the group Z, = {0,1} where V, = {(1100), 
(0011), (1111), (0000), (111), (101), (000)}, V2 = {Z> [x] / 
every polynomial is of degree less than or equal to 2}, 


and 


Take 


X = {(1111), (1100), (0011), (111), (101)} U {1, x, x? 1 +x, 
+x? , x+x?,, 14+x+x7} U 


(colo oft ole aio o} 
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1 O)f1 1\)/0 1)\f1 I)fl1 i 
> 3 & J 2 U 
1 1)\0 Iy\1 Il O71 1 
1111 
1111 
XU XU X3U X4 
Cc V,;UV2U V3U V4. 


X n-generates V (n=4). Further V is finitely 4-generated and the 
number of 4-generators is given by (5,7,15,1). 


We give yet another example. 
Example 5.51: Let 


V = ViUV2U V30UV4U V5 


a 
s<7} 
a 


x2) vzpIV (aa ae2u 
a 


U {(a, a, a, a, a), (a, a, a, a, a, a,a)|ae Z} 


be the group 5 set vector space over the group Z under addition. 
Now if we consider the 5-generating subset of V as X = X, 
UX,U KX3UX4yU Xs CV, UV2U V3U V4 U Vs where X,, 
X, are infinite sets which alone can generate V, and V2 
respectively, but X; = {(111)}, 


si) 


and Xs = {(11111), (1111111)}. Thus the 5-dimension of V is 
infinite given by (0,00, 1, 1, 2). 

Now we find the n-basis and n-dimension of group n-set 
linear algebras over the group. We just define the n-basis in case 
of group n-set linear algebras. 
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DEFINITION 5.25: Let V=V; UV, v ... UV, be a group n-set 
linear algebra over the additive group G. Let X =X; UX? v ... 
UX, CV; UV VU ... UV, = V be the n-generator of V. If each 
X; generates V; as a group linear algebra over the group G then 
we call X to be the n-generating set of V; i = 1, 2, ..., n. Here 
each V; is a group under addition; I <i <n. If each X; of X is 
finite then we say V is n-finitely generated by X over G. If even 
one of the X;’s is infinite we say V is infinitely generated over G. 


The n-cardinality of X is called as the n-dimension of V and X 
is called as the n-set basis of V over the group G. 


Now we illustrate this situation by some examples. 


Example 5.52: Let 


V V,UV2U V3U V4 


z aa 
Pali 
polynomials of degree less than or equal to 10} U 
a be 
{ d ) 
be a group 4-set linear algebra over the group G = Zj, group 
under addition modulo 12. Take 


82g) {Zio x Z12} U {Zio [x]; all 


shedeeza| 


X = X,UX,UXU Xy 
1 1 2 10 
= {c i} WW {5 8), (0) 1} Ot, xy Xam, KF 
10 0)(0 1 0\(0 0 1)(0 0 0\(0 0 0 
{¢ 0 ae 0 ate 0 a 1 at 0 i 
Cc V,UV2U V3U V4. 


X, 4-generates V over Z;7. Now the 4-dimension of V is (1, 2, 
11, 5). Thus X is a 4-basis of V and V is 4-finite dimensional. 
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Example 5.53: Let 


V = V,UV2U V30 V4U V5 
{Z x Z x Z} U {Z[x]; all polynomials of degree less 


than or equal to 4} U {i ‘ <7} U 
aoa 


a b 
0 dija,b,c,deZ+uU 


0 
a 
a 
0c 
a 


sr oO 
a) 
oooc;so 

© 

a 

N 


be a group 5-set linear algebra over the additive group Z. Take 


X = (00,10) 00D} L Has? ex're ff i} 


ee Se ee RD a SD A 
Le > ee) 


= X,U XU K3U X4U Xs, 


clearly X 5-generates V as a group 5-set linear algebra over the 
group Z. Now the 5-cardinality of V as a group 5-linear algebra 
over Z is finite and is given by (3, 5, 1, 4, 1). 

It is important at this juncture to mention the essential fact 
that even if V = V; U... U Vy is a group n-linear algebra over 
the additive group G as well as if the same V is treated as a 
group n-vector space over the same group G, the dimension is 
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distinctly different. One cannot say because V is the same the n- 
dimension is also the same over the group G. In view of this we 


give some concrete examples. 


Example 5.54: Let 


V= V,UV2U V3UV4U Vs 
= {ZxZx Z} VU {Z[x] | all polynomials of degree less 


a b 
than or equal to 7} U { 
ec d 


a,a)lae Zhu 


oa oo 


o> oma) 


a,b,c,de , U {(a, a, a, 


a,b,c,d,e Z 


be a group 5-set linear algebra over the group Z. Now take a 5- 
subset of V to be 


> a 


( 


a oe 


Win 


V. 


0 


ooclmUcCmlmUCUCOUCUCOCD 


0 
0 
0 
0 
1 


0 


X,UX2U X3U Xy4U X5 
£(100), (010), (001)} U {1, x, x2, ...,x7}U 


Vi:0UV2U V3UV4U V5 


oo co Oo 


} U {(ILID} U 


i ) 


Clearly X 5-generates V over Z and is a 5-basis of V. The 5- 
dimension of V over Z is {(3, 8, 4, 1, 4)}. 


Now we can think of V as a group 5-set vector space over the 
group Z. Take Y= = Y; UY, U Y3U Y4 U Ys = {infinite 
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generating subset of V, alone can generate the group vector 
space (as Vj is just a set) over Z} U {only an infinite subset can 
generate V>} U {only an infinite subset can generate V3, as a 
group vector space over Z} U {(11111)} U {only an infinite 
subset can generate V; as a group vector space over the group G 
= Z}. Thus Y is an infinite 5-subset of V which 5-generates V 
as a group 5-set vector space over the group Z. So the 5- 
dimension of V is (00,0,00, 1, 00). 

Thus we see from this example when we use the group n-set 
vector space over an additive group it can be infinite 
dimensional but at the same time if V is realized as a group n- 
set linear algebra it can be finite dimensional. 


We provide yet another example 


Example 5.55: Let 
V= V,UV2U V3U V4 
{Z x Zp x Zo} U {Zp [x] all polynomials of degree less 


a b 
than or equal to 4} U { 
exid 


aaaa 
( ae z| 

aaaa 
be a group 4-vector space over the group Z, = {0,1}. V is also 
group liner algebra over the group Z2 = {0,1}. 


Now the 4-basis of V as a group 4-set vector space is given 
by the 4-set 


a,b,c,de 2| U 


xX = X,U XU X3U X4 
= {(100), (001), (010), (110), (011), (101), 1D} U 
x 


x, X, xX, X, I+x, 1+x’, xt’, It+x, l+x*, x x’, x" 
x7+x3) x?+x4 xttx3, 1+xtx? l+xtx}, l+xtx*, 1 x’ x}, 
1+x? xt l+x7+x*, x+x3+x4 Xtx7+x}) xtx? x4, 
xtx3+x4, 1+x+x7+x?, 1+x+x7+x*, L+xtx3+x4, 
1+x?+x3+x4) xtx3t+x4t+x?, lt¢xt+x?+ x34 xu 
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1 0)/0 1\/0 0\/0 O\/1 0 

Io oo oblt able a}(t o} 

1 1\)/0 1) (0 O)/f1 0)/0 1 

i Ate alate ale a | 

1 1)/(1 1)/0 1)/f1 O)/f1 1 

OHCs ofl att a} fe 

fh kok 

(tS) 

Cc V,yUV2U V3U V4 
isa eee of V and the 4-dimension of V is given by {7, 31, 


15, 1)}. Now consider V as a group 4-set linear algebra over the 
group Z, = {0,1}. Take 


X = X;U XU X3U Xy 
= {(100), (001), (010)} U {1, x, x’, x°,x*} U 


Lo OK ae et 


now X is a 4-basis and 4-generates V as a group 4-set linear 
algebra over the group Z, = {0,1}. The four dimension of V is 
given by {(3, 5, 4, 1)}. Thus we see when some additional 
structure is imposed the n-cardinality reduces drastically. 


Now having defined the notion of n-generating set of group n- 
vector spaces and group n-linear algebra, we now proceed on to 
define the notion of n-group transformation. 


DEFINITION 5.26: Let V = V; UV, U... UV, and W = W, 
UW, U ... UW, be two group n set vector space and group m- 
set vector space over the same group G; m > n. Let T: V >W 
be an map from V into W defined by T; : V; > W; (i 4j) (i = 1, 
2, ..., n) is a group set linear map where T=T, UT) VU... UT), 
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(Now when m>n we say we can have several ways of defining 
T’s). We call T=T; UT, VU ... UT, as the quasi group n-linear 
map of V into W over G or quasi n-linear transformation. 


We first illustrate this by an example. 


Example 5.56: Let V=V, U V2U V3 U V4 be a group 4-vector 
space over Z7 = {0,1} where 


V= V,UV2U V3U V4 


= {Zy x Zy xX Zo} U {i i 
c d 

aaa a 
aaa a 


degree < 4}. 


a,b,c,de 2| U 


s<2,| U{Z,[x] all polynomials of 


W = WUW2YU W3U WU Ws 


b 
= | a neaez,| U {Zn x Zy x Ly X Zy} U 
Cc 
| aa ; a "| 
5 U 
aaa aa 


{; ‘ aéZ, - UV {Z,[x] all polynomials of 
aoa 


aaa 
aaa 


a 
a 
a 
a 


so 2: 2 ®& 


degree less than or equal to 8} 
be a group 5 set vector space over the group Z, = {0,1}. Let T= 
T=T,UTU T3U Ty.V5W, such that 
T, : Vi > W> defined by 


TiQy,2=(&,y,z,xt+ytz); 
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Ty: V2 > W, defined by 


iol 
we 
UIE NS 
» 2 
»o 2 
»o 2 
» 2 
> ane 
lI 
o fs 2 & 
so fs 2 ® 


and T,: V4 W; 
Ti (a)=aifa € Zs, Tae) =x" 1 <n <4 


i.e., p (x) =x’ +x + 1 then Ty (p(x)) = x* + x’ + 1. It is easily 
verified T=T, UT, U T3 U Ty is a quasi group n-linear map of 
V into W. We can have several T’s for some group n-linear map 
S=8,;US)U 83;U Sy; V > W which can be defined by 


S$,:V; 3 W; 
So: Vo > W, 
S83; : V3 > W2 
Sa: V4 W;3 


such that S is a quasi group n-linear map. So we have several 
such quasi group n-linear maps. 


Next we define the notion of pseudo quasi group n linear 
transformations. 


DEFINITION 5.27: Let V= VU... UV, and W = W, vu... UW 
(n>m) be group n set vector space and group m set vector space 
over the same group G. 

An-map T=T, vv... UT, from V into W defined by T;, : V; 
— W; where at least more than one V; will be mapped onto the 
same W,(I Si Snand I sj <m). If each T; is a group set linear 
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transformation then we call T to be a pseudo quasi n-set linear 
transformation of V into W. 


We give an example. 
Example 5.57: Let 


V= ViUV2U V30U V4U V5 


a b 
@xzxae {Ff 


aaa 
aaaj)la aa ; 
} aeéZ}+VU {Z[x] all polynomials 
aaa 
aaa 


a,b,c,de U 


aaa 
of degree less than or equal to 4} VU 


0 0 
0 0 
a,b,c, d,e,f,g,h,i,jeZ 
fF 0 g J 
j 


is a group 5-set vector space over the group Z. Take 


W,UW2U W3U We 
{Z[x] all polynomials of degree less than or equal to 2} 


aa 
aa 

Ja alaeZer VU aEZ 
aa 


WwW 


2 


aaa 


C 
2 
2 
2 
2 


aaaajlaa 

a bed 

Oe f g oF 
U ~ {{a,b,c,d,e,f,g,h,i, je Z 

00h i 

00 0 j 
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be a group 4-set vector space over Z. 
Define T=T,; UT, UT3U... UTs from V to W by 


T, : Vi > W, defined by 
Ti (a, b, c)=ax’+bxte 


T, : V2 > W; defined by 
(: |) F ‘) 
To = 
c d aa 


T3 : V3 > W>2 defined by 


4 
Ww 
) a. 
Yo oh 
o 2 
o 2 
» 2 
Ne 
Sy 
lI 
iS 
o 2 2 
o 2 


al 

ies) 
oso 2 2 ®& 
oso 2 2 & 


Ta: Va W, 
Ty (Cc) 
Ta (x) = 
T4 (x’) = 
Ty (x°) = 
T4 (Xa) = 


x KX KK O 
nN 


nN 


and 
Ts : Vs > Wa defined by 


ce a oF & 
> Oo a 8 
mm Oo O 
ou oO Oo Oo 
oo oO 
oo°0o ot 
oT hoa 


m. 


L.€.; 
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Ts 


NH ON A 
-—- HA oO © 
wre oO oO 
noo © 
oo coc Ff 
oOo ON 
or rF Cw 
nA wn oO 


Now T=T, UT, UT3 UT4U T5: V=V; UV2U V3 U 
V,U V5 > WU W2U +~W3 U Wy is a pseudo quasi 5-set linear 
transformation V into W. 

It is important to mention here that the study of what is the 
structure of Hi (V, W) where H?%, (V, W) denotes the collection 
of all quasi group n-set linear transformations of V into W, is an 
interesting and innovative problem. Likewise the study of the 
algebraic structure of Hom?'(V, W) where Hom?! (V, W) is 
the set of all pseudo quasi group n-set linear transformations of 
V into W is left as an exercise for the readers. 


Now we proceed onto discuss about the n-projection. 


DEFINITION 5.28: Let V=V; UV. VU... UV, be a (mj, ..., My) 
dimensional group n-set vector space over the group G; each m; 
is finite 1 <i Sn. Suppose W= W, UW, VU... UW, bea (t),..., 
t,) dimensional group n-set vector subspace of V over the group 
G; t;< mij, 1 Sisn. 

Let T=T, UT, Vv... UT, > V into W be such that T, : V; 
— W; is a projection of V; into W; ; 1 <i <n. Then T = T; UT) 
U... UT, is defined as the group n set projection of the group n 
set vector space V into the group n-set vector subspace W of V. 


We now illustrate this by simple examples. 


Example 5.58:Let 
Ve= Vi,UV2U V3U V4 


ey 


degree less than or equal to 5} U {Z x Zx Z x Z} U 


a,b,c,de | U {Z[x] all polynomials of 
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a,b,c,d,e,f,g,heZ 


ga og a & 
sr hae 


be the group 4 set vector space over the group G. 
Let 
W = W,UW2U W3U Wy 


2 aoa 
aoa 
less than or equal to 3} U {Z x Z x Z x {0} x {0}} 
a 


<2} U {Z [x] all polynomials of degree 


2 2 © 
2s 2 2 w 
pov) 

a 
N 


be a proper group 4 set vector subspace of V over G. Define P = 
P, UP) U P3 U Py from V into W by P;: Vi > Wi; i= 1, 2, 3, 4 
by 
P; : Vi; > W, is such that 
(: }) ; ‘| 
P, = ‘ 
c d aa 

P,: V2 > W2 is defined by 

P) (a) a, for alla € Z. 
P, (x) = x 
P, (x’) =) x 
P, (x°) Si 52 
P, (x*) = 0 
P> (x°) = 0. 


P;: V3 — Ws; is such that by 
P3 ((x, y, Z, W, t)) = (x, y, Z, 0, 0) 
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and P, : V4 > W, is given by 


a 
a 
a 


Ss hao 


| 
» 2 2 ® 


g a 


It is easily verified P = P; UP, U P3 U Py is a group 4 set 
projection of the group 4 set vector space V = V,; UV2U V3U 


V4 into the group 4-set vector subspace W = W; U W2U W3U 
Wa of V. 


PoP = P,oP;UP,0P2U P30 P3U Py 0 Ps is given by 


a b ; 
PoP = P,oP, d U Py 0 Py ((a + a,x +aox°+ a3x°4 
Cc 


ayx‘+asx°)) U P30 P3 (x, y, Z, @, t)) U Py o Py 


b 
d 
f 
h 


= Pp, 


7——. 02 «ODD 


aa 3 5 
U P» ((a + aX +aox°+ a3x°)) U P3 ((x 
aa 


yz00)) UP, 


oso 2 2 & 
oso 2 2 & 


aoa ‘ . 
(aot ayX +ayx“+ a3x°) + (xy z00)U 
aoa 


oso 2 2 2& 
oso 2 2 & 
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i.e.; the group 4-set projection of the group 4 set vector space is 
an idempotent 4-map. 


It is left as an exercise for the reader to prove that the n- 
projection of a group n-set linear transformation from V = V, 
U...U V, into its n-subspace is an idempotent n-map. 

We illustrate this situation by another example. 


Example 5.59: Let 


V Vi,UV2U V3U0 V4U Vs 


= ied 


degree less than or equal to 5} U { Z3 x Z3 x Z3 x Z3 x 
{ bcd ‘| 
Z3} U ao 
f g hi j 


a,b,c,d,e,f,g,h € Z, 


sredeZs} U {Zs [x] all polynomials of 


a,b,c,d,e,f,g,h,i, je 2| U 


goa 2 
sr hae 


be a group 5-set vector space over the group Z3. Take a proper 5 
subset W of V Le., 


W = Wi 0UW2U W3U WAU Ws 
aa 
= { <2, U {all polynomials of even degree 
aa 
only from V>} Uf{(a, a, a, a, a)/a e€ Z3} U 
aa 
aaa aa 
{ Jeez} U aeZ, 
aaaaqa aa 
aa 
(on ViUV2U V30U V4U V5 = V. 
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Define a group 5 set linear transformation P: V > V by P = P, 
UP.U P3 UP4U P5:Vp;@UV2U V3U V4 V5 9 Vi U Vo 
U V3U V4U Vs by 


a b aa 
P, = = 
(? 3) : ‘) 
where P, : V; > V, 
P, : V2 > V> given by 
P» ((ay + a1X 4 ayx?+ agx°+ aux"4 asx) =a, + ax’ 4 aux’: 
P; : V3 > V3 defined by 


P3 ((x, y, Z, O, t)) = (x, X, X, X, X)5 
P4: V4 — V4 defined by 


a bcde aaaaa 
P4 . |r 
f g hi j aaaaa 


and P; : Vs -> Vs 


Ps 


vw Oo Oo 
> hae 
I 
o» 2 © @ 
o 2 2 @ 


We see P = P; UP, U P3 U Py U Ps can be treated as a 5- 
projection map of V=V, UV) U V3U V4 U Ys into its group 
5 set vector subspace W = W, U W2U W3U W4U Ws. 

It is easily further verified that P o P = P; 0 P} UP, o P» 
U P30 P3U Pyo Py U P50 P5= Py UP2U... U Ps. 


Now we can have for any group n-set linear algebra a new 
substructure a pseudo group semigroup n-set linear subalgebra. 


DEFINITION 5.29: Let V=V; UV, vu ... UV, be a group n-set 
linear algebra over the group G. LetW =W, UW, Vv... UW, 
be a proper n-subset of V=V; UV Uv... UV, ; each W; CV; 
W; is an additive subsemigroup of the additive group V;; i = 1, 
2, .., n. If we have a proper subset H of G where H is a 
semigroup under the operations of Gand W =W, UW2 Vv... U 
W,, is a semigroup n set linear algebra over the semigroup H, 
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then we callW = W, UW, VU... UW, to be the pseudo group 
semigroup n-set linear subalgebra of V over the subsemigroup 
HofG. 

We illustrate this situation by the following examples. 


Example 5.60: Let 


V= V,UV2U V3U V4 
{Z x Z x Z} U {Z[x] all polynomials of degree less than 


a b 
or equal to five} U { 
ed 


a,b,c,de€ | U 


be a group 4-set linear algebra over the additive group Z. Let 


W = W,UW2U W3U We 
= {(Z'x Z x Z)} U {Z [x], all polynomials of degree 


b 
less than or equal to five} U {: i a,b,c,de 2 U 
Cc 


aaaaa 

{ Jeez | 
aaaaa 

S ViUV2U V3U V4 

= V. 


It is easily verified that W is a pseudo group semigroup 4 set 
linear subalgebra of V. 


Example 5.61: Let 
V = ViUV2U V30UV4U V5 
= {ZxZxZxZx Z} vu {Q[x] all polynomials of degree 
less than or equal to 5}U 


235 


a bd 
c f g }jla,b,c,d,e,f,g,h,i,jeQr U 
hi j 
aaaaa 
0 aaaa aaaaa 
00 aa ajlacQ-us|b b b b biia,b,ceQ>. 
00 0aa Ce > ¢ -¢ 
000 0a 


V is a group 5-set linear algebra over the additive group Z. Take 


W = WiVUW2YU W3U WU WS 
= (3Z° x 3Z° x 3Z° x 3Z° x 3Z} U {2Z'[x] | all 
polynomials of degree less than or equal to 5 with 
coefficients for 2Z°} U 


a bd 

c f g|la,b,c,d,e,f,g,h,i,je5Z> -U 
hi j 

aaaaa 

0 aaaa 

00 aa allae7Z pu 

00 0aea 

000 0a 


2 
2 
2 
2 
2 


aaaa alae3Z 


aaaaa 


Cc V,UV2U..U Vs. 


It is easily verified that W is a pseudo group semigroup 5 set 
linear subalgebra of V over the semigroup Z”. 
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Chapter Six 


SET FUZZY LINEAR BIALGEBRA AND ITS 
GENERALIZATION 


In this chapter we define the notion of set fuzzy linear bialgebra 
and its generalized structure namely fuzzy linear n-algebra. 


DEFINITION 6.1: Let V = V; U V2 be a set vector bispace over 
the set S. We say the set vector bispace V = V; U V> with the 
bimap 4 = 4, U 1 is a fuzzy set bivector space or set fuzzy 
bivector space if 7 = ny Um: V =V; U V2 > [0, 1] and 
7 (ria; Ur2az) = (1 YU I) (ria) Ur2a2) = mM (ray) UY Np (1242) 
= 1)(a)) U n2(az) for all a; € Vi; i = 1, 2 andr ES. We call V, 
=Vn=(V, VU Va) pict, or nV = (nN; U ny) (VV; U V2), to be the 


fuzzy set bivector space over the set S. 
We illustrate this by the following simple examples. 


Example 6.1: Let V = V, U V2 where V; = {(400 1), 6 2 2 1) 
(1551),(789 2), (1111), (7272), (105 3)} U {1 1 2), 2 
3 4), (5 6 7), (2 3 1), (4 -1 2), (0 1 7), (0 8 0)} be the biset 
which is a set vector bispace over the set S = {0, 1}. Define a 
map yn =(m1 U M2): V= Vi V V2 > [0, 1] by ni: Vi > [0, 1] for 
i= 1, 2 defined by 
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X+y+Z+w 


X, y, Z, W = 0,1 

11, y, Z, W) 100 [0, 1] 
X+y+z 

12 (x, y, Z, w) = ae ee € [0, 1] 

Vi = (V,VV,) is a fuzzy set vector bispace. 


mVUN2 


Example 6.2: Let V = (3Z" U 2Z’"), Z™ the set of positive 
integers. Take S = Z’, V is a set vector bispace over S. Define n 
=n: U2: Vi VU V2 —> [0, 1] by; for every vie Vi, 


Li x: 
ni(vi) = se 1, 2. 
Mi 


Clearly 7V or VU, = (Vv, UV,) ike is a set fuzzy vector 


un 
bispace or fuzzy vector bispace or fuzzy set vector bispace. 


Example 6.3: Let Vi= {(aij) | aij € Vig l< i, j < 7} U {(aij) | aij 
€ 2Z',1<i,j<5}=V, U V2 bea biset. V = V; U V> is a set 
vector bispace over the set S = Z”. 

Define n = 1 U2: Vi VU V2 > [0, 1] by 


1|A,| 
Ay = aij = ! 
m1 (Ai = (aij) ) 831A, | 
where A; € V, and |A,| denotes the determinant value of A. 
1A, | 
Ay = aij = 2 
N2 (Ai = (ai) ) TIA, | 


where A, € V> and if |A| = 0, 1 <i <2 then nj (Aj) = 0. V, = 
(V, U V2) re is a fuzzy set vector bispace. 


One of the main advantages of using the concept of set vector 
bispaces and fuzzy set vector bispaces is that we can at liberty 
include any element in V, or V> provided sx € V, or V>. This 
cannot in general be done when we use usual vector bispaces. 
Another advantage of this system is that we can work with the 
minimum number of elements i.e., we can just delete any 
element in V; or V2 (V = V; U V3); if it is not going to be useful 
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for us. So we can as per our need increase or decrease the 
number of elements in the set bivector spaces. This is one of the 
chief advantages, when the use of elements mean economy and 
time. 

We give yet another example. 


Example 6.4: Let V = V; U V2 where V; = {p(x) € Z'[x], all 
polynomials in x with coefficients from Z™} and V, = {Z* x 3Z* 
x 5Z° x 7Z"}; V is a set vector bispace over the set Z’. Define n 
=71 UM from V = V; U V> to [0, 1] by 

1 


ni(p(x)) = 4 deg p(x) 
1 if deg(p(x)) =0 


where n; : Vi — [0, 1] and n2 : V2 > [0, 1] defined by 
1 


No (x, Y, Z, W) = —————_-. 
xX +y+zZ+w 


Clearly V, = (Vi U V2) is a set fuzzy vector bispace. 
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Now we proceed of to define notion of set fuzzy linear 
bialgebra. 


DEFINITION 6.2: 4 set fuzzy linear bialgebra (V, n) = (V; UV2, 
m1 U m2) or (NU 2) (VV; UY V2) is an ordinary set linear 
bialgebra. V with a bimap n = n; U2: Vi VV2 > [0, 1] such 
that ni(a1 + b)) = min (71(a)), 11 (b))); 12(az chi b) = min 
(172(a2), 92(b2)) and ni(r) a1) U 42(r2. az) 2 9)(aj) U N2(az) for aj, 
b; E V; and a2, b> i Vo. 

Since we know in the set vector bispace V = V; U Vz we 
merely take V to be a biset, but in case of the set linear 
bialgebra V =V; U V2 we assume V is closed with respect to 
some operation usually denoted by ‘+’; so the additional 
condition 7; (a;+b,) = {min (7; (ai), 41(b)} and nz (az + b2) = 
min §{(2(a2), 42(b2)} is essential for every a; b; € V;, i = 1,2. 


We denote this by some examples. 
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Example 6.5: Let V = V, U V2 where V; = Z" x Z’ x Z' and 


alan 


V is clearly a set linear bialgebra over the set S = Z*. Define n : 
V —> [0, 1] where n=) U2: Vi U V2 > [0, 1] with n : Vi @ 
[0, 1] and 72: V2 > [0, 1] as 


wreder'} 


Nh ((x, y, Z)) ae eae 
X+Y+Z 
and 
a wale if ad be 
N2 d = , 5(ad—bc) ; 
0 if ad be 


Clearly V, =(Vi U V2) me is a fuzzy set linear bialgebra. 


Example 6.6: Let V = V, U V2 where 


Rue oe ee 
‘lle £ gh 


a, b,c, d,e, f, ener) 


and 


a, b,c,d,ee2Z* 


x 
ll 
onaon#ce 


be a set linear bialgebra over Z’. Define n = 11U No: V= Vi U 
V2 — [0, 1] by 
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a bed 7 1 
hle f 6h) @aebseed Gefeerh) 


as botha+b+c+d#0ande+f+g+h#0 which is true. 


Clearly V, = (Vi U V2) ni un2 IS a Set fuzzy linear bialgebra. 


Example 6.7: Let V = Vi U V> where Vi = Zyo0[X] and V> = Z0 
x Zio X Zio X Zio. V = Vi U V2 Is a Set linear bialgebra. Define n 
=H U2: V= Vi V2 (0, 1] by 


1 
ni(p(x)) = 5 deg p(x) 
lif p(x) is constant or 0 
and 
1 
y2(a, b, c, d)= 5 at+b+c4d 
1 otherwise 


if a+b+c+d = (mod10) 


Vn is a set fuzzy linear bialgebra. 
Now we proceed onto define the notion of fuzzy set vector 
subspace and fuzzy set linear subalgebra. 


DEFINITION 6.3: Let V = V; U V2 be a set vector bispace over 
the set S. Let W = W, UW, CV, U V> be the set vector 
bisubspace of V defined over S. If 7 =n, Un: W=W, UW; 
> [0, 1] then W, = (W, VU W)) is called the fuzzy set 


vector bisubspace of V. 


mVUN2 
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We illustrate this by the following example. 


Example 6.8: Let V = {11 1 1), (01 1), 0 1), (0 1 0), C1 1 0), 
(0 0 0)} U {Z,[x]} = V; U V2 be a set vector bispace over Z. = 
{0, 1}. Define n =1U No: V=ViV V2 > [0, 1] by ni: Vi 
[0, 1] and n2: V2 > [0, 1] 


qr Dy = Al) OT: Se 20 
m(QO11) = 0 m1, (010) = O 
m(110) = 0 (000) = 0 
and 
1 
n2[p(x)] = 4 degp(x) 


0 if p(x) is constant or 0 


Take W = W,U W2= {(1 1 1), (00 0)} U {All polynomials of 
degree less than or equal to 4}. 

Now n = 11 U 12: W > [0, 1] is well defined and Wy = 
(W, VU Wo) is a fuzzy set vector bisubspace of V = V; UV>. 


mVUN2 


Example 6.9: Let 


V ViUV> 


b 
{Zi5 x Zi5 x Z5} U {( 
c d 


be a set vector bispace over Z;;. Define n = nivn2: V = Vi U 
V2 — [0, 1] by 


a,b.c,de Z| 


0 ifa+b+c=15 or O(mod 15) 
n1(a bc) = 1 
a+b+c 


ifa+b+c#0 
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¢ 0 ifa+b+c+d=0(mod 15) 
a 
(C3) 


¢b)|) \s a haebekeee wormads) 
a+b+c+d 


Now V,=(Vi U V2),,cn, 18 a fuzzy set vector space. Take W = 
W,U W2 CV; U V2 where 


W,= {0} xZisxZiscVvy 


mle) 


Wy = (WiUW2)n,un, is a fuzzy set vector subspace of V. 


and 


a,b,c,de Z| 


0 if 0+a+b=0(mod 15) 
ED) : if 0+a +b # O(mod15) 
O+a+b 
i 0 ifa+b+0+d=0(mod 15) 
a 
(3) ee 
——— +b+0+d#0(mod15 
re a+b+04+d mn moe) 


Wy = (WiUW2)n un, iS a fuzzy set vector subspace of V. 


Example 6.10: Let V = V; U V2 where 


(a) 


V2 = {Q’x Q’x Z*x Z*}. 


nnederer'| 


and 


V =V, U V2 is a set vector bispace over the set S = Z”’ 
Define n = 1 UN2: Vi VU V2 = V > [0, 1] by 
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ab _c)) | 1 
mM def at+bt+ct+dt+et+f 


a if a+b+c+d21 and an integer 
M2 (abcd)=4a+b+ct+d 
0 if a+b+c+d<1 ora properrational 


of the form p/q, q #0. Vy =(Vi U V2) yon, 
bispace. Take W = W,UW2C VU V2= V where 


aaa 
wi 1<7| 
aaa 


W2=5Z' x 3Z) x 22° x TZ Vo. 


is a fuzzy set vector 


and 


Clearly W, = (W, U W2) 
of V. 


nun, 18 a fuzzy set vector bisubspace 


Now we proceed onto define the notion of fuzzy set bilinear 
algebra. 


Example 6.11: Let V =V,U V>2 where 


Vi= aeZ 


so 2 fS ff & 
so 2 fS 2 & 


and 

V2 = {Z’[x]| all polynomials in the variable x with coefficients 
from Ane V =V,U V?2 is a set linear bialgebra over Z’. Define 
Nn=mVUM: Vi V2—> (0, 1] by 
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1 
nN = — and m2 (p(x)) = 
8a 


deg p(x) 


so 92 fS 2 & 
so 92 fS ff & 


Clearly Vy = (Vi UV V2) pun 
Take W = W,U W2C V;U V2= V where 


is a fuzzy set linear bialgebra. 


W,=|3a 3a/cV, 


and 
W>. = {All polynomial in the variable x of even degree} C V2; 


Wy = (Wi U W2)n un, is a fuzzy set linear subbialgebra of V. 


Example 6.12: Let V = V; U V2 where 
Vi ={Zi2 x Zi. X Zy2 x Zin} 
and 


a be 
Vo2= /d e fila,b,c,de,f,ie Z,, 
g ba 


We see V is a set linear subbialgebra of V over Z12. Take 


W=W,U W2= 


a be 
{Z12x{0}xZi. x{O}} U 5/0 e f]| a,b,c, d,e,f,ieZ,, 
0 0 


i 
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Define n= U M2: Vi VV2 > [0, 1] by 


0 ifa+b+c+d=0(mod 12) 
bed)= 
mi(abedy=y IL ifa+b+c+d # 0(mod12) 
a+b+c+d 
fs # 
m j|d e f aha - 
be ths 4 0  ifa=0 


Now V, = (Vi U V2) 
(W, U W)) 


AON, is a fuzzy set linear bialgebra. W,, = 


nun, 18 a fuzzy set linear bisubalgebra of V,. 


Now we proceed onto define fuzzy semigroup vector bispaces. 


DEFINITION 6.4: 4 semigroup fuzzy vector bispace or a fuzzy 
semigroup vector bispace V, (or nV) is an ordinary semigroup 
vector bispace V over the semigroup S; with a bimap n= nj; VU 
nm; V=V, UV, > [0, 1] satisfying the following conditions 
n(ra) = 1) (ra) VY 72(r2az) is such that )(r;a1) 2 4)(a;) and 
12(r2a2) = 42(az) for alla; € V; and az € V2 andr), r2 € Si.e., 4 
(ra) = Hr 141) UV I2(r2az) = HN) (ai) U I2(ay. 


We illustrate this by some examples. 


Example 6.13: Let V=V, U V2 where V; = {(11111),011 
10), (10001), (0000 0)} and V2 = {Z, x Zo x Zy x Zz x Zp}. 
V is a semigroup vector bispace over the semigroup Z, = {0, 
1}. Define n =i U N2: V= Vi VU V2 > [0, 1] by 


(a+b+c+d) (mod 2) 


bed)= 
m1 (abcd) ; 


and 
(at+b+c+d+e) (mod 2) 


abcde)= 
N ( ) 7 
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Clearly V, = (Vi U V2) 


bispace. 


nun, 18 a fuzzy semigroup vector 


Example 6.14: Let V = {Zs x Zs x Zs} U {Zs[x]; all 
polynomials in x of degree less than or equal to 10 with 
coefficients from Zs} = V, U V2. V is a semigroup vector 
bispace over the semigroup Zs. 

Define n =1 U2: V > [0, 1]; ni: Vi > [0, 1] with 


=— if x+y+z # 0(mod5) 
ni (Ky Z)= 4 (x+y+z) ; 
0 if x+y+z=0(mod5) 


M2: V2 > [0, 1] given by 


N2 (p (x)) = ; N2(p(x)) = 0 if p(x) is a constant. 


1 
deg (p(x)) 


Clearly V, = (Vi U V2)y un, 18 a fuzzy semigroup vector 


bispace. Define another bimap 6: V > [0, 1] asd =6,; U&: 
V,U V2 — [0, 1] by 6; : V; > [0, 1], 52: V2 > [0, 1] where 


——_— if x+y ¥#0j;not modulo addition 
d) (x y Z) = 4 5(x+y+z) 


0 if xt+y+z=0O;ie,x=y=z=0 
1 ; é 
om (p(x)) = Sec ; 5o(p(x)) = 0 if p(x) is a constant. 


Vs = (Vi U V2) 505, IS yet another fuzzy semigroup vector 


bispace. Thus given any semigroup vector bispace, we can 
obtain infinite number of fuzzy semigroup vector bispaces. 

Thus we can have several semigroup fuzzy vector bispaces 
for a given semigroup vector bispace. This is the advantage of 
using the notion of fuzzy semigroup vector bispaces. 


247 


Now we proceed onto define the notion of fuzzy semigroup 
vector bispaces. 


DEFINITION 6.5: Let V = V; U V; be a semigroup vector 
bispace over the semigroup S. Suppose Vy = (V; UV2) on, 18 4 
semigroup fuzzy vector bispace of V and if W=W, UW, CV; 
U V2 is a semigroup vector subbispace of V, then W, = (W; U 
Wy) um, 18 defined to be the semigroup fuzzy vector subbispace 
of V; where 7: W > [0, 1] i.e., 7 is the restriction of n to W 


i.e, 7,:W, > [0, 1] and 7, : W, > [0, 1]. 
We illustrate this by some examples. 


Example 6.15: Let 


V= V,UV2 
a be 
= de flla,b,cdef,g,hieZ* UO}? VU 
g hi 


STO TE XIE RT (SZ I 40}3 


be a semigroup vector bispace over the semigroup Z° = Z* U 
{0}. Define yn = 1 U2: V= Vi VU V2 [0, 1] by 


a be 1 : : 
- ifa+e+i40 
n|d e f)/ = jaterti ; 
g hi 0 ifat+e+i=0 


N2: V2 > [0, 1] is defined by 


er if a+b+c+d#0 
N2 (a, b, c, d) = »a+b+ct+d : 
0 if a+b+c+d=0 
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V,=(ViU V2) is a semigroup fuzzy vector bispace. 


Take 


mVUN2 


= aa allaeZ°} u {(faaaa)|(aeZ} 


ViUV> 


In 


is a proper semigroup vector subbispace of V. Now ), : Wi > 
[0, 1] is given by 


aaa 1 
= — if 3a #0 
Nila a al= 3a 
aaa 0 if 3a =0 
and 12: W2 > [0, 1] given by 
— ae if a #0 
N12 (aaaa)=4 4a 
0 if a=0 


is such that W, = (W; U W2) , Vy, iS a semigroup fuzzy vector 


subbispace of V. 


Example 6.16: Let 
V = V,iUV2 


aaaaa 
= {Zi6 x Z16 x Z16 x Z16} f( 


a <2| 


be a semigroup vector bispace over the semigroup Z;.5. Let 


aaaa 


W= W,UW2 
= {§xSxSxS$|S={0,2,4, 6,8, 10, 12, 14}} 


aaaaa 
“f{ Jaes| 
aaaaa 
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=x V=aV,U Vo. 


W is a semigroup vector bisubspace over the semigroup Z16. 
Define n = 1 U 12: Wi U W2 > [0, 1] as follows : 
11: W; > [0, 1] defined by 
1 
= if a +0 
ni(abcd) = 4a : 
0 if a=0 
N12: W2 > [0, 1] defined by 


1 
— if a+0 
no? aed ‘)- 10a : 
0 if a=0 


Clearly W , = (W, U W2) 


bisubspace. 


mum 1s a Semigroup fuzzy vector 


Now we proceed onto define semigroup fuzzy linear bialgebra. 


DEFINITION 6.6: Let V = V; U V2 be a semigroup linear 
bialgebra defined over the semigroup S. We say V;, or 7 V or 
(Vi SVY) non OF 2) (Vi UY V2) is a semigroup fuzzy linear 
bialgebra ifn: V; YV2 > [0, 1] where n = 4; U 2 such that 
n1-V, > [0, 1] and mn: V2 > [0, 1] satisfying the conditions 
(xi + y) Smin(H(X), HY); N(rx) 2 N(x) ; 1 = L, 2 for every r 
ES; vi, xX; EV, i = 1,2. 


Now we illustrate this by a few examples. 
Example 6.17: Let 
V = V,iUV2 

a 


a a 
= {Zg x Zg x Zgh U : 2 | 
Aye Be 


be a semigroup linear bialgebra over the semigroup Zs. Define n 
=n UN: V— [0, 1] as follows : 


a e2ilsis6l 
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11: Vi > [0, 1] is defined by 


— if x #0 
mn &yZ)=4x 
0 if x=0 
N2: V2 > [0, 1] defined by 
1 : 
a as a, — if a, #0 
ihe: BP cael es ; 
tee Se 0 if a, =0 
Vn =(ViU V2) yun, 1S 4 Semigroup fuzzy linear bialgebra. 


Example 6.18: Let V = V; U V2 = {p(x) | p(x) € Zo’ [x] where 
p(x) is of degree less than or equal to 9 with coefficients from 
ZU 


a bed 

f h 
i : : a,b, ...,peZ* 
ij k 1 


mn op 


is a semigroup linear bialgebra over the semigroup Z”. Define n 
=n Um: V=HViU V2> [0, 1] by 


11: Vi > [0, 1] such that 


N11 (p(x) = = 11(p(x)) = 0 if p(x) is constant or 0 
deg p(x) 
M2: V2 > [0, 1] is such that 
a bed 
e f g hy). 1 
Tel ok 1 | > Gwbakeep. 
mn o p 
Vn =(Vi U V2) un, 18 a Semigroup fuzzy linear bialgebra. 


We see as in case of fuzzy set vector spaces and semigroup 
fuzzy vector spaces the notion of fuzzy set vector bispaces and 
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semigroup fuzzy vector bispaces are identical. Likewise the 
notion of fuzzy set linear bialgebra and fuzzy semigroup linear 
bialgebra are also identical. This sort of visualizing them as 
identical algebraic structures is done using the fuzzy tool which 
will be useful in applications. We as in case of fuzzy set linear 
algebras define these structures as fuzzy equivalent algebraic 
structures. 

Thus we see fuzzy set linear bialgebra and semigroup fuzzy 
linear bialgebra are fuzzy equivalent though set linear bialgebra 
and semigroup linear bialgebra are different from each other. 

Now we proceed onto define group fuzzy vector bispaces 
and group fuzzy linear bialgebras. 


DEFINITION 6.7: Let V = V; U V2 be a group linear bialgebra 
over the group G. Let n= 9; UN: V=V; UV2 > [0, 1] such 
that 


mi (ai + bi) 2 min (7; (aj), nib) 

mca) = (a) 

mi (0) =f 

ni: (raj) = 7; (a) for all a, b; e V;andr €G,i=1, 2. 
We call V, = (Vi U V2) , oy, to be the group fuzzy linear 
bialgebra. 


Likewise the same definition holds good for group fuzzy vector 
bispaces as both group fuzzy vector bispaces and group fuzzy 
linear bialgebras are fuzzy equivalent. 


Now we illustrate this by some examples. 


Example 6.19: Let 
V = V,UV2 


= exexnu . i 
def 


be a group vector bispace over the group Z. Define n = ni U Neo 
:>V=V,U V2 — [0, 1] where 
11: Vi > [0, 1] is such that 


a,b, c,d,e,f € 
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1 
ni (abc)= 45|(at+b+c)| 
1 ifa+b+c=0 
2: V2 — [0,1] such that 


if at+b+c#0 


a bo -¢ —— ifa+b+c+e#0 
N = <|at+b+cte| : 


1 ifat+tb+c+e=0 


HN=m UM: V—- (0, 1] is well defined. V, = (Vi U V2) 


is a group fuzzy linear bialgebra. 


mVUN2 


Example 6.20: Let V = V,; U V2 be such that V; = {Z[x] all 
polynomials of degree less than or equal to 25} U {Z x Z x Z x 
Z} be a group linear bialgebra over the group Z. Define 
N=nVUMm:VirV2 — [0, 1] as follows 
ni: Vi > [0,1] by 
LU L09) es eegen near 
m1 (Pp) =} deg p(x) 
yn, (a)=1 aeZ 
N2: V2 > [0, 1] is defined by 


! ifa+b+c+d40 


N(abcd) =  yla+bt+ce+d| 
1 ifat+b+c+d=0 
Vi =(ViU V2) cn, 18 4 group fuzzy linear bialgebra. 


Now we proceed onto define the notion of fuzzy group vector 
bisubspace and fuzzy group vector bisubalgebra. 


DEFINITION 6.8: Let V = V; UV be a group vector bispace 


over the group G. Let W= W, UW, CV, UV>2 = V, where W is 
a group vector subspace of V. 
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Define 7 = 4, U2: W= W, UW, - [0, 1] such that 7; : 
W, > [0, 1], 72: W2 > [0, lI] where mH; (a; + 6b) 2 min 
(nila), 7: (b)) 
mi (a) = m (- aj) 
7 (0) = 1 
n; (ra) =rn; (a) for alla; € V;andr eG; i = 1, 2. 
We call W, = (W; UW2) ,.,, to be the group fuzzy bivector 


subspace. 


N2 


We illustrate this definition by an example. 


Example 6.21: Let 
V= VivUV2 


= exzxzxzyu |{t Sooo ‘ 


aaaaa 


82} 
122] 


is a group vector subbispace of V. Define n = yn; U 2: W = W, 
U W2 > [0, 1]; 71: Wi > [0, 1] and n2 : W2 > [0, 1] with 


be a group vector bispace over the group Z. Take 
W= W,UW? 


zx atx oyu {{® on i 
a 


aaaa 


Cc V=V,UV2 


1 


—. ifx+y+z#0 
ni(xyz0)=4x+y+z . 


1 ifx+y+z=0 


aaaaa ne if a0 
N2 = 10a : 
Oke ee 1 if a=0 
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W, = (Wi U W2), cn, 18 a group linear fuzzy subalgebra. 


Further as our transformation to a fuzzy set up always demands 
only values from the positive unit interval [0, 1] these 
semigroup vector bispaces or set vector spaces would be more 
appropriate than the ordinary vector bispaces. 

Further we see even in case of Markov biprocess or Markov 
bichain, the transition probability bimatrix is a square bimatrix 
whose entries are non negative adding up to one. So in such 
cases one can use set vector bispaces where 

V=Vivuwye (25) ai, €[0, T 

1x 


TTypxn 


1 
2 
¥ lei). 


ny 
with >» ave =1 for 1<k) <n, 
i=l 


a;, €[0, 1 


Ny 
and >, ee =1 for l<k<n 
i,=1 


is a set vector bispace over the set [0, 1]. So these new notion 
not only comes handy but involve lesser complication and lesser 
algebraic structures. 


DEFINITION 6.9: Let V = V; UV> be such that V; is a set vector 
space over the set S; and V> is a set vector space over S> ; S; # 
S>. We define V = V; UV> to be the biset bivector space or biset 
vector bispace over the biset S = S; US. 
Let n = M1: V=HV,UdV>2 => [0, I] 
where m1: V; > [0,1] and 
22: V> > [0, I] 

such that 

m(riay) 2 (a) forallr; €S, anda; € Vj, 

2 ("2 a2) == (a2) forall rz € Sy and az € V2, 
V,= (Vi UVa nyUny 1S a biset fuzzy vector bispace. 


We illustrate this by some simple examples. 


Example 6.22: Let 
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V= ViUV> 
aaa 
wrxzru{[ 2229] 
aaa 


be a biset bivector space over the biset S = 3Z* U Zio ie V) is a 
set vector space over the set 3Z° and V> is a set vector space 
over Zio. 

N=emvUm:V=aViVC V2 > (0, 1] 
1.€., 11: Vi [0,1] and n2: V2 > [0, 1] 


ney 2) = —— 
X+Y+Z 
aaa a if a#0 
N2 = 46a 
po aE 1 ifa=0 


Vn is a biset fuzzy bivector space. 
We give yet another example. 
Example 6.23: Let 


V= ViUV> 
{(1111), (0000), (0011), (1100), (1001), (0110)} 


{: | 
U 

c d 
be a biset vector bispace over the biset S = S,; U Sz where S; = 
{0, 1} and So = Z2. 


Define n = 91 U2: V= VU V2 > [0, 1] by ni: Vi > [0, 1], 
M2: V2—> [0, 1]; with 


a,b,c,de Z| 


1 
ni(abcd= 4 4(at+b+c+d) 
1 if a+b+c+d=0 


ifa+b+c+d#0 
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1 
BY. (== adhe So 
i ki Je Sebo) Oe, 


0 if ad—bce=0 


Now we proceed onto define the notion of biset fuzzy vector 
bisubspaces. 


DEFINITION 6.10: Let V = V; U V2 be a biset vector bispace 
over the biset S = S; US>. Let W = W, UW, CV; UV2 = V be 
a proper bisubset of V which is a biset vector bispace over the 
same biset S = S; US). 

Define n= 79, UN: W > [0, 1] by n, : W, > [0, 1] and 
2: W, > [0, 1] then we call W, = (W, VU Wy) nny to be the 
biset fuzzy vector subbispace. 


We illustrate this by some examples. 


Example 6.24: Let V = Vi U V2 = {Zio x Zio x Ziof U {Zi2 x 
Zi2 X Zio x Zi2 X Zin} be a biset vector bispace over the biset S 
=Zi9 UZ. Let W = {S; x S; x S,; where S; = {0, 2, 6, 4, 8}} 
U {Sp x So x So x {0} x S» where So = {0, 3, 6, 9} } =W,UW?2 
c V, U V2 be a biset vector subbispace of V over the biset S = 
Zio U Zy2. Define the bimap n = 91 VU No: Wi U W2 > [0, 1]: 
by n1: W; > [0, 1] and 


2: W2—> [0, 1] given by 


! if x+y+z #0(mod10) 
ni(kyz) = X+Y+Z 
1 if x+y+z=0(mod10) 
= if xt+y+z+0+t #0(mod12) 
N(x yz0th= 4 xt+y+z+0+t 
1 if x+y+z+0+t=0(mod12) 


Wy = (Wi VU W2)y un, is a biset fuzzy vector bispace. 
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Example 6.25: Let 


Vv Vi,UV> 


a bec 
= exzxzxziu l(t zg : 


a,b,c,d,e, fe zsh 


be a biset vector bispace over the biset S = Z U Zs. Consider 
W = Ww, UW 
ae 2s} 


aaa 

= az 22 10) x 10) 10 {( 

aaa 
c V,UV2=V 

be a biset vector subbispace of V over the same biset S = Z U 

Z,5. Now consider 1 the fuzzy set where n = 1 U N2 with n, : 

W, > [0, 1] and nz : W2 > [0, 1] defined by 


— ifa+bz0 
yn (ab00)=4a+b ae 


1 ifa+b=0 


and 


Clearly Wy = (Wi U W2)n un, is a biset fuzzy bivector space. 


DEFINITION 6.11: Let V = V; U V2 be a biset linear bialgebra 
over the biset S = S; US. Define n =n, UIp: V=Vi UV. > 
[0 ,1] in the following way yn, : V; > [0, 1], i = 1, 2 such that 
nia; + bj) >min (7; (a), 4; (b)) for all a; b; € V;, i = I, 2. 

Vin = (Vi OV) nny ts @ biset fuzzy bilinear algebra. 


We illustrate this by some simple examples. 
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Example 6.26: Let 


Vv 


ViUV2 
_ a b 
c d 

be a biset linear bialgebra over the biset S = Zi. U Zs. Define n 


=mVUn2: V > [0, 1] by m1: Vi > [0, 1], n2 : V2 > [0, 1] such 
that 


sm edeZ,)0 {Zs x Zs x Zs x Zs} 


a b = ifa+b+c+d2#0(mod12) 
1 = ya+b+c+d F 


ae 1 if a+b+c+d=0(mod12) 


1 
y2 (abcd) =4a4d 
1 if a+d=0(mod5) 


if a+d #0(mod5) 


Clearly Vy = (Vi U V2)n un, is a biset linear fuzzy bialgebra. 


Example 6.27: Let V = V; U V2 = {Z'[x]} all polynomials in 
the variable x with coefficients from Z°} U 


V is a biset linear bialgebra over the biset Z” U 2Z. Define the 
bimap n = 1 U2: V=ViV V2 (0, 1] by 
1 
ni(p(x)) = ————; ni(P(x)) = 1 if p(x) is a constant 
deg p(x) 


and 


259 


a a a 


10 ll 12 


1 ; 
——————— if a,+a,+a,+a, +40 
a,t+a,+a,+a, 

1 if a,t+a,t+a,+a,=0 
We see V, = (V1 U Vo)n un, 1S a biset fuzzy linear bialgebra. 


Now we proceed onto define the notion of biset fuzzy linear 
bialgebra. 


DEFINITION 6.12: Let V = V; UV; be a biset linear bialgebra 
over the biset S= S; US> LetW=W, UW2 CV, UV = V be 
a biset linear subbialgebra of W over the biset S = S; US). 
Define n= 9, UN: W, UW, > [0, 1] by 4, : W, > [0, 1] and 
12: W, > [0, 1]. We see Wy = (W, YW) un, is a biset fuzzy 
linear subbialgebra. 


We illustrate this by some examples. 


Example 6.28: Let 


Vv Vi UV2 


-f0b9 


be the biset linear bialgebra over the biset S = Zs U Z,4. Let 


a, b, c, d, e, fe z| U Z4 x Za xX Za X Lg 


W 


W,UW2 


lo 


cV=V,U V2 


22} U {(aaaa)|ae Z4} 
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be the biset linear subbialgebra. Define n = n; U no: W > [0, 
1] as ni: W; > [0, 1] and n2 : W2 > [0, 1] as 


(: a ‘) - if a+0 
1 = <a 
oe 1 ifa=0 
af if az#0 
N2 = (aaaa) =< 4a 
1 ifa=0 


W, =(Wi U Wo)n juny is a biset fuzzy linear subbialgebra. 


Example 6.29: Let 
V= Vi UV) 


= a beg 
- emofe ss 


be a biset linear bialgebra over the biset S = Z U Z)3. Take 


a,b,c, d,e,f, g, he Z| 


W = W,UW? 
= {all polynomials of even degree with coefficients from 


aaaa 
nu <2] 
aaaa 


c ViUV2 
which is clearly a biset linear bialgebra over the same biset S = 
Z UZp3. Define the bimap n = 91 U No: Wi U W2 > [0, 1] as 11 
:W, > [0, 1], no: W2 > [0, 1] as, 


ni(p(x)) = ag n1(p(x)) = 1 if p(x) is a constant 
deg p(x) 


le aa ‘) a if a40 
12 =<a : 
et aes ty i ifa=0 
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Now W, = (W; U W)n juny is a biset fuzzy linear 
subbialgebra. 


Example 6.30: Let 


Vv 


V,UV2 
a b 


a,b,c, d,e,f,g,heZ*7 UM=Z°> U 


ga og a 


h 
{2Z x 2Z x 2Z} 


be a biset linear bialgebra over the biset S = Z° U 2Z. Take 


W= WUW? 
aa 


aa 


aeZe VU {2Zx2Zx {0}} 
aa 


aoa 
c V,UV2=V, 
W is a biset linear subbialgebra of V. Define the bimap yn = ni 


Um: W=W,U W2-> [0, 1] as 1: Wi [0, 1] and yn : W2 
— [0, 1] defined by 


aa 
aa 7 if az#0 
N1 = a 
a 1 ifa=0 
aa 
— if a+bz0 
N2 (ab0)= \a+b , 
1 ifa+b=0 
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We see Wy = (Wi U Wo)n un, is a biset fuzzy linear 
subbialgebra. 


Now we proceed onto define the notion of quasi semigroup 
fuzzy bialgebra. However it is pertinent to mention though quasi 
semigroup bilinear algebra is different from semigroup linear 
bialgebra but semigroup fuzzy bilinear bialgebra and quasi 
semigroup fuzzy linear bialgebra are one and the same. 


DEFINITION 6.13: Let V = V; U V2 be a quasi semigroup linear 
bialgebra over the set S. Define n = yn, Un: V > [0, 1] as n; 
:V; > [0, 1] and 1m : V2 > [0, 1] such that V, = (Vi UV), is 
a quasi semigroup fuzzy linear bialgebra. 


We illustrate this by the following example. 
Example 6.31: Let 


V= ViVU V2 
{(10.00), (0000), (1 1100),(00000), (110), 

a 

Cc 


(01 1),(000),(101)}}U { | 


a,b cde?,| 


be a quasi semigroup, linear bialgebra over the set Z.. Define n 
=m UM: V=ViU V2—> (0, 1] by n:((1 0 0 0)) = 1, 110.00 


0)) = 0, nO 0 0:0 0)) = 0, nC 1 0)) = > 11((0 0 0) = 0, 


1 1 
71((0 1 1)) ae ni (1 0 1)) ay where 11: V; — [0, 1] and np: 


V2 > [0, 1]; 
a b — a if a+b+c+d#0(mod2) 
N2 d = )a+b+c+d : 
1 if a+b+c+d=0(mod 2) 
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Clearly Vi = Vijun, = (Vi U V2)n,un, 1S a quasi semigroup 
fuzzy linear bialgebra. 


Now we proceed onto define the notion of bisemigroup fuzzy 
bivector space over a bisemigroup S = S, U So. 


DEFINITION 6.14: Let V= V; U V2 be a bisemigroup bivector 
space over the bisemigroup S = S; US). Let 7 = 9; Um bea 
bimap from V = V; UV; into [0, 1], if n; (a; + b) 2 min (n,(a)), 
ni(b)) and n(ra) =rin(a;) for all a; b; € V;and r; € S;; i= 1, 
2. Then we call V, = (ViW2 Un, to be a bisemigroup fuzzy 
vector bispace or bisemigroup fuzzy bivector space. 


We illustrate this by a simple example. 
Example 6.32: Let 


V= ViUV2 


= (aan iaeziul( ‘ 
cd 


be a bisemigroup vector bispace over the bisemigroup S = Z, U 
Z*. Define a bimap n= UN2: V= Vi U V2 > [0, 1] by 11: 
V, — [0, 1] is such that 


a, b, odez| 


1 
YN (aaa) = a, 
1 


N2 : V2 > [0, 1] is such that 


Clearly Vy = (ViVV2)n,un, 18 a bisemigroup fuzzy vector 
bispace. 
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We define now the notion of bisemigroup fuzzy linear 
bialgebra. 


DEFINITION 6.15: Let V = V; U V2 be a semigroup linear 
bialgebra over the bisemigroup S = S; US>. Suppose n = 1, VU 
Mm: V= Vi UV, > [0, 1] is a bimap such that Vin; is a 
semigroup fuzzy linear algebra and Vyn is a semigroup fuzzy 
linear algebra then V,= (Vi UV2)y,_n, is a bisemigroup fuzzy 
linear bialgebra. 


We illustrate this by some examples. 


Example 6.33: Let 
V= ViVUV2 


a, a, a, 
a, a, a, ja, €3Z°U {(0};1Si<9} U {2Z" x 2Z" 
a, al a, 

x22 x 277% 


be a bisemigroup linear bialgebra over the bisemigroup S = 
(3Z* U {0}) U 2Z". Define the bimap n = ni U M2: V= Vi U 
V7 — [0, 1] such that yn; : Vi > [0, 1] 


1 , 
Bis Sas Fs —_— if a,+a,+a, #0 
Nh a, a, a, = a,+a,t+ay, 
a, ag ay 1 ifa,+a,+a, =0 
1 
nN2: V2 [0,1]; n2 (abc d) = —_——_. 
at+tb+c+d 


Vx = (ViVV2) nun, IS a bisemigroup fuzzy linear bialgebra. 


Example 6.34: Let V =V, U V2 = {Z'[x]} U {3Z x 3Z x 3Z x 
3Z} be a bisemigroup linear bialgebra over bisemigroup S = Z” 
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U 3Z. Define n =; U2: V= Vi VU V2 > [0, 1]; 11: Vi > [0, 
1] and n2 : V2 > [0, 1]. 


1 
ni(p(x)) = —————;; ni(p(x)) = 1 if p(x) is a constant 
deg p(x) 
— ifa+b+c+d+40 
N2(abcd)= ,a+b+c+d 
1 ifa+b+c+d=0 


Vin: and Vn» are semigroup, fuzzy linear algebras so V, =(V; 
U Vo)n un, 1S a bisemigroup fuzzy linear bialgebra. 


Now we proceed onto define the notion of bisemigroup fuzzy 
linear subbialgebra. 


DEFINITION 6.16: Let V = V; U V2 be a bisemigroup linear 
bialgebra over the bisemigroup S = S; US). Let W = W, UW; 
CV, UV, = V be a bisemigroup linear subbialgebra of V. 
Define a bimap 7 = 41 UN: W; YW > [0, 1] such that 7): 
W, > [0, 1] and n): W, > [0, 1] so that W, n; and W, nz are 
semigroup fuzzy linear subbialgebras. We call W, = 
(W, UW») y Ln, to be a bisemigroup fuzzy linear subbialgebra. 


We illustrate this by the following examples. 


Example 6.35: Let 
V = VivUV2 
= {3Z°x3Z'x3Z'x3Z x3Z3uU 


a b 
c d 
be a bisemigroup linear bialgebra over the bisemigroup S = 3Z* 


U Z0. 
Take 


a,b,c,de 2 
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W = W,UW? 


{3Z* x {0} x {0} x 3Z* x 3Z"} U {i i 
aa 


<2, 


Eu ViVi = yy, 


W is a bisemigroup linear subbialgebra of V. 
Define n = 1 U2: Wi U W2 > [0, 1] by 


Op ee Oy a) 
x+y+zZ 


so that Wn; is a semigroup fuzzy linear algebra. 
N2: W2— [0, 1] defined by 


(: ‘) a if a#0 
YN2 = a 5 
mek 1 ifa=0 


W2n2 is a semigroup fuzzy linear algebra so that W,, = Wini U 
Wore (Wi U W2)n,un, 18 a bisemigroup fuzzy linear bialgebra. 


Now we proceed onto define the notion of bigroup fuzzy 
bivector space. 


DEFINITION 6.17: Let V = V; U V2 be a bigroup fuzzy bivector 
space over the bigroup G = G; UG) Let 7 = 4, Um: V=V; 
UV, > [0, 1] be such that Vn; is a group fuzzy vector space 
and Vn is a group fuzzy vector space where n; : V; > [0, 1] 
and 1): V,—>[0, 1], so that V, = (V; VU Va nny is a bigroup 


fuzzy vector bispace. 
We illustrate this by some simple examples. 
Example 6.36: Let V = V; U V2 = Z; [xk] U Q x Q be a bigroup 


vector bispace over the bigroup G = Z; U Q. Define n = 1 U 12 
>V=V,;U V2— [0, 1] where 
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11: Vi > [0, 1] is given by 
1 
ni(P(x)) = 5 deg p(x) 
1 if p(x) =0 


N2: V2 > [0, 1] is given by 


= if a+b+#0,a+b is an integer 
MN (ab) = ja+b 


1 ifa+b=0 ora+bisa rational number 


V1, = (V1 U V2)n un, is a bigroup fuzzy vector bispace. 
Now we proceed onto define bigroup fuzzy vector subbispace. 


DEFINITION 6.18: Let V = V; UV> be a bigroup vector bispace 
over the bigroup G = G; UG). Take W = W, UW2 CV) Ud? 
be a bigroup vector subbispace of V over the same bigroup G = 
G, UG». Define N= ¢%- W, UW, = /0, I] such that (W, 
U W2)n Ln, is a bigroup fuzzy vector bispace then we call W to 


be a bigroup fuzzy vector subbispace. 

Now we define set n-fuzzy vector space. 

DEFINITION 6.19: Let V = Vj; V2 v ... UV, be a set n-vector 

space over the set S. If 4: 4 Um. U.. Um: V=Vi OV 
. UV, > [0, 1] is such that n; : V; > [0, 1] so that V;n; is a 


set fuzzy vector space for each i = I, 2, ..., n, then we call V, = 
(Vi UV Vv... Vi) ny Ung ». Un, tO be a set fuzzy n-vector space. 


We illustrate this by an example. 
Example 6.37: Let 


Ve= Vi0UV20U V3U V4 
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= {(111),00), (100), (010), (111), (00),(1111), 
000, 000014 f% ‘ sez} 
aa 


aaa a 
{ ae | U {Z,[x]}. 
aaa a 


V is set 4-vector space over the set S = {0, 1}. Define n =n, U 
MUU: VEHEViVC V2U V3U V4 > [0, 1]; ni: Vi > [0, 
1] by 


1 
Ni (abc)=4a+b+c 
1 ifa+b+c=0 


if a+b+c#0 


M2: V2 > ([0, 1] by 


(? a) cs if a#0 
N2 = 7a 
eB l ifa=l 


aaaa is if a#0 
13 = 48a 
pa oe 1 ifa=l 
andy4: V4 > [0,1] given by 
Na (p(x) = _, na(p(x)) = 1 if p(x) is a constant. 


deg p(x) 


Clearly Vini’s are set fuzzy vector spaces for each i. Thus V, = 
(ViVV2U V3U Va)nungungun , is a set fuzzy n-vector space. 


Now we proceed onto define set fuzzy n-vector subspace. 
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DEFINITION 6.20: Let V=V; UV2 u ... UV, be a set n-vector 
space over the set S. IfW=W, UW2 VU... UW, CVi OV 
.. UV, with W; 4 W;,ifi 4j; Wi CW; W; GE W;; 1 si, j sn and 
W is a set n-vector subspace of V over the set S. If n = nun UV 
. UM: W=W, UW... UW, > [0, 1] where 4: W; > 
[0, 1]; 1 Si Snare set fuzzy vector subspaces then we call W,, 
= (W, UW2 VU... OW) nngu... un, to be the set fuzzy n-vector 


subspace. 

Now we illustrate this by a simple example. 
Example 6.38: Let 
Vi= ViUV20UV3U Va 


= {(aaa), (aa)|aeZ} ui(? 7 
c d 


sno dez'} U 


“Fy a, + : 
Z [x] VU a,EeZ 1<is4 


be a set 4-vector space over the set S = Z”. Take 


W= WiVUW2UW3V0 Wo 
te a a + 
= {(aaa)|aeZ}uU aEeZ’ -U 
aoa 
a 
a 
{all polynomials of even degree} U ae2Z" 

a 
a 

Cc V,UV2UV3U V4=V 
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is a set 4 vector subspace of V over the set S = Z”. Define n = 
Nh UnUnUns: W=W, UW2U W3U Wy [0, 1] by n1: 
W, > [0, 1] with 


1 
aaa)=—., 
net 3a 
12: W2 > [0, 1] with 


ol ram: 


—_ 1 ry 
ns (p (x)) = deo 


n3: W3 — [0, 1]; 


and n4: W4— [0, 1] by 
a 


1 
3(at+atata) 


oso 2 2& 


Clearly each Win; is a set fuzzy vector subspace. Thus W, = 
(W, U W2 UW; U Wa)n ungun3un i is a set fuzzy 4-vector 
subspace. 


Now we proceed onto define set fuzzy n-linear algebra. We see 
both set fuzzy n-vector space and set fuzzy n-linear algebra are 
fuzzy equivalent. 


DEFINITION 6.21: Let V=V; UV2 vu ... UV, be a set n-vector 
space over the set S. If each V; is closed under addition then we 
call V to be an-set linear algebra over S; 1 Si Sn. If ina set n- 
linear algebra V = V; UV U... UV, we define a n-map 4 = 
mUN VU... Um from V=V, UV2 UY... UV, into [0, 1] such 
that each V;n; is a set fuzzy linear algebra for i = 1, 2, ..., n; 
then V, = (Vi UV2 VU Vi) npngu 0 My? is called the set n 
fuzzy linear algebra. 


We illustrate this by the following example. 
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Example 6.39: Let 


Vv Vi0UV20U V3U V4 


7 aaaa 
aaaa 
x S° such that S°= Z> + U {03} U fall polynomials of 
degree less than or equal to 5 with coefficients from S° 


=ZU {0} U {( 1 
c d 


is a 4-set linear algebra over S°= Z* U {0}. 


aeZ VU 7 UW {S° x 8° x 8° x 8° 


a,b, c,d is in | 


Define n=; UM UMBU NA: VEViUV2U V3U V4 
[0, 1]; such that yn; : Vi > [0, 1], i= 1, 2, 3, 4 with 


(: aa ‘) y if a#0 
1 = a > 
pee ae 1 ifa=0 


1 


ae ee 
mo(abede)= Jatb+ctd+e 


1 ifa+b+c+d+e=0 
Me (BCO): AS) Wa ets 
deg p(x) 
13(p(x)) = | if p(x) is a constant polynomial or 0 
and 
a b : ifa+d40 
N4 d a at+d 
. 1 ifa+d=0 


Clearly each Vin; is a set fuzzy linear algebra, thus V, = (Vi U 
V2 U V3 U Va)n unjunzuny IS a Set 4-linear algebra. 

Now we proceed onto define the notion of semigroup n set 
fuzzy vector space. 
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DEFINITION 6.22: Let V =V; UV? VU... UV, be a semigroup 
n-set vector space over the semigroup S. If the n-map 4 = mV 
MU... Un: V=Vi V2 VU... UV, > [0, 1] where 4; : Vi > 
[0, 1] and V;n; is a semigroup set fuzzy vector space for each i, 
i= 1, 2,..,n then we call V, = (Vi UV2 VU... QV) nny Un 
to be a semigroup n set fuzzy vector space. 


We illustrate this by a simple example. 
Example 6.40: Let 


Vv 


V,UV2UV3U V4 
a b 
c d 


Zs} U { (1101), (2020), (2202), (1010), (000 
0), (101), (2.02), (000), (111), (222)} U 


aaa aaaaa 
aaa aaaaa 


be a semigroup 4-set vector space over the semigroup Z3. 


a medez= 100} 4 {Z3 x Z3 x Z3 x 


Define nH =U N2 U3 U 4: VE VLU VU V3 U Va > [0, 
1] (with nj : Vi > [0, 1]; 1= 1, 2, 3, 4) such that 


a b ; ifat+bz#0 
N d =<a+t+b 
1 ifa+b=0 


if a#0 


1 
m(abcd)=la 
1 ifa—0 
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mU1LOD= 0,n3(2020) =1, 
3(2202)= 0,n3(1010) = 


3(0000)= 0,n;01) = 
ns(L11)= 0,93(222) =0 


and 
(: a i) We if a#0 
14 = 46a 
he 1 ifa=0 
aaaaqa —— if a+0 
Be 1 ifa=0 


Clearly each Vin; is a semigroup set fuzzy vector space hence 
Vn =(WV1U V2 U V3 VU Va)n ongungun is a semigroup 4-set fuzzy 


vector space. 


We can as in case of other set fuzzy n-vector subspaces define 
the notion of semigroup n set fuzzy vector subspaces. 


Now we proceed onto define the notion of semigroup n set 
fuzzy linear algebras. 


DEFINITION 6.23: Let V = V; UV? VU... UV, be a semigroup 
n-set linear algebra over the semigroup S. yn = 4; U2 U.. U 
Mm: V=V,UV, VU... UV, > [0, 1] where each 7; : V; > [0, 
1] is such that V; n; is a semigroup set fuzzy linear algebra for 
eachi,i=1, 2, ...,n. V_,= V1 V2 VY Vi) npngu Un, Sa 


semigroup n set fuzzy linear algebra. 


We illustrate this situation by an example. 
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Example 6.41: Let 


V= Vi0UV20UV30U V4U V5 
= {S°[x] where S° = Z" U {0}} U {S° x S° x 8° x S°x S° 
a be 
xSiudd e f]|a,b,c,d,¢,f,g, hieS’> VU 

g hi 
aaaaa 
aaaaallaceS+u 
aaaaa 

a be 

0 if 

7 a,b, c, d,e, f, g, h,i, je S° 
00h i 
00 0 j 


be a semigroup 5-set linear algebra over the semigroup S°. 


Define QH=MN1U PU BUN NS: V= Vi V2U V3U Va U 
Vs — [0, 1] by ni: Vi [0, 1]; 1 <i<5 by 


1 


m1 (PX) = 4 degp(x) 
1 if p(x) = constant 


st if a, #0 
Ne ((a1, a2, 43, 4, 5, AG)) = ay 
1 ifa, =0 
a bc 1 : . 
- ifa+e+140 
m3/|d e f]|=4a+erti 
gh i 1 ifate+i=0 
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and 


1 
= jat+eth+j 
1 ifatet+th+j=0 


ifatet+th+j#0 
Ns 


ooo 
ooo ot 
oO PtP ha 


a. =» 9a 


Thus V7 is a semigroup 5 set fuzzy linear algebra. 


Now we proceed onto define the notion of semigroup n-set 
fuzzy linear subalgebra. 


DEFINITION 6.24: Let V=V; UV, VU... UV, be a semigroup 
n-set linear algebra over the semigroup S. Let W = W,; UW) vu 
. UW, CV, Uv... UV, = V be an-subset of V such that Wis a 
semigroup n set linear subalgebra over the semigroup S. 
Letn=m UM VU... UII: W=W, UW VU... UW, 
[0, 1] is such that each W;n; is a semigroup set fuzzy linear 
subalgebra for i = 1, 2, ..., n; then we call W, = (W, UW Vv... 
UY Wi) njenvu..cn, to be a semigroup n set fuzzy linear 


subalgebra. 
We illustrate this by an example. 
Example 6.42: Let 


V= Vi,0UV2UV3U V4 


{Zo4 X Zona X Lg X Zn4} U {Za [x] } U 
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aeZ,, 


a, b,c, d, Fatah 


(eee? 


be a semigroup 4 set linear algebra over the semigroup Zp.. 
Let 


so 2 fS 2 ®& 
so 2 fF 2 


W = WU W2U W330 Wo 
= {S,xS, x 8S, x S; where S; = {0, 2, 4, 6, 8, ..., 22}} 
U {Z>4' [x] polynomials of only even degree with 
coefficients from Z4} U 


fee) 
Mm 
N 
R 
e+-—“ 
G 
» » @ © 
» » p @ 
fee) 
an) 
Nn 


Vi,0UV2UV3U V4 
Vv 


IA 


is a semigroup 4-set linear subalgebra of V over the same 
semigroup Zo4. Letty =H U2 U3 Us: W= WU WVU 
W;3 U Wa > [0, 1] where each 1; : W;— [0 1] is such that Wini 
is a semigroup set fuzzy linear subalgebra for i = 1, 2, 3, 4. 
Now W, = (W; U W2U W3 U Wa)nungun3uny is a semigroup 4- 
set fuzzy linear subalgebra. 


Now we proceed onto define the notion of group n set fuzzy 
vector space. 


DEFINITION 6.25: Let V=V; UV v... UV, be a group n set 


vector space over the group G. Let n = 9; UN) VU... Un. V = 
Vi UV VU... UV, > [0, 1] such that n, : Vi with Vn; is a 
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group set fuzzy vector space for each i = 1, 2, ...,n; Vy = (Vi 
GV tS cc GV py jUngv...n, IS @ group n-set fuzzy vector space. 


We illustrate this an example. 
Example 6.43: Let 


V= Vi VU V20UV30U V4U Vs 


o * a, . 
ne: ee: Ye 


a,€ Zsis6| U {Zi [x]}} U 


a, a 
ae a, || a, eZ 3 )S1s 107 
a, a 
ay a 


aaaaa 
aaa 
aa)|a aaaqa 
aoa aj, ; aEZ,, 
aaj|a aaaa 
aaa 
aaaaa 


be a group 5 set vector space over the group Z)1. 
Take 


W = W,UW2UW3ZU WU Ws 
aaa 
aaa 


even degree with coefficients from Z;,} U {(aaaaa) | 
ace Zi} 


aUZ,, | U {Z1,[x]; all polynomials of 
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2 2 © @ wo 
2 2 © @ wo 
pee) 

a 
IN 
job) 
© 
pov) 
Love 

pee) 
Ne 


Cc Vi UV2UV3U V4U V5 
= V, 


to be a group set 5-vector subspace over the group Z,;. Define 
N=aEMVUMPRVYBVY MY Js: W= WV W2. VU W3 VU Wa VU Ws 
— [0, 1] such that nj: W; > [0, 1] with Win; a group set fuzzy 
vector subspace for each i = 1, 2, ..., 5. Clearly W, = (Wi U W2 
U ... U Ws)nungu... uns 1S @ group set fuzzy 5-vector subspace. 


Now we proceed onto define the notion of group n set fuzzy 
linear algebra. It is important to mention here that the notion of 
group n set fuzzy vector space and group n-set fuzzy linear 
algebra are fuzzy equivalent. 


DEFINITION 6.26: Let V=V; UV? VU... UV, be a group n set 
linear algebra over the group G. Let n= 4; UN VU... UM: 
V— [0, 1] where n;: V; > [0, 1] such that V;n; is a group set 
fuzzy linear algebra for each i = I, 2, ..., n, then we call V,, = 
(Vi OV. Yu. OV iy cnyu..un, to be a group n set fuzzy linear 


algebra. 
Now we proceed onto indicate the applications of these new 
algebraic structures before which we give few differences. 

1. If we use a set vector space over the set [0, 1] working 


can easily be carried out for we do not demand 1 + 1 = 
0. We can use them in fuzzy models. 
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If we use n set vector space then we can use several sets 
to model the problem that too when the elements are not 
compatible with any of the operation, that is even the 
closure axiom under any operation cannot be expected. 


When we give algebraic structures with many abstract 
operations on them, the use of these algebraic structures 
by students/ researchers other than mathematicians is 
absent. But as the world at present is in a computer age 
the mathematical models should be constructed with 
least abstractness. These algebraic structures given in 
this book will certainly cater to this need. 


Now we give a sketch where these structures can be applied. 


Applications to Markov Chains 


Suppose we have a n set of states which is a time dependent 
model which has many transition matrices representing the 
transition possibilities. Suppose we have k such transition 
matrices given by Tj, ..., T,, where each T; is an x n matrix, i 


=1,2,. 
TDs. 


.., k. Suppose G(T;) denotes the graph having vertex set 


., n}. The arc set (i, }) : tj > 0. For each G(T), we get the 


four classes 


= p 
C,= {n,,... 1, } essential class 
C= {n; » 1)... 0; } inessential class (self 
Ip 
communicating) 
Ci = {n, +++) 0, } Inessential non self communicating 
i . 
C,= {M,,.-- 0,,, } essential class (non self 
communicating) 
such that 


280 


(1) k21,p21,s2landt21. 
(2) C, AC, = if p4j 
Gy 6, UCwC, UC a4 2... nk, 


Now we see G(T)), varies; for suppose V = {T), ..., Ty} then we 
can take V as a set vector space over [0, 1] or as a semigroup set 
vector space over [0, 1]. 

Further the transition matrices vary from expert to expert 
for the i expert may start his study from the j" state and say a 
k" expert (i  k) may start his study from the p™ state and so on. 
Thus the very transition matrix may be different. One can use 
the semigroup set vector space to represent the collection of all 
transition matrices and work with them. If 


V. = {Tj, ..., Tn} is a set vector space over the set [0, 1]. 


Vi= {T? sient T°} is again a set vector space over the set [0, 1], 


iy 
k-l k-2)y ;: 
V.= {T,, ..., T/~} is a set vector space. 


The best limiting case would the best chosen set vector 
space. 

It is pertinent at this juncture to mention that the entries of 
Tj can be any value lying between [0, 1] further even the 
assumption the row sums adds to one can be chosen. 

Their is no loss of generality in assuming some of the 
columns or rows in T; have only zero entries. 


These types of applications like studying the behaviour of 
children, war-peace situation and the related behaviour of 
military personals like stress, strain, relaxation, taking to drugs, 
taking to drink, taking to women, taking leave on basis of false 
ailments, taking medical leave and so on or like the study of 
students tensions during exams. 
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Another practical use of fuzzy Markov chains can be in 
statistical software testing. 

It can be used in web monitoring, testing or counting. Thus 
when we use in web monitoring or testing and if the web pages 
or sometimes ‘n’ entries are taken as the set of states one has to 
keep in mind the states vary so when we use the set fuzzy n- 
vector space or semigroup fuzzy n-vector space or group fuzzy 
n-vector space it would be easy to handle the bulk problems at a 
time! 


e These algebraic structures can be used by 
cryptologists and coding theorists. 

e They can also be used in fuzzy models, by social 
scientists and doctors. 

e The set fuzzy vector spaces in which the elements 
form n; x n; matrices can be used by computer 
scientists. 
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Chapter Seven 


SUGGESTED PROBLEMS 


In this book we suggest over 300 problems so that the reader 
becomes familiar with the new notion of set vector spaces and 
their particularization. All vectors spaces and semivector spaces 
are set vector spaces, thus set vector spaces are the most 
generalized concept. 


Let V = {-1, 0, 2, 3, ..., o} and S = {1, 2, ..., o}. Is Va set 
vector over S. Justify your claim. 


Let V =R, the set of reals. Let S = {1, 2, ..., oo}. Is R a set 
vector space over the set S? 


Let V = R, the set of reals. Let S = Q” (the set of positive 
rationals). What is the difference between the set vector 
space defined in problem (2) and in this problem. 


Let V = {1, 2, ..., o}. Can V be a set vector space over the 
set S=Q”? 


Let V = {1, 2, ..., co}. Can V be a set vector space over the 
set S = {-1, 1}? Justify your claim. 


Is Z the set of integers a set vector space over the set S = 
{-1, 1}? 
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10. 


13. 


14. 


15. 


16. 


17. 


Is Z the set of integers a set vector space over the set S = {1, 
P23 paxcq VG? 


Prove the set of positive rationals is not a set vector space 
over the set of positive reals. 


Let V = {0, 2, 4, ..., 0}; prove V is a set vector space over 
the set S = {0, 1, 2,..., 0} =Z*U {0}. 


Can V = {2, Chee ae ...} be a set vector space over the set S = 
22 


Prove V = {0, 3, 6, ..., 0} 1s a set vector space over the set 
S=Z"= {1, 2, ..., o}. 


Prove V = {1, 3, 6, ..., ©} is not a set vector space over the 
set S=Z" = {1, 2, ..., oo}. 


Prove V = {1, p, 2p, ..., 00} is not a set vector space over 
the set S = {1, 2, ..., oo}. 


Can we say for V to be a set vector space over S, S must be 
a proper subset of V? 


Is it true if S c V; V is a set vector space over S? 


a be 
Can M = 
oe 


space over Q’ (the set of positive rationals)? 


a b 
Prove M = 
ea 


over the set S= Z". 


1 2 0 1 5 7 1 2 
Can the set V = ; ; , be 
3 4 2 3 8 10 3 0 


a set vector space over the set S = {0, 1, 2, ..., 0}? 


a, b,c, d, e, f e¢ Z'} bea set vector 


a, b,c, d € Z’} is a set vector space 
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19. 


20. 


21. 


22. 


23. 


24. 


25. 
26. 


27. 


28. 


29. 


Find a set of linearly independent elements in the set vector 
space V = {1, 2, ..., 0} defined over the set S = {2, 4, ..., 


oo}, 


Find a set basis for the set vector space V = {1, 2, ..., «} 
over the set S = {2, 4, ..., co}. 


Is the set basis for the set vector space V = Z’ x Z’ over the 
set S = Z" unique? 


Does there exist a set vector space V over the set S which 
has more than one set basis? 


ae 


over the set S = Z”. Find a set basis for V? Is it unique? 


a,b,c,d € Z + be a set vector space 
p 


Find a set basis for the set vector space V = {-1, 0, 1, 2, 3, 
..., ©} over the set S = {0, 1}. Is the set basis unique? Is it 
finite dimensional? 


Give an example of a set vector space of dimension 7? 


Give an example of a set vector space V over the set S 
which is also a set vector space S over V. 


Give an example of a set vector space V over S which is not 
a set vector space of S over V (i.e., show if V is a set vector 
space over S then S is not a set vector space over V). 


Let V = Q’ x Z* x 2Z’ x R" be a set vector space over the 
set S = {1, 2, ..., 0}. Find a basis for V? What is the 
dimension of V? Does V have a unique set basis? Give a 
finite set independent set in V. 


Characterize those set vector spaces V on the set S of finite 
dimension such that V=S~x... xS. 
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30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


Give an example of set vector spaces V of set finite 
dimension over the set S which cannot be written as V=S x 
Pe Gree 


Let V=Z' u {0} = {0, 1, ..., 0} be a set vector space over 
the set S= {0, 1,3, 5,7, ...}. Is V=Sx...xS ?, (n, finite). 
en“ 


n—times 
Give some interesting properties of set vector spaces. 


Does there exist a set vector space V over the set S which 
has no set vector subspaces? 


Let V = Z’ be a set vector space over S = {2, 4, ..., oo. 
How many set vector subspaces does V have? 


a bec 
Find at least two set vector subspaces of V = (( 
e 


a, b, c, d, e and f e Z’}; where V is a set vector space over 
the set S = {1, 2, ..., 0}. 


Give an example of a set vector space V over the set S 
which has no set vector subspace. 


Characterize those set vector spaces V over the set S which 
has no set vector subspaces. 


Does there exist for any set vector space V over the set S, a 
set vector subspace over S such that it is also a subset of S? 


Find a generating set of the set vector space V = Z” x 2Z° 
over 2Z* = S = {2, 4, ..., 0}. 


Find a set basis for V given in problem 39. Does the V have 
a unique set basis? 
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41. 


42. 


43. 


44. 


45. 


46. 


How many generating sets does the set vector space V = 


ie 


Z? 


a,b,c,de€ Z| have, V defined over the set S = 


Find at least two set vector subspaces of V = Z” over the set 
S =2Z" = {2, 4, ..., 00}, which have non empty intersection. 


Let V = Z’ x Z’ x Z’ be a set vector space over the set S = 
Z’. Find three set vector subspaces W,, W2 and W; of V 
which have a non empty intersection. If W = W; 0 W2 0 
W; Cc V; is W a set vector subspace of V? 


Let V be a set vector subspace over the set S. Suppose W,, 
W>, ...5 Wn, be set vector subspaces of V. Will W = 


(\w, Cc V be always a proper set vector subspace of V? 


i=l 


a be 
Let V = 
lee 


vector space over S. Find 3 subset vector subspaces over 
subsets of S. Does there exists W,, W2 and W3;, subset 
vector subspaces of V defined over the subsets T,, T, and T3 
of S such that 


a, b, c, d, e andf e« 7 be a set 


(1) (\w, = 6 but ()T #6 or 
(2) (Vw, #6 but ()T, =6 or 


3 3 
(3) W=()\W, #6 and T=()T, #o and Wa 
i=l i=l 
subset vector subspace over T. 


Can V = {-1, 0, 2, 4, ..., 00} be set vector space over the set 
S= {1}? 
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47. 


48. 


49. 


50. 


51. 
52. 


i. If V is a set vector space over S; what is the 
dimension of V? 


ii. Find a generating set G of V over S. Is G= V? 


iii. Can V have subset vector subspaces over subsets 
of S? 


iv. Does V contain set vector subspaces? 


v. Is every singleton in V a set vector subspace of 
Vv? 


Let V=Z' x Z’ x Z' x Z’ bea set vector space over the set 
S = Z’. Does V contain subsets which are subset vector 
subspaces over the subsets; T, = {2, 2’, ...}, T. = {3, 3”, 
vty Ty= {ps Posse Pony Pa prime} and Ty = {nyn’, 3 n 
anon prime} in S? 


Let V = 2Z" x 3Z* x 5Z* x 2Z" be a set vector space over 
the set S = Z’. Find a set basis for V. Is the basis of V 
unique? Can V have more than one generating subset? 
Justify you claim. Find at least 4 subset vector subspaces of 
V such that their intersection is empty! 


Let V = 3Z° and W = 2Z’ be two set vector spaces over the 
set Z’. Prove the collection of all set linear transformation 
Ls (V, W) from V to W is a set vector space over the set Z”. 


Find a generating subset of Ls (V, W). What is the set 
dimension of Ls (V, W) given in problem 49? What is the 
dimension of V = 3Z* over Z°? What is the dimension of 
W = 2Z" over Z*? Find generating subsets of V and W over 
Z’. Does their exist two subset vector subspaces of V and W 
which are defined over the same subset of Z"? If so find a 
set linear transformation between them. 


Give an example of a finite set linear algebra. 


Give an example of an infinite set linear algebra. 
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53. 


a be 
54. Prove V = 
( de : 


55. 
56. 
Dil 


58. 


Let V = Z’ be the set under addition. V a set linear algebra 
over the set S = 3 Z”. What is the set dimension of V? 


Can V have set linear subalgebra defined over S? 


Can V have subset linear subalgebra defined over the 
set T =3°Z"? 


a, b,c, d,e andf € 010) is 


a set linear algebra over the set S = Z’. (V, +), a set with 
closure operation. Find a subset linear subalgebra over the 
subset T = 3Z°. Give an example of a set linear subalgebra 
of V. 


Find three subset linear subalgebras of V such that their 
intersection is non empty. 


g Ww a 0 e 
uppose W = 
PP dof 


W a subset linear subalgebra over the subset T = 2 Z*? If W 
is a subset linear subalgebra find its set dimension over T. 


2 reand facia | GeV eis 


Does there exist a set linear algebra which has no set linear 
subalgebra? 


Does their exist a set linear algebra which has no subset 
linear subalgebra? 


Give an example of a set linear algebra which has only a 
finite number of subset linear subalgebras. 


Let A; = {3 Z under the operation +}, be a set linear 
algebra over the set S = Z’. Let A, = {5 Z* under the 
operation +} be a set linear algebra over the set Z”. Let T be 
a set linear transformation from A, to Ao. Is the set of all set 
linear transformations from A, to A, a set linear algebra 
over Z'? Give a set basis for A; and A> over Z”. 
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59. 


60. 


61. 


62. 


63. 


Let V be the set vector space over the set S. Prove the set of 
all set linear operators from V to V is a set linear vector 
space over the set S. 


Let V = Z’ x 3Z x 5Z’ be a set vector space over Z’. Is 
T(x, y, Z) = (5x, 6y, 10z) for all x, y, z € V a set linear 
operator on V. What is the set dimension of the set vector 
space of all set linear operators of V on the set Z’. 


Let V =3Z" x Z’ x Q’ be a set vector space over the set S = 
3Z. What is the dimension of V over S? Is the basis of V 
unique over S? Is T(x, y, z) = (x, y, 2z) a set linear 
operator? What is the dimension of the set of all set linear 
operators on V? Find a generating set for the set vector 
space of set linear operators on the set Z”. 


a be 
Let V = 
{ de 


b 
space over the set S = Z’. Is {3 ‘fe at+tbt+c+d 
e 


+e+fa set linear operator on V? Justify your claim. 


a be a+b bt+e d ; 
Suppose T = 31s Ta set 
def e+b f e+f 


linear operator on V? What is the dimension of V over Z? 


2a 3b 5c 
Can W= 
2d Se 3f 


vector subspace of V over Z’? 


a,b,c,d,e,f € Z| be a set vector 


smedere?’| be a set 


Let V = {Zs" [x] be the set of all polynomials of degree less 
than or equal to 8 with coefficients from the set Z°}. Is V is 
a set vector space over Z*? What is the set dimension of V 
over Z"? 
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64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 
72. 


73. 


If V is endowed with polynomial addition, can V be a set 
linear algebra over Z’. What is the dimension of V over Z* 
as a set linear algebra? 


Suppose W = {All polynomials of degree less than or equal 
to four} < V; will W be a set vector subspace of V over Z? 


Give an example of a set linear algebra of dimension 6 
which has a subset linear subalgebra of dimension 3. 


Give an example of a set linear algebra of dimension 4 
which has a set linear subalgebra of dimension 2. 


Give an example of an infinite dimensional set linear 
algebra which has both a subset linear subalgebra and a set 
linear subalgebra. 


Does there exist a set linear algebra of infinite dimension 
which has no subset linear subalgebra and no set linear 
subalgebra? 


Does there exist a set linear algebra of infinite dimension 
which has no subset linear subalgebra? 


Does there exists a set vector space which does not have a 
unique set basis? 


Does there exists a set linear algebra with a unique set 
basis? 


Give any interesting result on set linear algebra. 


Enumerate at least 3 differences between a set vector space 
and the usual vector space. 


Define a set linear operator T on a set linear algebra V = 
2Z* (set under addition) over the set S = Z* which is 
invertible. Give a set linear operator U on V which is non 
invertible. 
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74. 


75. 


76. 


77. 


78. 


79, 


80. 


Let V = {{0} U Z} x {Z U {0}} and U = 


i 


defined over Z*. Can we define a set linear transformation 
from V to U which is invertible? 


a,b,ceE ZU | be two set vector spaces 


Does their exists a set linear operator from U to V which is 
invertible? Find a set basis for the set vector space of all set 
linear operators from V to U. Is the set basis unique? What 
is the dimension of this set vector space? 


Does there exists a set vector space V defined over the set S 
such that every subset of V is a set vector subspace of V 
over S? 


Does there exists a set vector space V over the set S such 
that for every subset W of V there exists a subset T of S 
such that W is a subset vector subspace over T? 


Does there exists a set vector space V over the set S such 
that V has a subset W which is a subset vector space over 
every subset of S? 


Does there exists a set vector space V over the set S such 
that every subset of V is a subset vector subspace over a 
unique subset T of S? 


Let V = Z’ x Z’ x Z’ be a set vector space over Z’ = S. 
Show that the set of all set linear functionals from V to S is 
a set vector space over S. What is the dimension of this set 
vector space? Is the set basis unique? 


x x x 
Let V= Pe? Te 
X, Xs X¢ 


vector space over the set S=Z" U {0}. Define f,: V > S by 


Ke 2G ; 
a =x; fori=1,2,..., 6. 
Ki; Kee Ke 
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x,EZ" wisi be the set 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


Prove f;’s are set linear functionals of V. Is the set {f\, 
..-, fe} a set linearly independent set? 


Find a basis of V for the V given in the above problem. Is it 
unique? 


Let V = Z" U {0} x ZU {0} a set vector space with zero 
defined over the set S = 2Z° U {0}. Let T be a set linear 
operator on V given by T(x, y) = (x —y, x + y). Find the set 
nullity of T! Is it a set vector subspace of V over S? 


If V is a set vector space with zero can we say every set 
linear operator on V which has a non trivial nullity T is a set 
vector subspace of V? 


If nullity T # o can we say T is non invertible? 


Let V =3Z' x 2Z" x Z’ be a set vector space over the set S 
= Z*. Is the set {(6, 4, 10), (3, 8, 11), (9, 2, 11)! a set 
linearly independent subset of V? 


Let V = (3Z' U {0}) x (5Z* U {0}) x (2Z" U {0}) bea set 
vector space over the set S = Z* U {0}. Is the set {(3, 0, 0) 
(0, 5, 0), (0, 0, 2)} a set basis of V over S? 


If V has a set basis over S, is it unique? What is the set 
dimension of V? 


eet 


ovr Z  wU {0}. Is the set G = 


1 0) /0 1 0 0) /0 0 
3 5 3 a set basis of V? 
0 0) \0 0) \1 0) \0 1 


Is the set G a set linearly dependent subset of V? What 
is the dimension of V? 


a,b,c,d € Z* 10) , V a set vector space 
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88. 


89. 


90. 


91. 


92. 


93. 


If V is a set vector space over the set S. Can we find set 
vector subspaces Wj, ..., W, of V such that V = W; U W>2 
U...U W, such that Wi 0 Wj= 6,14), 1 <ij <n? 


If A is a set linear algebra over the set S = Z” U {0} where 
{: a 
iA 
c d 
1 0) /0 1 0 0\/(0 0 
Can P 3 ; generate V? 
0 0) \0 0 1 0) \0O 1 


What is the set dimension of this set linear algebra over the 
set S? 


a,b,c,d eZ” U . 


Let V=Z" VU {0} x 2Z" U {0} x 3Z* U {0} be a set vector 
space over the set S=Z" U {0}. 


Can V be represented uniquely as W; U W2 U W; where 
W;’s are set vector subspace of V; i= 1, 2, 3 defined over S; 
with W;  W; = {0}, ifi4j; 1 <i,j <3? 


Give examples of set vector spaces V defined over the set S 
such that V = U W,_; Wj set vector subspaces of V. (Wi 
i=l 


W; = {0} or d,14j; 1 Si,j <n). 


Give an example of a set linear algebra A defined over the 
set A such that 


A=A,+A.+... +A, where A;’s are set linear subalgebras 
of A defined over the set A; i= 1, 2, ...,n with Aj 7 Aj = 0 
or bifi14j; 1<i,j <n. 


Is every set linear algebra A representable as A= A, +... + 
A,; Aj set linear subalgebra of A ;1= 1, 2, ...,n. Aj A Aj = 
O ord; 1 <i,j <n? 
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94. 


95. 


96. 


97. 


98. 


99. 


100. 


101. 


102. 


Let V be a set vector space over the set S. Let W,, Wo, ..., 
W, be subset vector subspaces over the subsets T,, To, ..., 
T, respectively of S. 


Can V = Uw, and S = Ut? 
i=l i=l 


In problem 94 can V = Uw, and S# Ur, 2 
i=l i=l 


Give an example of a set vector space in which conditions 
of problem 94 is true. (Does such an example exist?) 


Can V = Z;5 = {0, 1, 2, ..., 14} integers modulo 15 be a set 
vector space over the set S = {0, 1}? 


What is dimension of V? Can V have more than one set 
basis (V given in problem 97)? 


Let V =Z, = {0, 1, 2, ..., n} where n= p; po ... pr; pi’S are 
distinct primes be a set vector space over the set S = {1, 0}. 


What is the set dimension of V over S. How many set basis 
has V? 


Study when n =. 2.3.5 = 30 
n = 35.11.13 = 2145 
and n = 2.5.17 = 170. 


Let V = Z, = {0, 1, 2, ..., p— 1}, p a prime, Z, a set vector 
space over the set S = {1}. What is the set dimension of V? 


Let V = Z, = {0, 1, 2, ..., 6} be a set vector space over the 
set S = {1}. What is the set dimension of V? Is the set basis 
for V unique? 


Let V = Z,, = {0, 1, 2, ..., 10} be a set vector space over the 
set S = {1, 0}. What is the set dimension of V? Is the set 
basis unique? Can V have set vector subspaces? 
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103. 


104. 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


112. 


Let V = Zs = {0, 1, 2, 3, 4} be a set vector space over the set 
S = {0, 1}. What is set dimension of V over S? Is the set 
basis unique? Is W = {2, 3} a set vector subspace of V over 
{1, 0}? Is W = {2, 3} a subset vector subspace of V over 


£119 


Let V = Zs x Z; be a set vector space over the set S = {(0, 
1), (0, 0) (1, 0), (1, 1)}. What is the set dimension of V over 
S? Find a set basis of V. Is the set basis of V unique? 


Let V = Z, x Zs x Z3 be a set vector space over the set S = 
{0, 1}. Does their exists set vector subspaces W,, ..., Wn 


such that V = Uw, ? 


i=l 


Prove if V is a finite set which is a set vector space over 
another finite set S; the set dimension of V is finite. 


If V is an infinite set which is a set vector space over a set 
S. Can V have a finite set dimension? Justify your claim ! 


Let V = Z, x Z be a set vector space over the set S = {0, 
1}. What is the dimension of V? Can V have subset vector 
subspaces? Can V have set vector subspaces? Is the set 
basis of V unique over S? 


Let V = Z4 x Zio x Zig X Zz be the set vector space over the 
S = {0, 1}. What is the set dimension of V? Can we write V 
as a union of set vector subspaces? Can V have more than 
one subset vector subspace? 


Let V = Z; [x] be a set vector space defined over the set {0, 
1}. What is the set dimension of V? 


If V = Z¢ [x] is a set linear algebra over the set S = {0, 1}. 
Find a set basis of V. Find a set linear subalgebra of V? 


If V = Z:[x] = {all polynomials of degree less than or 


equal to two} be a set linear algebra over the set S = {0, 1}. 
What is the set dimension of V? Is the set basis of V 
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113. 


114. 


115. 


116. 


117. 


118. 


119. 


120. 


121. 


122. 


unique? Can V have a subset linear subalgebra over the 
subset {1}? Can V have set linear subalgebra? 


Give some interesting properties of semigroup vector 
spaces. 


Obtain some properties enjoyed by semigroup linear algebra 
and not by semigroup vector spaces. 


Find pseudo semigroup vector subspaces of the semigroup 


linear algebra Vv = 
aj “ay “Ay 
ay: ae de [ape 2Z WO}. S39 over the 
ay ay ay 


semigroup S = Z’ U {0}. Does V have semigroup linear 
subalgebras? 


Does there exist any semigroup linear algebra without a 
pseudo semigroup vector subspace? 


Obtain any interesting result about semigroup linear algebra 
and its substructures. 


Does there exist a semigroup linear algebra which has no 
pseudo subsemigroup vector subspace? 


Let F[x} be the semigroup under polynomial addition over 
the prime field F = Z; = {0, 1, 2} of characteristic 3. Let S = 
Z3 = {0, 1, 2} be the semigroup under addition. F[x] is a 
semigroup linear algebra over Z; = S. Can F[x] have a 
pseudo subsemigroup vector subspace? 


Give an example of a simple semigroup linear algebra 
defined over a semigroup which has proper subsemigroups. 


Can a semigroup linear algebra V defined over a non simple 
semigroup S be a pseudo simple semigroup linear algebra? 


Define a semigroup linear operator on the semigroup linear 
algebra V = P x P x P x P x P where P = 2Z' U {0} over the 
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123. 


124. 


125. 


semigroup S = Z’ U {0} which is invertible. Prove the set 
of all semigroup linear operators on V is a semigroup linear 
algebra over S. What is the dimension of Hom,(V, V) = {all 
semigroup linear operators on V}? 


a a ns a 
Let V = as 4 
ag ay « Aly 


semigroup linear algebra over the semigroup S = Z* U {0}. 
Define a semigroup linear operator on V which is non 
invertible. What is the dimension of Homs (V, V)? Is Homs 
(V, V) a semigroup linear algebra over S? Suppose 


ee i 
Oe te ose, «0 


be a semigroup linear subalgebra of V. Define a 
semigroup linear operator T on V_ which is a 
semigroup projection of V into W. Is To T=T? 


a a a a a 
1 4, 43 ay 5 
Let V = 
Ag Az Ag Ay Ay 


a semigroup linear algebra over the semigroup S = Z’ U 


{0}. 


a, a, 0 0 0 
W = 
a, a, 0 0 0 


a semigroup linear subalgebra of V over the subsemigroup 
T =2Z° u {0}. Define pseudo projection U : V > W. Is U 
oU=U? 


a,€ zuioasisis} be a 


a <2 Ustsis rev 


ne (0 tsisi] be 


a,,4,,a,,a,EZ VU {0} | cV be 


Obtain some interesting properties about 


1. semigroup projection operator of a semigroup linear 
algebra 


2. pseudo semigroup projection operator of a subsemigroup 
linear subalgebra. 
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126. 


127. 


128. 


129. 


130. 


131. 


132. 


Find the difference between them. 


Is every semigroup linear projection operator on a 
semigroup linear subalgebra an idempotent map? 


Is every pseudo semigroup linear projection operator of V 
an idempotent map? 


Let V be a semigroup vector space over the semigroup S. Is 
it always possible to represent V as a direct union of the 
semigroup vector subspaces of V? Justify your claim. 


a, a, 0 0 0 0 
Let V= , (a; ap a3 a4), ; 
a; ay a A, a, a4 
a; 0 a. 0 
0 a, O a, 


vector space over the semigroup S = Z” U {0}. 


ae Q’ U{0};1<i< | be a semigroup 


Is V representable as the direct union of semigroup vector 
subspaces of V? Does V contain subsemigroup vector 
subspaces? 


Does there exist a semigroup vector space which cannot be 
represented as a direct union of semigroup vector 
subspaces? 


Is it possible to represent a semigroup vector space over the 
semigroup S both as a direct union of semigroup vector 
subspaces and pseudo direct union of semigroup vector 
subspaces of V? Justify your claim. 


a a a 
Let V = pee ae 
a, a, a, 


semigroup linear algebra over the semigroup S = Q U {0}. 
Is the set of all semigroup linear operators on V a 
semigroup linear algebra over S? Justify your answer. 


a, €Q’ U {0}; Isi56| be a 
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133. 


134. 


135. 


136. 


137. 


138. 


Let V be as in problem 132 suppose W = 


; a, 7 
ne ae 


subsemigroup linear subalgebra of V over the subsemigroup 
T=Z wu {0}. Define a projection from V to W. Represent 
V as a direct union of semigroup linear subalgebras of V 
over S. 


2 <°u oti 6} be a 


Can V be represented as a pseudo direct union of 
subsemigroup linear subalgebras? 


Does there exist a semigroup vector space which cannot be 
written as a direct union of semigroup subvector spaces? 


Does there exist a semigroup vector space V which cannot 
be written as a pseudo direct union of semigroup subvector 
spaces of V? 


Can the semigroup vector space V = {(aj, a2, ..., a5), (a1, a2, 


a, a, 
a3), (a, ae Vas a7), 
a, ay 


semigroup S = Z" U {0} be represented as a direct union of 
semigroup vector subspaces of V? 


a, eZ U {0}; 1 <i<7 over the 


Can the semigroup vector space V = {0, 1, 3, 5, 7, ...} over 
the semigroup S = {0, 1} be such that 1 + 1 = 1 be 
represented as the direct union of semigroup subvector 
spaces of V? 


Let P[x] = {all polynomials in the variable x with 
coefficients from Z” U {0!}, be a semigroup linear algebra 
over the semigroup S = Z* U {0}. W[x] = {all polynomials 
of even degree with coefficients from S = Z U {03} bea 
semigroup linear subalgebra of P[x]. 


Define a projection from P[x] into W[x]. 


Is that projection semigroup operator idempotent semigroup 
linear operator on P[x]? 
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139. 


140. 


141. 


142. 


143. 


144. 


145. 


146. 


147. 


Let V = {0, 1, 3, 3’, 3°, ...} be a semigroup vector space 
over the semigroup {0, 1} with 1 + 1 = 1. Can V be 
represented as a pseudo direct union of semigroup subvector 
spaces of V? Is V representable as the direct union of 
semigroup subvector spaces of V? 


Does there exists semigroup linear algebra V which has a 
unique direct sum? 


Let V = P x P where P = Z’ U {0} be a semigroup linear 
algebra over P. Can V_ have many direct sum 
representations? 


Suppose V = {(a, b, c)| a,b,c € Z’ U {03}, be a semigroup 
linear algebra over S = Z’ U {0}. How many ways can V be 
represented as a direct sum? 


Does their exists a semigroup linear algebra V which can be 
represented as a direct sum in infinite number of ways? 


We know V = Z’ U {0} is a semigroup linear algebra over 
S=Z" U {0} = V. Clearly dimension of V is one but V has 
infinitely many semigroup linear subalgebras over V given 
by W, = {nZ* U {0} | n € Z"} CV, as n can take infinite 
number of values. V has infinite number of semigroup 
linear subalgebras. Can V be written as a finite direct sum 
of semigroup linear subalgebras? 


Let V = Q’ U {0! be a semigroup linear algebra over the 
semigroup S = Z” U {0}. What is the dimension of V? Can 
V be represented as a finite direct sum of semigroup linear 
subalgebras of V? 


Characterize all those semigroup linear algebras V which 
can be written as a finite direct sum of semigroup 
subalgebras of V. 


Characterize all those semigroup linear algebras V of 
dimension one which is an infinite direct sum of semigroup 
linear subalgebras of V. 
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148. 


149. 


150. 


151. 


152. 


153. 


154. 


155. 
156. 


Let V = Z, = {0, 1, 2, ..., 6} be a semigroup under addition 
modulo 7. S = Z; = V the semigroup. V is a semigroup 
linear algebra of dimension one over S. Can V have any 
semigroup linear subalgebras? Can V be written as a non 
trivial direct sum of semigroup linear subalgebras? 


Find all semigroup linear subalgebras of the semigroup 
linear algebra Z,[x] = {all polynomials in the variable x 
with coefficients from Z,} over the semigroup Z,, p any 
prime. Can Z, [x] be a direct sum of semigroup linear 
subalgebras? 


Let V = Z, x Z, x Z, x Z, be the semigroup linear algebra 
over the semigroup S = Z, under addition. Can V be a direct 
sum of semigroup linear subalgebras, p be any prime? 


Let V = Z, x Ze x Zs be the semigroup linear algebra over 
the semigroup S = Z.. Can V be a direct sum of semigroup 
linear subalgebras? 


Let V = Z, x Ze x Zo be the semigroup linear algebra over 
the semigroup S = {0, 1}. Can V be a direct sum of 
semigroup linear subalgebras? 


Let V = Z> x Ze x Zo be the semigroup linear algebra over 
the semigroup S = {0, 1}? What can we say about its direct 
sum? 


Let V = Zy x Zo x Zo x Zo be a group vector space over the 
group H = {0, 3, 6}. Find group vector subspaces of V. Can 
V have subgroup vector subspaces? Justify your claim. 


Give some interesting results about group vector spaces. 


Let 
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157. 


158. 


159. 


160. 


(11111),(00000)3, 


Is V a group vector space over the group Z, = G (group 
under addition modulo 2)? Can V have proper group vector 
subspaces? Is W = {(1 1 1 1 1), (0000 0)} c V a proper 
group vector subspace of V? 


Does their exists a group vector space V over the group G; 
G has proper subgroups, yet V is a simple group vector 
space? 


Let V = Z; x Z; x Zs x Zs be a group vector space over the 
group G = Zs. What is the dimension of V over Zs? Find a 
generating subset of V. Is T = {(1 1 1 1 1)} a generating 
subset of V? 


Let V = Z x Z be a group vector space over the group Z. 
What is the dimension of V? Can a finite subset of V be a 
generating subset of V? 


Let V = (? | 
a, a, 
space over Z. 
1 0) (0 1 0 0) /0 0) /1 1) /f1 O 
Can Fd 2 ° ° ° 2 
0 0) \0 0 BOs CEO oO NED 
1 1 1 1 1 
: , : , ° , aes , c V be the 
0 1) (0 1 1 0 1 1) 1 
generating subset of V? 


What is the dimension of V over Z? Find proper subgroup 
vector subspaces of V? Give a proper group vector subspace 


aoa 
of V? Is W= 
0 0 


of V? What is the dimension of W over Z? Is 


‘ie | 5:53 
c W a generating subset of W? Can 
0 0 0 0 
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a, € Z, isi 4} be a group vector 


ae Cc V a group vector subspace 


161. 


162. 


163. 


164. 


165. 


166. 


be a generating subset of V? Can W have more than one 
generating set? 


Let V = {(a; a, ..., an) | a) € R} be a group vector space 
over the group 2Z. Find proper subgroup vector subspaces 
of V? Does V have subgroup vector subspaces? Is W = {(a, 
a, ...,a)|a € Z}, a group vector subspace of V? What is the 
dimension of W? What is the dimension of V? Find a 
generating subset of W? Find a generating subset of V? Is V 
finite dimensional over 2Z? Suppose V is defined over the 
group R will V be finite dimensional? 


Let V = Zs x Zs x Zs x Zs be a group vector space over Zs. 
Can V have subgroup vector subspaces? Find all group 
vector subspaces of V. What is dimension of V over Zs? 
Find the finite set which generates V over Zs. 


Let V = Z, x Z, x Z, be a group vector space over Z>. Prove 
V is a simple group vector space. Find all group vector 
subspaces of V. Is B = {(0 0 0), (1 0 0), (01 0), (001), 1 
0),(01 1), (1 1 1), (1 0 1)} a basis of V over Z,? 


Let V = Zi6 x Zie x Zi6 x Zi6 be a group vector space over 
the group G = {0, 4, 8, 12} under addition modulo 16. Find 


a. Subgroup vector subspaces of V using the 
subgroup H = {0, 8} contained in G. 


b. W = Ze x Zig x {0} x {0}, a group vector 
subspace of V. What is dimension of W? 


c. How many group vector subspaces can V have? 
d. What is dimension of V over G? 


Give examples of a one dimensional group vector space 
which has a group vector subspace of infinite dimension? 


Let V = Z x Z x Z be a group vector space over Z. Let W = 


{(p, p, p) | p is a prime} c V. Is W a group vector subspace 
of V? What is dimension of V over Z? What is the 
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167. 


168. 


169. 


170. 


171. 


172. 


dimension of W over Z? Suppose S = {(Xj, X2, X3) | x; € 2Z; 
1 <i<3} CV; is S a group vector subspace of V? What is 
dimension of S over Z? 


Let V = {(a, a, a, a) | a € Z} a group vector space over Z. 
What is the dimension of V over Z? Can V have group 
vector subspaces of higher dimension than V? Suppose S = 
{(7, 7, 7, 7), (2, 2, 2, 2), (5, 5, 5, 5), C1, 1, 1, 1), (0, 0, 0, 0)} 
c V. Can S be a group vector subspace of V? Justify your 
claim? 


1 11 0 0 0 
1 1) (0 O 
Let V= 4/0 1 1], |0 O O}, ; be a 
1 1) \0 0 
001 0 0 0 
group vector space over the group Z2 = {0, 1}. Prove V is a 


simple group vector space. Prove V has only two group 
vector subspaces. Is dimension of V over Z, four? 


Let V= {1111111),d110000),(0000000), (01 
01010),(1010101)} bea group vector space over the 
group Z, = {0, 1}. Find all group vector subspaces of V. 
What is dimension of V over Z»? 


Let V = Q x Q be a group vector space over Q. What is 
dimension of V over Q? Find group vector subspaces of V. 
Does V contain subgroup vector subspaces of V? Does V 
contain subgroup vector subspaces? Let W = Z x Z CQ x 
Q, is W a subgroup vector subspace of V over the subgroup 
Z? What is dimension of W? Suppose V, = Q x Q is a group 
vector space over the group 3Z. What is the dimension of 
V, over 3Z. Find generating subsets of V and V, over Q and 
3Z respectively. 


Give examples of group vector spaces V_ such that 
dimension of V is the same as cardinality of V? 


Let V=C x C x C be a group vector space over C. What is 


dimension V over C? 
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173. 


174. 


175. 


176. 


177. 


178. 


179. 


If V; =C x C x Cis a group vector space over R. What is 
dimension of V,; over R? 
If V2 = C x C x C is a group vector space over Q. What is 
dimension of V> over Q? 
If V3; = C x C x C is a group vector space over Z what is 
dimension of V3 over Z? 
If V4 = C x C x C is a group vector space over 5Z what is 


dimension of V4 over 5Z? 

Find group vector subspaces of V, V;, V2, V3 and V4. 

Can V, Vi, V2, V3 and V4 have duo subgroup vector 
subspaces? 


Give an example of a group vector space which has no duo 
subgroup vector subspaces? 


Let V = Zs; x Zs x Zs be a group vector space over the group 
Zs. Can V have duo subgroup vector subspaces? 


Does their exists a group vector space V over a group G in 
which every group vector subspace is a subgroup vector 
subspace and vice versa? 


Let V = Z)3 x Z13 x Z13 x Z13 be group vector space over 
Z,3. Can V have duo subgroup vector subspace? 


Let V = Z,7 x Z,7 x Z\7 be a group vector space over the 
group Z\7. Prove V is a simple group vector space. Can V 
have group vector subspace? What is dimension of V? 


IfV= Z,x...xZ,, Z, the group under addition modulo 
u————~“— 


n—times 
p. V the group vector space over Z,. What is dimension of 
V over Z,? How many generating subsets can V have? 


Let V = Ze x Ze x Zs be a group vector space over Zs, what 


is dimension of V. Find one subgroup vector subspace and 
group vector subspace of V? 
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180. 


181. 


182. 


183. 


184. 


185. 


Let V = Z, x...xZ, where n is not a prime. Prove V is 
t—times 

not simple as a group vector space over Z,. What is 

dimension of V over Z,? Find a generating subset of V. 

Does V contain group vector subspaces? 


aoa 
Let V = {| a <2, be a group vector space over the 
aoa 


group Zs. Prove V is simple? What is the dimension of V 


V1) (0: 0 
over Zs? Is S = | , i f } the generating subset of 


V? Can V contain group vector subspaces? Justify your 
claim. 


LetV=,/: : : aéZ, ¢ be a group vector space 


aa... a 


over Z,, p a prime; prove V is simple. What is the 
dimension of V over Z,? Can V have group vector 
subspace? 


aaa 
Let V = { 
aaa 


Zi2. Is V simple? Find group vector subspaces of V. What is 
dimension of V over Z17? 


a <2,| be a group vector space over 


What is the dimension of V = Z, as a group vector space 
over Z,? Is V simple? Can V have group vector subspaces? 


aa a 
aa. a : 

Let V = ey oa ; aeZ,; n not a prime} be a 
aa 


mxn 


group vector space over the group Z,. Prove V is not 
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186. 


187. 


188. 


189. 


190. 


simple! What is the dimension of V over Z,. Find proper 
group vector subspaces of V. 


Let V = {(ajj)mn | a; € Zn} 1 Si < mand 1<j <n} bea 
group vector space over Z,. What is dimension of V over 
Zn? When is V simple? When is V not simple? Find group 
vector subspaces of V. 


a a a 
Let V = Dear ae 
a, a, a, 


vector space over Zo. What is the dimension of V over Zo? 
Is V simple? If V is defined over G = {0, 3, 6} what can one 
say about subgroup vector subspaces of V? What is the 
dimension of V over G = {0, 3, 6}? 


a a a 
Let V= Yue. ae 
a, a, a, 


group vector space over Z3” What is the dimension of V 
over Zn’ Prove V is not simple. Find subgroup vector 


a,eZ,;1<i< | be the group 


a, cZ,in2 241156} be a 


subspace W of V which is simple. 


c OC 


Let V = a TNs cok li ee be a 
a a}\b b b 
c 


c 
group vector space over Z. Find the subgroup vector 
subspace over 5Z. Prove V is not simple. What is the 
dimension of V over Z? Find some group vector subspaces 
of V. 


a 
a b 
= a 
Let V = a b 
a 
a b 
a 


om Co Oe) 


c 
. a,b,ce Z} be the group 
c 
c 


vector space over Z. Is V simple? What is dimension of V 
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191. 


192. 


a b 


over Z? Prove W= J} 4 bh jla,be Z| 1S a group subspace 
a b 
of V. 
a 
a 
a a 
Let V = ,| b I) a,b e Z> be a group vector space 
a 


a 


s 


over the group Z. What is dimension of V over Z? Find 
proper group vector subspaces of V. Prove V is not simple. 
What is the dimension of the group vector subspace W, = 


a 
a 
a,beZ?? Let W2.= |b ]lla,beZ;- be a _ group 
a 
a 
b 


vector subspace of V. What is the dimension of W,? Let W; 


“10 


dimension of W3 over Z? Is dimension of W, = dimension 


a,be i be the group vector subspace of V. What 


a 


a 
of W. = dimension of W3? W' = aEe2Z is a 


2 


2 


subgroup vector subspace over the subgroup H = 2Z. What 
is dimension of W' over 2Z? Is the generating subset of W' 
unique? 


Does there exist a group vector space which has more than 
one generating set? 
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193. 


194. 


195. 


196. 


197. 


198. 


199. 


200. 


201. 


Let V = {(x, x, x), (y, ys y, y) | x € 2Z and y € 3Z} be the 
group vector space over Z. What is dimension of V over Z? 
Is V simple? What is the dimension of W = {(x x x) |x € 
2Z} over Z. What is dimension of W over 2Z? 


Let X = {(a, a) (a, b) | a € Z, b © 4Z} be a group vector 
space over Z. What is dimension of X over Z? Find a 
generating subset of X. Is it unique? 


Let Y = {(a, a, a), (b, b, b, b), (Ki, X2, X3, X4, Xs) | a, b xj € Z; 
1 <i< 5} bea group vector space over the group Z. Is Y 
simple? What is the dimension of Y over Z? Find a 
generating subset S of Y. Is S unique? T = {(a, a, a), (b, b, 
b, b) (c, c, c, c, c)} C Y, is a group vector subspace of Y 
over Z. Find dimension of T over Z? 


Let V = Zi. x Z)2 be a group linear algebra over Z\. What is 
the dimension of V? Find a generating subset X of V. 


Let V = Zi2 x Zi2 be a group linear algebra over G = {0, 2, 
4, 6, 8, 10}. What is the dimension of V over G? Give a 
generating subset of V. 


Let V = Zj2 x Z)2 be a group linear algebra over the group G 
= {0, 3, 6, 9}. What is dimension of V over G'? Give a 
generating subset of V? 


Let V = Z,2 x Z)2 be the group linear algebra over the group 
S = {0, 6}. What is the dimension of V over S? Give a 
generating subset of V over S. 


Let V = Z,2 x Z,2 be the group linear algebra over the group 
P = {0, 4, 8}. What is the dimension of V over P? Give a 
generating subset of V over P. 


Does the dimension of a group linear algebra dependent on 
the group over which it is defined? Find the relation 
between the dimension of V in problems (196-200) and the 
cardinality of the group over which they are defined. Can 
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202. 


203. 


204. 


205. 


206. 


207. 


one say the dimension increases with the decrease of the 
cardinality of the group over which V is defined? 


Let V = Zi. x Zy2 x Zi. x Zi. be the group linear algebra 
over the group Zi. Does V have pseudo semigroup linear 
subalgebra? Find in V a pseudo group vector subspace over 
the group Z). 


Let V = Z; x Zs x Zs be the group linear algebra over Zs. 
Can V have pseudo semigroup linear subalgebra over Zs? 


Let V =Z x Z x Z be the group linear algebra over Z. W = 
2Z x Z x Z x 2Z be the group linear algebra over Z. Define 
a group linear transformation from V to W so that T is 
invertible. Define a group linear transformation from V to 
W, which is not invertible. 


Let V = Z, x Z; x Z, be a group linear algebra over G = Z7. 
Define a group linear operator T on V which has T" such 
that To T'=T' oT; is the identity group linear operator 
on V. Is T (x y z) = T (0 y x) from V to V an invertible 
group linear operator on V? If T (x y z) = (x + y x-y 0) from 
V to V, is T an invertible group linear operator on V?_ What 
is the structure of Mc (V, V)= M, (V, V)? Is M, (V, V)a 


group linear algebra over Z7 with composition of maps as an 
operation on it? Prove your claim. 


Let V be a group linear algebra over a group G. Let Mg (V, 
V) denote the set of all group linear operators from V to V. 
What is the algebraic structure of Mg (V, V) ? Can Mg (V, 
V) be a group linear algebra over G? 


Let V and W be two group linear algebras over the group G. 
Let Mg (V, W) denote the collection of all group linear 
transformations from V to W. What is the algebraic 
structure of Mg (V, W)? Is Mg (V, W) a group linear 
algebra over G? Is Mg (V, W) a group vector space over G? 
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208. 


209. 


210. 


211. 


212. 


213. 


Let V = Z, x Z, and W = Z, x Z, x Z, x Z, be group linear 
algebras over the group Z). Find Mg (V, W). What is the 
dimension of Mg (V, W)? Find Mg (V, V) and Mg (W, 
W) and determine their dimensions. If T (x, y) = (x, x+y, 
x — y, y) is the map from V to W; is T a group linear 
transformation? Is T a invertible group _ linear 
transformation? 


aaa 
Let V= { 
aaa 


linear algebras over Z. Find dimensions of V and W. What 
is the dimension of M, (V, W)? 


a be 
Let V = 
(; e ] 


algebra over G = {0, 5, 10}, group under addition modulo 
15. What is dimension of V over G? Can V have pseudo 
semigroup linear subalgebras? Justify your claim. Is W = 


lege 


V? Find a proper linear subalgebra of V with dimension 3. 


sez] and W = {Z x Z x Z} be group 


a,b,c,d,e,f € 25h be a group linear 


a <2} a proper group linear subalgebra of 


Let V = Z, [x] be a group linear algebra over Z,. What is the 
dimension of V over Z,? 
Find M,, [V, V]. What is the dimension of M, [V, V] over 


Zp? 


Let V = Zs x Zg x Zs be a group linear algebra over the 
group G = {0, 4} under addition modulo 8. Find the 
dimension of V over G. Find Mg [V, V]. What is the 
dimension of Mg [V, V]? Does their exist any relation 
between dimension of V and Mg [V, V]? Which has higher 
dimension V or Mg [V, V]? 


Let V be a group vector space over the group G. Suppose H 
is a subgroup of G, V be also a group vector space over H. 
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214. 


215; 


216. 


Will the dimension of V increase with the subgroups on 
which V is defined or decrease when V is defined on the 
subgroups of G. 


Let V = Zio x Zin x Zi2 x Zi be a group vector space over 
the group Z)2. What is dimension of V over Z),? Let V, = 
Zi2 X Zi2 x Zi x Zi be the group vector space over the 
subgroup H = {0, 2, 4, 6, 8, 10} CZ... What is the 
dimension of V, over H? Suppose V> = Zy2 x Z12 X Zi. X Zy2 
group vector space over the subgroup P = {0, 3, 6, 9}, find 
the dimension of V> over P. If V3 = Zj2 x Zio x Zi2 X Zy2 
group vector space over the subgroup K = {0, 6} find the 
dimension of V3; over K. Compare the dimensions of group 
vector spaces V, V,, V2 and V3. 


a a a 
Let V = ee 
a, a, a, 


algebra over Zs. Find dimension of V over Zs. If Vi = 


E a, *] 
a, a; a, 


V, over the subgroup H = {0, 4} CZs as a group linear 
algebra over H CZs. Let V> = 


a, a, a, 
a, a, a, 
over the subgroup K = {0, 2, 4, 6} CZs. What is the 


dimension of V> over K. Compare the dimensions of V, V; 
and V>. 


<2, be the group linear 


a, E€Z,;1<i< | , what is the dimension of 


a, E€Z,;1<i< | be a group linear algebra 


Let V be a group linear algebra over the group G, and also 
proper subgroups H,, H,, ..., H, of G. Find dimensions of 
the group linear algebra V over the subgroup Hj, ..., H, and 
compare them. Compare dimension of the group linear 
algebra V over the group G with the group linear algebra 
over H;’s;i= 1, 2,...,n. 
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217. 


218. 


219. 


220. 


221. 


v(t 


over Zs. What is dimension of V over Z,. Suppose V = 


(° 5) 


= {0, 2} CZ,4. What is dimension of V over H? Let V = 


a b 
c d 
what is dimension of V as a group vector space over Z4? 
Does dimension of V as a group vector space over Z, 


different from V as a group linear algebra over Z,? What is 
the dimension of V as a vector space over H = {0, 2}? 


a,b,c,de 2| be the group linear algebra 


a,b,c,de€ z| be the group linear algebra over H 


snedeZ,| be a group vector space over Z,4 


Let V = Zs; x Zs x Zs be a group vector space over Z;. What 
is dimension of V over Zs? Let V be the group linear 
algebra over Zs. What is the dimension of V as a group 
linear algebra over Z;? 


Let V=ZxZxZxZx Zbea group linear algebra over Z. 
What is dimension of V over Z? If W = 11Z x 2Z x 3Z x 5Z 
x 7Z < V be the group linear subalgebra of V over Z. What 
is dimension of W over Z? Let P = Z x {0} x {0} x {0} x 
{0} < V be a group linear subalgebra of V over Z. What is 
dimension of P over Z? 


Give an example of a fuzzy vector space over the field of 
reals. 


Given V = {Zj. x Zi. x Zj2} is the set vector space over the 


set S = Zi. Define a map n: V > [0, 1] so that Vy is a 
fuzzy set vector space. 
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222. 


223. 


224. 


225: 


226. 


22). 


fee 


the set {0, 2}. Define a map n: V —> [0, 1] so that V, is a 
fuzzy set vector space. 


a,b,c,de z| be a set vector space over 


Let V = {(0001), (1100), (000), (0000), (111), (110), (010), 
(00000), (10000), (10101), (01010)} be the set vector space 
over the set S = {0, 1}. Define n : V > [0, 1] so that V,, is a 
fuzzy set vector space. 


ofe2 


the set Z. Define the map n: V — [0, 1] so that V, is a 
fuzzy set linear algebra. 


mae 


set S = {0, 2, 5, 7, 3}. Define n : V > [0, 1] so that Vn is a 
fuzzy set linear algebra. 


aft 


space over the semigroup S = {0, 2, 4, 6} under addition 
modulo 8. Define n : V — [0, 1] so that V,, is a semigroup 
fuzzy vector space. 


a bed 
Let V = 
e f g h 


. . + 
semigroup vector space over the semigroup Z’. Does there 
exist arn, : V > [0, 1] so that V,, is a semigroup fuzzy vector 
space? 


a,b,c,de€ | be a set linear algebra over 


ae 2.| be a set linear algebra over the 


sredeZs} be a semigroup vector 


a,b,c,d,e,f,g,he 2 be the 
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228. 


229. 


230. 


231. 


232. 


233. 


234. 


235. 


afer 


over G = Z the group under addition. Define n : V > [0, 1] 
so that V,, is a group fuzzy vector space? 


aneaer2| be a group vector space 


Let V = {(abcde)|a,b,c,d,e € Zo} be a group vector 
space over Zy9. Define n : V > [0, 1] so that V,, is a group 
fuzzy vector space. 


Let V = Zy9 x Zy9 X Zoo X Zoo be a group vector space over 
the group G = {0, 5, 10, 15}. Define n : V — [0, 1] so that 
V,, is a group fuzzy vector space. 


Let V = {(00111), (01000), (11000), (10001), (00001), 
(00000)! be a group vector space over the group Z, = {0, 
1}. Define n: V > [0, 1] so that Vn is a group fuzzy vector 
space. 


Given any group vector space V over the group G. Does 
there always exists a group fuzzy vector space V,,? 


ales 


over the group Z. Define map n : V > [0, 1] so that V,, is a 
group fuzzy linear algebra. Find a group fuzzy linear 
subalgebra of V. 


shede?) be a group linear algebra 


Let V = {(aaaaa)|a € Z} be a group linear algebra over 
the group Z. Define n: V — [0, 1] so that V, is a group 
fuzzy linear algebra. Find a group linear fuzzy subalgebra of 
V. 


Obtain some interesting properties about set bivector 
spaces. 
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236. 


237. 


238. 


239, 


240. 


241. 


Let V = Vi UV. = {(a a aa) |a eZ} u 


aaa 

aaa 
Z*. Find a generating bisubset of V. What is the 
bidimension of V? Find for V a set bivector subbispace. 


a 0 b 
Let V = V; UW. = 0 


0c 
a b 0 
00d 
set Z. Find the generating bisubset of V. What the 
bidimension of V? 


; a b 
Given V, = ( 
c d 


over the group G = Z. V2 = {Z x Z x Z} the group vector 
space over the same group G = Z. V = V; U V> is the group 
bivector space over G. Find the bidimension of V. 
Determine the generating bisubset of V. 


ae 22 be the set bivector space over the set 


a,b,c e z| U 


a,b,de 2 be a set bivector space over the 


a,b,c,de | the group vector space 


Let V = V; UV> be a semigroup bivector space over the 
semigroup Z;, where V; = {(a a a) |a eZ} and V> = 


(Ges 


of V; U V2. What is the bidimension of V? 


ae 2.| . Find a bigenerating subset X = X, U X) 


Let V = {Zi. x Zi. x Zi} UZ [x] be the semigroup 
bivector space over the semigroup S = {0, 6} under addition 
modulo 12. Find the bidimension of V. Find a semigroup 
bivector subspace of V. 


Let V = V; UV2 = {(1111), (333), (456), (000)} U {Zia x 


Z,2}. Is V a semigroup bivector subspace? Justify your 
claim. 


317 


242. 


243. 


244. 


245. 


ace 


semigroup bivector space over Z3. What is bidimension of 
V over Z3; as a semigroup bivector space. Suppose V is 
viewed as a semigroup bilinear algebra over Z3, what is the 
bidimension of V over Z; as a semigroup bilinear algebra 
over Z;. Hence or other wise can one prove if V is a 
semigroup bivector space over the semigroup S, if V be 
viewed as a semigroup bilinear algebra them bidimension V 
as a semigroup bivector space is always greater than the 
bidimension of V as a semigroup bilinear algebra over the 
semigroup S. 

Does their exists a semigroup bivector space V whose 
bidimension is same as that of V viewed as a semigroup 
bilinear algebra? 


<2, U{(aaaa)|a eZ} bea 


a b 
Let = (ax Zax) | 
c d 


a,b,c,de | =V, 


U V2 be a semigroup bivector space over Z,. If V=V, U V2 
is a semigroup bilinear algebra over Z,. What are the 
bidimension of V as a semigroup bivector space over Z4 and 
as a semigroup bilinear algebra over Z4? 


Let V = V; U V2 = {(1110), (1111), (0000), (011), (000), 
(100), (101)} U {(1111111), (1101100), (0000000)! be a 
semigroup bivector space over the semigroup S = {0, 1} = 
Zp». Find the bidimension of V. Find a bigenerating subset of 
V. Can this V be made into a semigroup bilinear algebra? 


a a\(b)\(a a 
Let V = V; U VW. = i i Ja<z'| 
a aj\b/\a a 


b 
{( i} b)la, b,c, de 2} the semigroup bivector 
c 
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246. 


247. 


248. 


249. 


250. 


251. 


space over the semigroup Z”. What is the bidimension V? 
Find a nontrivial semigroup bivector subspace of V? 


Obtain some interesting results about semigroup bivector 
subspaces of a semigroup bivector space V. 


Given V = V; UV> is a quasi semigroup bilinear algebra 
over the semigroup S = Z", here V; = {(aaa)|aeZ'} isa 
semigroup linear algebra over S and V, = 


(EMG 3) 


(1) Find the bigenerating subset of V. 
(2) What is the bidimension of V? 
(3) Find a proper quasi semi linear subalgebra of V. 


ae 2 is only a semigroup vector space. 


Let V = V; U V2 be a quasi semigroup linear algebra over 
Zs where V, = Zg [x] is the semigroup linear algebra over Z¢ 
and V2 = {(1110), (2220), (3330), (4440), (5550), (6660), 
(7770), (0000), (000a) | a € Zs} is the semigroup vector 
space over Zs. Find a quasi semigroup linear subalgebra of 
V. What is bidimension of V? Is W = {ax +b/a,b € Zg} U 
{(2220), (4440), (0000), (0002), (0004), (6660), (0006)} a 
quasi semigroup subalgebra of V. What is the bidimension 
of W? Find the generating bisubset of V and W. 


Give some interesting properties about group bivector 
spaces defined over a group G. 


Define bisemigroup bivector subspace of a bisemigroup 
bivector space V over the bisemigroup S = S; US. 
Illustrate this by an example. 


Let V = V, U V2 = {Z6[x]} U {Z* [x]} be the bisemigroup 
bivector space defined over the bisemigroup S = S; U S; = 
Zs UZ" . Find a bisemigroup bivector subspace of V. Find 
the bigenerating biset of V over S. What the bidimension of 
Vv? 
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252. 


253. 


254. 


255. 


256. 


257. 


258. 


Give an example of a (7,4) bidimensional bisemigroup 
bivector space V = V,; U V2 over the bisemigroup S = S, 
U So. 


Let V = {(1110), (0001), (110), (000), (0000), (101), (011), 
(0110)} U {(000), (210), (320), (020), (200)} = V; U V2 be 
a bisemigroup bivector space over the bisemigroup S = S = 
Z, U Z3. What is the bidimension of V over the bisemigroup 
S= Ss; U So 2 


Find the bidimension of the group bivector space V = V; 


UV>2 = {Z[x]} U {( y 
c d 


=Z. 


a,b,c,de g over the group G 


Obtain some interesting properties about bigroup bivector 
spaces over the bigroup G = G; U Go. 


Let V = {2Z [x]} U {( i 
aa 


bigroup bivector space over the bigroup G = 2Z U 3Z. Find 
the bidimension of V over G. What the bigenerating subset 
of V? 


sexz}- V, UV> be the 


Let V = {Z, [x]} U {(a, a, a) | a € Zo} be the bigroup 
bivector space over the bigroup Z7 U Zo. What is the 
bidimension of V? Find a bigenerating bisubset X = X, 
U X2 of V. Does V have a bigroup bivector subspace? 


Let V = V, U V2 = {2Z x 2Z x 2Z} U {9Z x OZ x OZ x 9Z} 
be a bigroup bivector space over the bigroup G = 2Z U 9Z. 
Find a bigenerating subset of Xj} UX. C V=V,; UV2. 
Suppose V = V, U V;j is just considered as a group bivector 
space over the group G = Z. What is the bidimension of V? 
Find a bigenerating subset of V. Compare the properties of 
these spaces. 
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259. 


260. 


261. 


262. 


{i i {5 " 
Let V=V,; UV2= aEeZeru 
aa 0c 


be the group bivector space over the group G = Z. What is 
the bidimension of V? Find a bigenerating bisubset X of V. 


let V = V, UW = {( *) 
(0 9 


the bigroup G = 3Z U 5Z. Find at least two proper bigroup 


bivector subspaces of V. If = X,; U Xz € V; U V2 Is a proper 
subset of V which is the bigenerator V. What is bidimension 


of V over the bigroup? Is W = {é 5 


(ee 


is the bidimension of W over G = 3Z U 5Z? 


snee2| 


a,b,c,d <2] U 


a,b,c,de 2 be the bigroup bivector space over 


s<x| U 


ae | a bigroup bivector subspace of V? What 


Let V=V, UV2 = {(a, a, a, a, a)/a eZ} U {(aaa)/a 
€ Z3,} be a bigroup bivector space over the bigroup G = Z,; 
U Z3;.What is the bidimension of V over the bigroup G = 
Z; U Z3;? Does V have bigroup bivector subbispaces? Find 
a bigenerating bisubset X = X; U X2 c V; U V2 over G? Is 
X unique or can V have several generating bisubsets? 
Justify your claim. 


Ley S| Vi VVve= {Zi tU{ze} be a bigroup bivector 


space over the bigroup G = = Zs; UZ, . What is the 
bidimension of V over G? Does these exist a pseudo 
bisemigroup bivector subspace of W of V? 
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263. 


264. 


265. 


266. 


267. 


268. 


269. 


Can every bigroup bivector space over a bigroup have 
pseudo bisemigroup bivector subspace? Justify your claim. 


Can every bigroup bivector space over a bigroup have 
bigroup bivector subspace? 
Substantiate your claim! 


Let V=V, U V2 = {Zi [x]} U {Zia x Zig x Zi4 x Zy4} be a 
bigroup bivector space over the bigroup G = Z,, U Z4. Can 
V have a pseudo bisemigroup bivector subspace over a 
bisemigroup H = H; U H; € Z), U Z14 ? Justify your claim. 


a b 
Let V = VW UW = 
c d 
aaa 
aaa 
bigroup G = Z; U Zs. Find bigroup bivector subspace of V 
over the bigroup G. 


neae?,| U 


ae 2| be a bigroup bivector space over the 


Does the bigroup G = Z, U Z; (addition the operator on Z7 
and Z3) have nontrivial bisubsemigroups? 


Let V = Vy U Vo = {Za[x]} U (: a 
c d 


a,b,c,de z| bea 


bigroup bivector space over the bigroup G = Z3; U Z7 . Can 
V have pseudo bisemigroup bivector space over any 
bisubsemigroup H = H, U H; of the bigroup G = Z3 U Z7? 


Define a bigroup bilinear transformation T of the bigroup 
bivector spaces V and W defined over the same bigroup G = 
G, U Gp». Hint: V = V, U V2 and W = W,; U W2; V; and W; 
are group vector spaces over the group G,;;i= 1,2; T: V 
— W is such that T = T, UT2: V;U V2 3 W, U Wo. T;: 
Vi > Wi, i= TD 
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270. 


271. 


272. 


273. 


274. 


275. 


Let Hom, ¢,(V, W) be the collection of all bigroup 
bilinear transformations from V to W. Is Hom, ,. (V, W) 


a bigroup bilinear bivector space over G = G; U G? 


Define a bigroup bilinear operator on a bigroup bivector 
space V = V; U V2 over the bigroup G = G; UG. Will 
Hom, 4c, (VY, V) the collection of all bigroup bilinear 


operators form a bigroup bivector space over the bigroup G 
a G, U G»? 


Let V = {Zs [x]} U {Z, x Z} and W = 


[( Sescaend o {Ct 9 


bivector bispaces over the bigroup G = Zs U Z, . Define a 
bigroup bilinear transformation from V to W. What is the 
bidimension of V and W over G? Find Hom,.¢, (V, W). 


162, be bigroup 


Is Homg Uc, (V, W) a bigroup bivector bispace over G = G, 


U Gp = Zs U Z7? Justify your claim! 


Let V = V; U V2 be a bigroup bivector space over the 
bigroup G = Z, U Zi, where V, = Z; x Z7 and Z; x Zi x 
Zi, = V>. Find Home ,¢,(V, V). Is Hom (V, V) a 


bigroup linear bialgebra over G = G; U Gy = Z, U Z;; under 
composition of maps? 


G,UG, 


Let V = V, UV) = {Zs x Zs x Zs} U {Z, x Z7 x Z7} be a 
bigroup bivector bispace over the bigroup G = Zs U Z7. Can 
we define for W = W,; U W2 = {Zs x {0} x Zs} U {{0} x Zy 
x Z;7} a bigroup bivector subspace of V a biprojection E of 
V to V? Is Eo E=E? Define E explicitly E from V to V. 


Let V = {Z, x Z, x Z;} U {Zs x Zs x Z;} a bigroup bivector 


space over the bigroup G = Z7 U Zs. Write V as a direct sum 
of bigroup bivector subspaces of V. Suppose V = @W, . 
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276. 


277. 


278. 


Can we for each i define E; a biprojector? Will Ej o Ej = 0 if 
i#j and Ej 0 Ej = E, ifi=j ? Justify your claim. 


fae Wi Sy AS (i: ij 
09 


the bigroup G = Z\2 U Z\s. Define biprojection operators on 


aa 
V. Suppose W = W; UW) = ( Ja<z,| U 
aa 


(ees 


subspace of V over G = Zj2 U Zig can we have biprojection 
of V to W? 


a,b,c,de Z| U 


sme dezZ} be a bigroup bivector space over 


1<2,| CV; UV. be a bigroup bivector 


Let V=V, U V>= {Z* [x]}} ui(? i 
c d 


sneaes?’| bea 


bisemigroup bivector space over the bisemigroup G = G, 
UG) = 3Z’ U5Z’. Find the bidimension of V. Is V finite 
bidimensional? Find proper bisemigroup bivector subspaces 
of V over the bisemigroup G = 3Z° U5Z". Define a 
bisemigroup bilinear operator on V. Find Hom, |, (V, V). 


Is Hom,,...,. (V, V) again a bisemigroup bivector space 


over the bisemigroup G = 3Z° U 5Z”. 


Let V = V,; UV, and W = W,; UW, be bisemigroup 
bivector space over the bisemigroup S = S; U Sp. Find P = 
Hom, s, (V, W). Is P again a bisemigroup bivector space 
over S; US»? Find bidimension of P if V is (nj, ny) 
bidimension and W is of (m;, mz) bidimension over S = S, 
U S>. 
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279. 


280. 


281. 


mae 


bisemigroup bivector space over the bisemigroup S = S, 
U S) =3Z" U 5Z”. What the bidimension of V? 
If P= Hom... (V, V) where S = S, US, = 3Z7 U5Z’, 


ameaere| {(a,a)|a €5Z'} bea 


what is the bidimension of P over S; U S2? 


Let V = V, U V2 = {Z, x Zy x Zo} U (3Z" x 33Z* x 3Z a 
bisemigroup bivector space over the bisemigroup S = S, 
US. =Z) VU 3Z". 

1. Find bidimension of V. 

2. Find Hom (V, V) over S=Z, VU 3Z’. 


ZU3Z 
3. Does V_ have proper bisemigroup — bivector 
subspace? Find at least two distinct proper bisemigroup 
bivector subspaces of V of same bidimension. 


Let V = Vi esse UVs = {Zy x Z7} U {Zy [x]} U 
| aa | { : 
aeZ, U 
aaa c d 


aoa 
a a|jaeZ,- bea 5-set vector space over S = Z;. Find 


a,b,c,de 2| U 


aia 


a generating 5-set subset of Z7. What is the 5-dimension of 
5 set vector space over Z,, Z7 1s taken just as a set and not as 
a semigroup? 

If the same V is taken as a semigroup 5-set vector space 
over Z7 what the 5-dimension of V over Z7 as a semigroup? 
Is V is a semigroup 5 set linear algebra over Z7? 


282. Let V = V; UV2 UV3 UV, = {Z" x Ze x Zak U 


(ees 


7 
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s<7'} U 


283. 


aaa 
a a aljaeZ*> be a semigroup 4 set linear algebra 
aaa 


over the semigroup Z = S. Find semigroup 4 set linear 
operator on V. Is Hom,, (V, V) a semigroup set linear 


algebra over Z” where Hom,. (V, V) = {T : V > V where 
T=T, UT, UT3U Ty}? 


Let V = V,j UV2 U V3 UVW4 U Vs = {Z7 x ZY U 


a b aaa 
| aneae?| U { sez'} U 
c d aaa 


aa 
a 0 0 
+ aoa + 
b c OJla,b,c,d,e,f eZ U aEZ be a 
aa 
def 
aa 


semigroup 5 set linear algebra over Z*. Let W= W, U W2 U 
W; UW, VU Ws = {Z x Z x Z x Zhou 


a be 
aaaaa 
0 d ella,b,c,d,e,f eZ* { 


00f 
aa 
aa aa 
U aeZ { Jeez} mewene 
aa aa 
aa 


Vs = V be a semigroup 5-set linear algebra over Z*. Let 
Hom, (V, W) = {T=T, UT,UT3UT4U Ts: V3 W/T; 


: Vi > W; be the collection of all semigroup linear algebra 
transformation; 1 <i < 5}. Is Hom,, (V, W) a semigroup 5 


set linear algebra over Z"? 
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284. 


285. 


286. 


Lett V = Vi UV. VU V3 UV, U V5 = 


ae Z, = {0, i} U (Zp, x Zo x Zy} U 


aaa 
aeZ, ={0,I}-U jja a aljaeZ,={0,}°U 


aaa 
aaa 
b b b 
algebra over Z>. Find 
(a) semigroup 5 set linear subalgebra of V over Zp. 
(b) find a pseudo semigroup 5-set linear subalgebra of V 
over Zp. 


(c) Find a semigroup 5 linear operator on V. 
(d) Is Hom,, (V, V) a semigroup set 5-linear algebra over 


Zy? 


aeZ, =o be a semigroup 5 set linear 


Let V=V,; UV2U V3U V4U V5 = {Zip x Zi2} U {Zio [x] | 
all polynomials of degree less than or equal to 4} U {(a,a,a, 
aaa 
a b 
a)lae Zpo}Us]a a ajljaeZ, -( i] 
c 


aaa 


snedezs} 


be a semigroup set 5 linear algebra over Z)2. What is the 5- 
dimension of V over Z,? Find a semigroup set 5 linear 
subalgebra of V over Zi2. Is Hom, (V, V) a semigroup set 


4 -linear algebra over Z12? 
Let V=V,; UV2U V3 U V4 = 32" x3Z" x 3Z} U Z'[x] 
a be 
aaa 
-{ sez} 0 d ella,b,c,d,e,f eZ* > be 
aaa 
0 0 f 


a semigroup 4-set linear algebra over Z”. 
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287. 


288. 


(a) Find a semigroup 4-linear subalgebra of V over Z’. 

(b) Find a pseudo semigroup 4-linear subalgebra of V over 
Z". 

(c) Find Hom,, (V, V). 


(d) What is the 4-dimension of V over Z"? 


Let V=V,;UV2U V3U V4 = {Zo x Zo x Zo} U {Zo[ x] | all 
polynomials of degree less than or equal to three} 


aaa 
Usa a aljaeZ,- VU {(a,a,a,a,a,a),(aaaa)/a 
aaa 


€ Zo} be a semigroup 4-set vector space over Zy = {0, 1,2, 
..., 8}. Find a semigroup 4-set vector subspace of V. What 
is the 4-dimension of V over Zo? 

Find a 4-generating subset of V. Is Hom, (V, V) a 


semigroup set vector space over Zo? 


Let V = V,; UV2 U V3 UV4 = {Zi5 x Zi5 xX Z15} 
aaa 

Usfa a aljaeZ.¢U {Zis [x] / all polynomials of 
aaa 


degree less than or equal to 10} U aeZ.- bea 


oso 2 2 2& 
oso 2 2 2& 


semigroup 4-linear algebra over the semigroup Zs. Find a 
semigroup 4-linear subalgebra of V over Zs. What is the 4- 
dimension of V over Z,5? Find a 4-generating subset X of V 
over Zis. Is Hom, (V, V) a semigroup 4-linear algebra 


over the semigroup Z\5? 
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289. 


290. 


291. 


292. 


293. 


Let V=V; UV2U V3 UV4 U V5 = {Zio X Zio X Zio} VU 

aaaj\(aa a b 
aEeZy pu 

aaajl\laa c d 


a 
i ae {0,5}-> VU {(aaaaaa), (aa), (aaaaa)la 
a 
a 


e 


a,b,c,de Z| U 


so 2 2 ®& 
oso 2 2 & 


€ Zio} be a semigroup 5-set vector space over the 
semigroup S = Zo. Find a semigroup 5-set vector subspace 
of V. Find a semigroup 5-set linear operator on V? Can V 
be made into a semigroup 5-set linear algebra over Z 9? 


Let V=V, UV2U V3 U W4U Vs = {Z" [x]} U 


a) 


a,b,c,de an {7 xZ>xZ} 


aaaajfa aaaaa : 
U 5 aeZ eu 
a Bar Aa. a a. aa! 
aaa 
a a aj,(a a)/aeZ’/ beasemigroup 5 set vector 
aaa 


space over Z’. Find a semigroup 5-set vector subspace of V. 
Find a 5-dimension generating subset of V. 


Give some interesting properties about semigroup n set — 
vector space over a semigroup S. 


Obtain some interesting properties about semigroup n-set 
linear algebra over a semigroup S. 


Characterize those semigroup n-set linear algebras over a 
semigroup S which has pseudo semigroup n-linear algebras. 
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294. 


295. 


296. 


297. 


298. 


299. 


300. 


Let V=V, U... U V, be a group n-set vector space over the 
group G and W = W; UW2 U ... U Wn (m > n) be a group 
m set vector space over the same group G. Let Hom? (V, 


W) denote the collection of all quasi n-set linear 
transformation of V into W. What is the algebraic structure 


of Hom? (V, W)? Is Homg (V, W) a group n- set vector 
space over the group G? 


Obtain some interesting properties about Hom? (V, W). 


Let V=V, UV. U... U Vn be a group n-set vector space 
over the group G. W = W; UW2 VU... UW, (n> m) be a 
group m-set vector space over the group G. Let Hom?! (V, 
W) denote the collection of all pseudo quasi group n-set 
linear transformation of V into W. What is the algebraic 
structure of Hom?! (V,W) ? Will Hom?! (V, W) be a group 
n-set vector space over G? 


Find some interesting results about Hom?! (V, W). 


If V=V,U...U V, be a group n-set vector space over the 
group G. If the n-dimension of V is (t), ..., tn). Suppose W = 
WU... U Wm (m > n) be the group m set vector space over 
the group G. If the m-dimension of W is (1), !, ..., Tm). 
What are the dimension of Hom (V, W)? Likewise if (m < 


n) what is the dimension of Hom?! (V, W)? 


Find some good applications of set fuzzy vector spaces to 
other fields other than the ones mentioned in this book. 


Let V=V, VU... U V, be a set n-vector space over the set S. 
How many set fuzzy n-vector spaces can be constructed? 
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301. 


302. 


303. 


304. 


Let V = V, UV2U V3 = {Z'[x]} U {Z* x Z’ x Z x Z x 


; {3 b i 
ZU 
de f 


space over the set Z”. Find at least 5-distinct set fuzzy 3 
vector spaces. 


aneasre?| be a set 3-vector 


Let V = {Aj = (aj) | (aij) € [0, 1] be an x n matrix with sum 
of the rows equal to one i= 1, 2, ..., k} be a set vector space 


over the set [0, 1]. ie. V = (Aj, ..., Ai), Vi = (Aj, AR) 
V2= (Als AX)s Lei VeS (Al, Ay). Construct a fuzzy 
markov chain using V and apply it to web related problems. 


Let V = V\ U V2 be a group vector bispace where V; = {A 
= [aj]; m x n matrices with entries from Z} 


aaaaaa 
U 

aaaaaa 
over the group G = Z. 


(1) Find at least four group fuzzy vector bispace 
(2) Find at least 4 distinct group fuzzy vector subbispace. 


ae q be a group vector bispace 


Let V = V,; UV2 U V3 UVa U V5 = {Zs[x]} 


{03 


a b aaaa 


sredeZs} U {Zs x Zs} U 


c dila,b,c,d,e,feZ,-¢ Ujs]a a a aljaeZ.> be 
e f aaaa 


a group 5 vector space over the group Z;. Find a group 
fuzzy vector space. 
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(t), to, ..., th) dimensional group n- set vector space, 230 
B 


Basis, 12 

Bidimension of a bisemigroup bilinear algebra, 167 
Bidimension of a biset bilinear algebra, 148-9 
Bidimension of a bivector space, 144 
Bidimension of a set linear bialgebra, 140 
Bifield, 17-8 

Bigenarator of a quasi semigroup algebra, 157 
Bigenerating subset of a set vector bispace, 136-7 
Bigroup bivector space, 168 

Bigroup bivector subspace, 169 

Bigroup fuzzy vector bispace, 267 

Bigroup fuzzy vector bisubspace, 268-9 
Bigroup, 15-8 

Bisemigroup bilinear algebra, 164-5 
Bisemigroup bilinear subalgebra, 165-6 
Bisemigroup bivector space, 163-4 
Bisemigroup fuzzy bivector space,264-5 
Bisemigroup fuzzy linear bialgebra, 265 
Bisemigroup fuzzy linear subbialgebra, 266 
Biset bilinear algebra, 146-7 

Biset bilinear subalgebra, 147-8 

Biset bivector space, 141-2 

Biset bivector subspace, 142-3 

Biset fuzzy bilinear algebra, 258-9 
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Biset fuzzy bilinear subbialgebra, 260-1 
Biset fuzzy vector bispace, 255 

Biset fuzzy vector subbispace, 257 
Bivector space, 15-7 


D 


Direct sum of group linear subalgebras, 110-111 
Direct sum of semigroup linear subalgebras, 83-4 
Direct union of semigroup vector subspaces, 79-80 
Duo subgroup vector subspace, 97-8 


F 


Finite basis, 12 

Finite dimensional group vector space, 92 
Finite dimensional linear bialgebra, 15 
Finite dimensional, 12 

Fuzzy group linear subalgebra, 130-1 
Fuzzy markov chains, 281-2 

Fuzzy quotient space, 28 

Fuzzy semigroup vector bispace, 246-7 
Fuzzy semigroup vector space, 124-6 
Fuzzy set bivector space, 237 

Fuzzy set linear algebras, 119-121 
Fuzzy set linear subalgebra, 123-4 
Fuzzy set vector space, 120-1 

Fuzzy set vector subspace, 122-3 
Fuzzy subfield, 26 

Fuzzy subset, 26 

Fuzzy subspaces, 26 

Fuzzy vector space, 26-7 


G 


Generating set of a set vector space, 43 

Generating subset of a semigroup vector space, 57-8 
Group bivector space, 158-9 

Group bivector subspace, 159-160 
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Group fuzzy bivector subspace, 254 
Group fuzzy linear algebra, 129 
Group fuzzy linear bialgebra, 252 
Group fuzzy vector space, 130 
Group linear algebras, 86-7, 106-7 
Group linear operator, 104-5 

Group linear subalgebra, 109-110 
Group linear transformation, 101-2 
Group n- set fuzzy linear algebra, 278-9 
Group n- set fuzzy vector space, 277 
Group n- set linear algebra, 207-8 
Group n- set linear subalgebra, 211-2 
Group n- set projection, 230 

Group n- set vector space, 206-7 
Group n- set vector subspace, 208-9 
Group vector spaces, 29, 86-7 

Group vector subspaces, 89-90 


Infinite dimensional group vector space, 92 
Infinite dimensional linear bialgebra, 15 
Infinite dimensional, 12-13 

Infinitely n- set generated, 181 

Invertible group linear transformation, 102-3 
Invertible set linear transformation, 47 


L 


Linear algebra, 14 

Linear annulling, 32-4 

Linear bialgebra, 15 

Linear magnification, 32-3 

Linear shrinking, 32-3 

Linear subbialgebra, 21 

Linearly dependent set of a set vector space, 45 
Linearly dependent subset of a group vector space, 91 
Linearly dependent, 11-12 

Linearly independent set of a set vector space, 45 
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Linearly independent subset of a group linear algebra, 107-8 
Linearly independent subset of a group vector space, 92 
Linearly independent, 11-13 

Linearly neutral, 33 

Linearly normalizing element, 33 


N 


n- basis of a group n- set vector space, 219 

n- cardinality of a set n- vector space, 177-8 

n- dimension of a n- set vector space, 180 

n- generating n- subset of a group n- set vector space, 219 
n- generating subset of a group n- set linear algebra, 221 
n- set linear algebra transformation, 184-5 

n- set linear algebra, 182-3 

n- set linear operator, 186-7 

n- set quasi linear operator, 187-8 

n- set semi quasi linear operator, 187-8 


P 


Pseudo bigroup bivector subspace, 173 

Pseudo bisemigroup bivector subspace, 171 

Pseudo direct sum of group linear subalgebras, 113-4 
Pseudo direct union of semigroup vector subspaces, 82 
Pseudo group n- set vector subspace, 211 

Pseudo group semigroup n- set linear subalgebra, 235 
Pseudo group vector subspace, 116 

Pseudo linear operator, 77 

Pseudo n- set vector space, 193-4 

Pseudo projection, 77-8 

Pseudo quasi n- set linear transformation, 227-8 
Pseudo semigroup bivector subspace, 161-2 

Pseudo semigroup linear operator, 76-7 

Pseudo semigroup linear subalgebra, 115 

Pseudo semigroup n- set vector subspace, 217 
Pseudo semigroup subvector space, 68-9 

Pseudo semigroup vector subspace, 99-100 

Pseudo set bivector subspace, 162-3 
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Pseudo set vector subspace, 100-1 

Pseudo simple semigroup n- set vector space, 202-3 
Pseudo simple semigroup linear algebra, 73 

Pseudo subsemigroup subvector space, 69-70 


Q 


Quasi group n- linear transformation, 225-6 
Quasi semigroup bilinear algebra, 154 

Quasi semigroup bilinear subalgebra, 156 
Quasi semigroup fuzzy linear bialgebra, 263-4 


S) 


Sectional subset vector sectional subspace, 40-1 
Semigroup vector space, 29, 55 
Semigroup bilinear algebra, 153 
Semigroup bivector space, 150 

Semigroup bivector subspace, 151 
Semigroup fuzzy linear algebra, 127 
Semigroup fuzzy linear bialgebra, 250-1 
Semigroup fuzzy n- set linear algebra, 274 
Semigroup fuzzy vector bisubspace, 248-9 
Semigroup fuzzy vector space, 124-6 
Semigroup linear algebra, 60 

Semigroup linear operator, 75 

Semigroup linear projection, 77 
Semigroup linear subalgebra, 62 
Semigroup linear transformation, 74 
Semigroup linearly independent set, 56-7 
Semigroup n- set fuzzy linear subalgebra, 276 
Semigroup n- set fuzzy vector space, 273 
Semigroup n- set linear algebra, 195-6 
Semigroup n- set linear subalgebra, 197-8 
Semigroup n- set vector space, 188 
Semigroup n- set vector subspace, 190-1 
Semigroup subvector space, 58-9 
Semilinear bialgebra, 15-6 

Set annihilator, 49 
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Set bivector bisubspace, 135-6 

Set bivector space, 133-4 

Set bivector subspace, 135-6 

Set fuzzy bivector space, 237 

Set fuzzy linear algebras, 119-121 

Set fuzzy linear bialgebra, 237-9 

Set fuzzy n- vector subspace, 270-1 

Set fuzzy vector space, 120-1 

Set fuzzy vector subbispace, 241-2 

Set linear algebra, 29, 50 

Set linear bialgebra, 137 

Set linear functional, 48-9 

Set linear operator, 46, 54 

Set linear subalgebra, 51 

Set linear subbialgebra, 139 

Set linear transformation of set linear algebra, 53 
Set linear transformation, 45 

Set n- generator of a set n-vector space, 177-8 
Set n-fuzzy linear algebra, 271-2 

Set n-vector space, 175-6 

Set n-vector subspace, 176-7 

Set vector spaces, 29-33 

Set vector subspace, 35 

Set vector zero space, 36 

Simple group vector space, 98-9 

Simple semigroup linear algebra, 67-8, 72 
Special weak linear bialgebra, 23 

Strong bivector space, 20 

Strong linear bialgebra, 21 

Strong linear subbialgebra, 21 

Strong special weak linear bialgebra, 24-5 
Strong subsemigroup n- set linear subalgebra, 204-5 
Strong subsemigroup n- set vector subspace, 204-5 
Subbigroup, 21-2 

Subgroup n- set linear subalgebra, 213-4 
Subgroup vector subspace, 96-8 
Subsemigroup n- set linear subalgebra, 200-1 
Subsemigroup n- set vector subspace, 200 
Subsemigroup subvector space, 65-6 
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Subsemigroup linear subalgebra, 66-7 
Subset linear subalgebra, 52 

Subset vector subspace, 38 

Subspace spanned, 11 

Subspace, 9-10 

Sum of subsets, 11 


V 

Vector space, 7-9 

W 

Weak bivector space, 20 


Weak linear bialgebra, 22-6 
Weak linear subbialgebra, 22 
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